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This book gives the principles of the general theory of 
gyroscopes. The use of gyroscopes with displaced center of 


gravity to indicate the vertical and meridian is discussed. The 


principles of designing gyroscope correction systems are stated. 
The behavior of corrected gyroscopes on fixed and moving bases, 


and the theory of gyro horizons, gyroscopic course indicators 


and rate gyroscopes is discussed. Fundamental information is 


given on power gyroscope systems. 
The book handles separately questions related to the prin- 
civles of constructing correction systems and the behavior of 


corrected gyroscopes on fixed and moving bases, as questions 


common for all gyroscopic instruments. Particular attention is 
paid to questions connected with the use of gyroscopic instru- 


ments in flight: errors of instruments in flight, longitudinal 


accelerations, in turns and other maneuvers, as well as methods 


of diminishing these errors. 


Reviewers: B.ARyabov; Doctor of Technical Sciences, 
S.S.Tikhmenev, Doctor of Technical Sciences 
Scientific Editor, M.S.Kozlov, Candidate in Technical 


Sciences 


Raitor-in-chief, Engineer A.I sokolov 
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PREFACE 


The study of the aviation gyroscope has developed widely during the past 10-15 
years. If we speak of the main trend of this development, it consists in the effort 
to increase the reliability of operation and increase the accuracy of gyroscopic 
instruments and units. This trend in development has been due to the continuous in- 
crease of the range, speed, and altitude of flight. As has been shown by experi- 
ence, the most effective way of improving the reliability of operation and increas- 
ing the accuracy of gyro instruments and units is the development of the aviation 
electro-gyroscope, a fact that was well understood by our designers and production 
men, who, as far back as 1936-1937, produced in series production, completely elec- 
trified directional gyroscopes for use in autopilots, where the demands on the reli- 


ability of operation and accuracy of reading are particularly stringent. 


The development of USSR aviation gyroscopy is based on the works of the Russian 


classical school of mechanicians, Soviet scientists and specialists, who have creat-— 
ed the theory of gyroscopic instruments, which has been formed today into an inde— 
pendent scientific discipline. First of all we must point out the fundamental works 
of Academician A.N.Krylov (Bibl.1) and B.V.Bulgakov (Bibl.2), corresponding member 
AN SSSR. These works, in the richness of their content and the combination of pro- 
found theoretical development of the questions with an engineering approach to the 
problems under consideration still remain unexcelled. It would not be an exaggera- 
tion to say that the modern Soviet school of gyroscopists has grown up amd is 


developing precisely on the basis of the ideas that have been worked out and 
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developed in these works. 





It must, however, be noted that a number of textbooks and manuals on aviation 





syroscopy poss 






ess the shortcoming of being based on the description of individual 





| Gyroscopic instruments without an appropriate methodological generalization. This 





1s all the more to be regretted because the above mentioned works by Krylov and 







Bule 





akov and a large number of works by other Soviet authors, which will be cited in 





the nresent book, do nrovide adequate material for the reneralizations and develop— 





ments of the theory of aviation Syroscopic instruments that are necessary from the 






pedagorical and methodological point of view. 






An attempt has been made in this book to fil] in this lacuna. 





In the compilation of this book the works of the late A.S 





Kozlov on the theory 





of aviation ic j i 
| Byroscopic instruments, published by VVIA imeni Zhukovskiy, have been 


utilized. 







In connection with the development of the theory and technology of gyroscopic 





aviation instruments, during the last few years, it has become necessary to expand 






the theoretical point of the book and to include in it a number of questions devoted 





to the principles of operation of the most recent instruments. This work was done 





by li.S.Kozlov. 







Professors V.A.Bodner, A.A.Krasovskiy, and G.O.Fridlender, together with in- 





structor 






R.V.Komotskiy, took part in preparing this book for the press. 
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INTRODUCTION 


Of the instruments based on the utilization of the properties of the gyroscope, 
the following are used in aviation; 

1. Indicators of the aircraft position with respect to the earth, ie€., indi- 
cators of the angles formed by the aircraft axes with the corresponding axes bound 
to the earth. Such instruments include gyroscopic course indicators and gyrohori- 
ZONS « 

2, Indicators and devices for measuring angular velocities and rotary accelera- 


tions of an aircraft about its axes. These instruments include the widely known 





fffLurn indicatort, that is, an indicator of angular velocity of rotation of an air- 
craft about its normal axis. This group also includes devices for measuring angular 
velocities and angular accelerations of the rotation of an aircraft about its axes, 


which are used in autopilots. 





Common to all gyroscopic instruments is the presence in each of them of a 
rotor, epics rotating or vibrating, and possessing a sufficiently highi' moment of 
inertia with respect to its axis of rotation or vibration. The properties inherent 
in an instrument with such a rotor, and the phenomena thereby caused, will be termed 
gyroscopic, and the rotor itself a gyroscope, 

The rotor is caused to rotate either by means of an air jet, or by electrical 
energy. Accordingly, gyroscopes are divided into pneumatic and electrical. 


The rotors used in gyro instruments usually have three or two degrees of free- 





dom, which are provided by the corresponding gimbal suspension with two frames or 
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with a single frame. 

In instruments of the former group, that is, in gyro angle-measuring instru- 
ments, the frame of the gimbals, which serve as bearings for the rotor soindle, is 
called the inner frame, while the frame serving as the bearing for the spindle of 
the inner frame is termed the outer frame of the suspension. By adding to the nun- 
ber of degrees of freedom of the gimbals, still another degree of freedom of rota- 
tion about the axis of the rotor, we obtain the total number of degrees of freedom 
for the material parts of the rotor equal to three. 

A rotor in gimbals is therefore usually called a gyroscope with three degrees _ 
of freedom. 

If in such a gyroscope the center of pravity of the system coincides with the 
center of the bearing, then in this case st is called astatic, since the force of 
gravity will have no effect on the position of the axis of its rotor. If in addi- 
tion we assume the absence of friction in the bearings of the gimbals, and the 
absence of systems imposing moments on the gyroscope as its position varies, then we 
set a gyroscope that is usually called a "free" gyroscope, since such an instrument 
will remain free from the influence of any forces and moments, not only in any posi- 
tion of the rotor axis, but also under any variation of the position of the base of 
the suspension. 

In instruments of the second group, which are designed to determine angular 
velocities or to measure then, the susnension of rotor has one gimbal, the displace- 
nent of which is resisted by a spring. We shall term such gyroscopes, ryroscopes 
with two degree of freedom’. 

In an instrument designed for the simultaneous measurement of ancular velocity 


e m4 a ° O 
and anmular acceleration, which are used in autopilots, the rotor gimbals have tw 
i) 


TS 


© “They are sometimes called "precessional", but we shall not use this term, 


: vs 
since every pryyroscope 1S, in fact, "nrecessional", 
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frames, the displacement of which is resisted by a spring. 

In instruments designed for the measurements of angles, moments are imposed on 
the gyroscope with the object of giving the rotor axis selectivity with respect to 
the direction to be determined by means of the given instrument. 

This object is accomplished either by using the force of gravity of the gyro— 
scope. i.@., by a corresponding displacement of the center of gravity with respect 
to the point of support, or else by means of a system specially added to the gyro- 
scope, which is termed a correction system. 

According to the type of energy used in the correction system with the object 
of producing the positional moments, these systems are divided into mechanical, 
aerial, and electrical. 

The problem of aviation gyroscopy has been and still remains, primarily connec- 
ted with the need for determining the position of an aircraft with respect to the 
earth axes, the geographic meridian and the vertical of the place, whether for 
visual purposes or to make piloting automatic. In other words, this is the problem 
of the artificial gyro horizon, i.e., of an instrument indicating the direction of 
the feogsraphic meridian. 

Long before the need of such instruments. for aviation was first felt, instru- 
ments used for this purpose existed and were employed in marine navigation. But the 
principles on which the marine gyrocompass (pendulum gyrocompass) and the marine 
gyrohorizon (gyropendulum vertical) were based proved inapplicable for aviation. 

This was due to three circumstances: the great accelerations in aircraft, the 
unsuitability for the conditions of installation on an aircraft, of the dimensions 
and weights of the pendulum gyrocompass and the gyropendulum vertical, and the dura- 
tion of the transient states inherent in these instruments, a duration that made 
them inapplicable to aviation conditions. 

Other methods of determining the direction of the vertical and neeaasan also 


exist. They are the use of a physical pendulum of one form or another to determine 
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the vertical, and the use of the magnetic needle to determine the course. It must 
be noted that the application of the magnetic needle, that is, of the magnetic com-— 
pass, has found its place in aviation, and has not lost its importance down to the 
present day. But by itself it does not exhaustibly solve the problems of the avia- 
tion comnass. The inadequate stability of the compass card, the strong influence on 
marnetic compass of tums, and of acceleration in general, the influence of units 
with steel parts, varying their position with respect to the compass card with vary- 
ing course of the aircraft, as well as the influence of stray magnetic fields due to 
electrical and radio equipment, all these lead to the necessity either of replacing 
or of supplementing, the magnetic compass by a gyroscopic instrument free from the 
above enumerated shortcomings of the magnetic compass. AS for the use of the physi- 
cal pendulum on the aircraft to determine the direction of the vertical, this did 
not give a good account of itself at all, although attempts of this nature were, 
indeed, made} in other words, the solution of the problem of pbuilding a gyroscopic 
artificial horizon suitable for aviation practice was the only method of solving the 
problem of determining the direction of the vertical on aircraft. 

The necessary solution of this problem and of the problem of the aviation gyro- 
compass was found by using systems of correction for directional gyroscopes. 

This path assured, first of all, the procurement of accuracy that was satisfac-— 
tory enough with the incomparably smaller weights and dimensions than are demanded 
by the vendulim gyrocompass and the gyropendulum vertical. The question of the 
duration of the transient states was also solved satisfactorily by this method. For 
this reason gyro horizons (aviation horizons) with a correction system, and gyro- 
cormbasses (course compasses) with a correction system, became parts of the indispen- 
sible set of aircraft equinment and constitute the basis of the sensing system in 


automatic pilots. 


ic j « ould 
It is therefore natural that the theory of such gyroscopic instrumenvs shou 








ee t 
ne narticularly important for aviation technology. It may be said in eeneral tha 
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the theory of aviation gyro instruments is primarily the theory of directional pryro- 
scopes with correction systems. 

It is the exposition of questions of this theory that constitutes the task of 
this textbook. While during the first stage rigorous demands were not made on the 
accuracy of the readings of gyroscopic directional instruments, as the rane? and 
speed of flight increased, and as certain new problems appeared, these requirements 
did increase. 

The use of electric power to maintain the rotation of the rotor and for the 
purposes of correction only partially satisfies the increased demands on the 
accuracy of the readings of gyroscopic directional instruments. The point is that 
the loads that are taken by directional gyroscopes have an unfavorable effect on 
them. It is necessary to watch out for possible reduction of the reactions in such 
gyroscopes, owing to the unavoidable connection with the indicating system or with 
the automatic control system. And yet we have not been able to eliminate the harm- 
ful action of these connections entirely. 

As has been showm by the works of Soviet scientists, and, first of all, by B.V. 
Bulgakov and his pupils (Bibl.13), a radical solution of this problem may be provid- 
ed by the power-stabilized multigyro systems now beginning to occupy a prominent 
position in gyroscopic aviation engineering. We have therefore found it necessary 
to dwell on a number of questions connected with such systems. 

Gyroscopic measuring systems for the angular velocities of rotation of an air- 
craft, termed by us gyroscopes, olay a very important role in aviation. 

A representative of this type of instruments is the widely known "turn indica~ 
tor¥®, In reacting to the angular velocity of rotation of an aircraft, this instru- 
ment, as it were, might be said to warm the pilot that the aircraft is entering a 
state of violation. Such instruments are of no less importance for suromeure pilot— 
ing devices. Their use as auxiliary sensing elements in automatic pilots makes it 


\ 
possible to obtain artificial damping of the motions of the aircraft, which is of 
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very essential importance from the point of view of assuring the necessary quality 


of automatic viloting. 


The acceleration-velocity gyroscone, which measures the angular velocity and 
! 





the angular acceleration of rotation of an aircraft, is also very important for the 


automatic nilot. 


This book also gives the principles of the theory of velocity and acceleration- 


velocity gyrosconic instruments. 
‘Je shall now discuss certain historic moments in the develonment of aviation 
syroscopy of the USon. 
At the time when the problem of aviation gyroscony had sufficiently matured, 
the USSR already worsessed the necessary cadres for the solution of that nroblen. 
- The reason for this was that although there was no gyroscope industry, in the strict 
sense of the word, in pre-revolutionary Russia, still the problems of syroscopy (and 


in narticilar of aviation eyroscony) even then had attracted the attention of a 


numver of Russian scientists and inventors. 





‘le might mention that as early as 1911 W.Ye.Zhukovskiy occupied himself with 
these :roLlems, and »recisely in the interests of aviation (Bibl.6). 

The first aviation gyroscoves, in which the rotation of the rotor and the 
correction were accomplished by nnewnatic action, were developed and built in 1925- 
1929 in ‘ne USSR for use in the automatic nilot. 

The creation in 1936-1937 of completely electrified directional gyroscopes with 
a correction system was a substantial achievement of Soviet designing thought and of 
sts aviation instrument industry. This work was performed in connection with the 
creation of a completely electric automatic nilot in these years, and it was the 
nrincival element in the solution of the problem of the electric automatic pilot. 

In the nroblem of the all-electric positional gyroscopes itself, the princinal ques- 


tion was that of the electrical correction system. This question was solved on the 





© »yrincinles of the inductive correction mechanism proposed by Soviet inventors. 
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The recent work of Soviet gyroscopists in the field of electric aviation gyro- 


| 
scones has been particularly successful, and as a result we now possess a full set 


of USSR electrogyroscopic board instruments. 


{ 
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CHAPTER I 
GYROSCOPIC PHENOMENA AND PROPERTIES 


Section 1.1. Visible Gyrosconvic Phenomena 

Consider the astatic ryroscope (Fic.l.1). The rotor, in the gimbals consisting 
of the inner frame 3 and the outer frame 4, is called a gyroscope; in the astatic 
eyroscone the center of gravity of the gyroscope coincides with the center O, the 
noint of intersection of the axes of the gimbal frames. 

So lone as the rotor of the gyroscope is not rotating, we observe no phenomena 
in this instrument that distinguish it from an ordinary nongyrosconic body, by which 
we shall here and hereafter understand a body that does not nossess a moment of 
monentum before it is subjected to an exneriment. 

Thus the rotation of the base of 
the pyroscone suspension 1 leads to the 
variation in the nosition of the polar 
axis of its rotor Oz, owing to the in- 
fluence of friction in the suspension. 
A moment avplied to any of the frames 
of the Cardan susnension leads to the 

Fiz.1.1 - Astatic Gyroscone rotation of that frame about its axis 
of rotation. A tap on the frame also 
causes it to rotate in the direction of the tap. 


Let us put the rotor of the astatic syroscope jin sufficiently ranid rotation 
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about its nolar axis Oz. We shall call this rotation the spin of the gyroscope 
rotor. It is the presence of this spin that marks the transformation of this device 
from a nongyroscopic body into a gyroscopic one. Let us then repeat all the opera- 
tions that we performed with the rotor at rest. We shall now find the following 


ohenomena. 


The Phenomenon Gyroscopic Rigidity 


The gyroscope rotor axis acquires "rigidity": when the base of the suspension 
rotates, the variation in the position of the polar axis Oz is unnoticeable, 
although the friction in the axes of the gimbals, which have already varied its 
position, still continues to act. Similarly, a tap on the gyroscope frame, with 
force that would have been sufficient formerly to make that frame rotate several 


times, now produces no visible effect. 


The Phenomenon of Precession 

The character of the motion of the gyroscope under the action of a applied 
moment now changes: a moment applied to the outer frame of the gyroscope causes it 
to rotate about the axis of the inner frame, and, on the other hand, a moment 
applied to the inner frame, causes the gyroscope to rotate about the axis of the 
outer frame. When the direction of the applied moment is reversed, the sense of 
rotation of the frames is likewise reversed. 

This rotation of the gyroscope about the axes of its frames is called the pre- 
cession of the gyroscope. | 

If we study the sense of the gyroscope rotor snin and the sense of ‘the applied 
moment, we obtain the following law of the sense of precession of the erenseone: 
the precession of the BYTOScope w tends to make the vector of angular velocity of 
the rotor spin rt coincide with the vector of external moment T causing this pre- 
cession (Fig.l.2). 


It is easy to establish by further observation that, in addition to the 
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Yextraoidinary" relation between the applied moment and the sense of rotation, pre- 
cession also nossesses other nronerties distinmuishins it from the motions inherent 
in nongyroscopic bodies. 


These peculiarities are as follows: 


1. To a definite masnittule of the applied moment, at a definite anrular velo- 


city of snin, corresponds a definite value of the anrular velocity of orecession. 
In nongyrosconic bodies, to a definite value of the applied moment there corresponds 
a definite value of the anrular acceleration. 

As a consequence of this, with constant apolied moment and constant anrular 
velocity of the snin, the anrular velocity of precession will also be constant. In 
nencyrosconic bodies, with a constant anplied moment, the anrular velocity of rota- 
tien will increase. 

wut from this it follows in turn that, in spite of the presence of a constant 
ayplied moment, the energy of the syroscojiic system in the latter case still remains 
unchanved, and this is natural enough: the plane of precession nroduced by the 
awiied moment is nernendicular to the “lane in which this moment acts. In other 
wos, the anplied moment causinz the »recession does no work, that is, precession 
is a motion »~erformed without the exnenditure of enerry. 

2. Jith constant value of the applied moment, the anrular velocity of nreces- 
$.on d-minisres with increasing angnlar velocity of the rotor snin, and increases 
with decrease in that angilar velccity. 

At constant angular velocity of rotor spin, the anrular velocity of precession 
inereases with increase in the a sliied moment, and decreases with decrease in the 
an olied moment, 


7) q 


de The valve of the anzular velocity of precession corresnondine to riven 


valves of the anplic’ moment and angular velocity of the rotor spin appears instan- 
taneously, with a jwan, on application of the moment; and in the same way, instan- 


taneously and with a jumn, it disanpears when the moment is removed. 
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In this way, on variation of the value of the moment, the corresponding varia- 
tion in the angular velocity of nrecession takes place without a lag. 


: : “ 
In other words, precession 15 tinertialess". 





This peculiarity of nrecession is, however, sn contradiction to the argument 
that the energy of the system cannot vary instantaneously on application of a 
moment, although the observed appearance of precession in this case means precisely 
the instantancous variation in the energy of the system. 

It follows from this that the 'tinertialessness" of precession is only an apoar— 
ent phenomenon, and that, in addition to precession, the anplied moment must cause 
some other motion as well, which is not verceptible by observation, during which the 
moment does nerform work assuring the increase of the energy of the system by the 
value of the energy of precession. This motion, which is termed nutation, will be 
considered in Sections 2.5, 2.6, and 2.7. 

Consider the behavior of a wheel with a handle, so constructed that its shaft 


is attached on bearings to the handle. 





Let us impart a spin to the wheel, thus converting it into a gyroscopic body. 
On the basis of the phenomenon of syroscopic precession, established by observa- 
tions, these motions would be expected to take place in a nlane pervendicular to the 
plane of action of the moment L of the force of eravity G (Fig.1.3). And this 
actually does take place: when suspended on a thread attached to the lhandle, the 
wheel does not fall, but rotates in a horizontal plane, and exactly in the same way, 
when the handle is placed on a table, the wheel does not fall, but rotates, with 


its axis describing a cone in space. 


The Phenomenon of Gyrosconic Reaction 


As we have seen above, an external moment causes a precessional moment in a 
plane perpendicular to the plane in which the moment acts. According to the 


DtAlambert principle, a system of external forces or moments acting on a body causes 











with accelerations such that the system of inertial forces ONT 


At 
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moments is equal and opposite to the system of external forces and moments. 


It follows from this that in precessional motion, the points of a body also 


Fir.l.2 - Precession of Gyroscope Fig.l.3 - Precession under the Action of 


the Moment of the Force of Gravity 


move with accelerations. The moment of the forces of inertia due to these accelera- 
tions is called the gyroscopic moment or moment of the gyroscopic reaction L, 


(Ficwl.4). 


Section 1.2. Relation between the Visible Gyroscopic Phenomena 

The moments of friction in the suspension produce in the gyroscope at suffi- 
ciently high sninning sveeds so small a rate of precession that the deflection of 
the rotor axis of the gyroscope rotor during a short time of observation is vrac— 
tically unnoticeable. 

The angular velocity of precession 
arising as a result of a tao on the 
gyroscope, or, what is the same thing, 
of the application to the gyroscope of 
a finite external moment during a 
negligibly short interval of tine, may 


Fic.1.4 - Relation between Precession 


have a considerable value, but the 
and Gyroscopic Reaction 


angle of deviation of the rotor axis 


@ due to this nrecessional motion will be practically impercentible, since the time 
j : a 





af _nrecession under the shock is negligibly small and equal to the time of applica- 
STAT 
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tion of the external moment. 


Section 1.3. Physical Origin of the Gyroscopic Reaction 
As already remarked, the gyroscopic moment is the moment of the inertial forces 
due to the accelerations that appear on the simultaneous existence of two rotations 
of the gyroscope, rotation about the polar axis of the rotor, and rotation of the 
axis itself. 
Let us find these accelerations. 
Let us take a rotor rotating about its polar axis at anguiar velocity r'. 
Let us reproduce on the drawing 
(Fiz.1.5) the equatorial plane of this 
rotor, by which we mean the plane ner- 
pendicular to the nolar axis of the 
rotor and nassing through the center of 
the support, that is, through the fixed 
noint of the ryTOSCODe. Let Ox and Oy 
be the mutually pernendicular axes ly- 
ing.in the equatorial nlane, but not 
Pig.1.5 - Velocity of Particles _ 
taking part in the spin oie Let there 
of Rotor | 
be, simultaneously with the rota- 
tion rt, a rotation about the axis Ox at angular velocity p. Let us consider 
whether the particles of the rotor, in this case, will move with any sseer eee ton 
due to the gyrosconic moment. Let us assume, for simplicity of the reasoning, 
that r? = const and : = const, that is, let us take a case when angular accelera- 
tions are known to be absent. 
The velocity V, of any of the material points of the rotor is made up of the 


component U, , perpendicular to the equatorial plane of the rotor, and the component 


Was which lies in this plane (Pig.1.5). 





Consider the behavior of the component u,, under the combined rotation of the 
STAT 
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—rroscone about the axes Oz and Ox. 
At a ziven value of p, the magnitude of this component is determined, for each 


~atexial particle of tne rotor, by the distance of that particle from the axis Qk. 
oo | 


ao RN A A, nt A 


This distance, under the influence 
of the spin r', increases in the 
first and third quadrants 
(Fig.1.6), and decreases in the 
second and fourth quadrants. 
Therefore, during the interval of 
time At = t# - tt, the velocities 
of the material particles travel- 
ing over certain areas in the 
first and third quadrants, will 
increase in modulus from the 


~ Om ef: = a? - ~~ OL i i 4 
Vv a L e and 4 LO the es 


Telocite caused by Notation atont 

ee se : i u,," and eS resnectively. 
et 

+ Je) OU COT ey aaces | | 

ye This means that the narticles 


morine in the first and third quadrants will move at accelerations C§syy and 
ted, as indicated in Fir.1.7, that is, in the same sense in which the 
are directed in these quadrants. 
s i ° * ; t i, es 
Jurinr tne same interval of time, the velocities u,; of the material varticl 
passinr over certain areas in the second and fourth quadrants will decrease in modu- 
i. 3 t 1es tt i.,'! respectively. This 
2ag5 from the values Uso! and ey to the values U9 and Ls fy resp % 


S veliny 3 i111 move at 
means that the narticles traveliny in the second and fourth quadrants wil 


Fi 5 Lr ocity u. in these quad- 
accelerat. ons (Sea) a and a), directed onnosite to the vel yu; se q 


ake its ° 
Startine out from this, we get the result that in this case the accelera- 


b.UnNS a wl ve directed to the right in the first and fourth quadrants and to the 
STAT 
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Teft in the second and third. 
Consider the behavior of the component Ww, when the zyroscone rotates simul- 
taneously about the axes 0z and Ox. 
Under the influence of p, the 

component W, reverses its direction. 
In order to represent more distinctly 
the result of this change, let us re- 
solve W, with respect to the axes Ox 
and Oy (cf.Fig.1.7). It is easy to see 
that the component of any rarticle 
does not change its direction under the 
influence of p, which direction remains 


narallel to itself, but that the com- 


tw. receives an increment under 
Fig.l.7 - Behavior of the Comnonents conen i 


of Velocity Due to Rotation about the influence of p, causing a change in 
the Polar Axis the direction of the components W5.5 
these increments being directed toward 
t e 
the richt in the first and fourth quadrants, and to the left in the second and third 
quadrants. The accelerations J... With which the particles move will he eee in 
the same way, that is, the accelerations Jax) are in the same sense as the accelera- 
tions j for all particles of the rotor (cf.Figel.7 and 1.8). Whence the total 
: iu . 


acceleration Js with which the varticles move, will be determined by the expression 


J ="frw fier 


Both these components apnear, aS we see, asa result of the simultaneous rota- 
tion of the rotor about two axes, the polar axis and one of the equatorial axes; 
one of these rotations gives rise to the corresnonding component of the velocity of 


the narticles, while the other one produces the variation of this component in 
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maupnitude and direction. 


Consequently the total acceleration is also the result of the simultaneous ro- 
tation of the rotor about the two axes, the polar axis and one of the equatorial 


axis. 


It is commonly known that accelerations of this kind are termed rotational 


(Coriolis force). These accelerations produce the forces of inertia f. directed 


onposite to these accelerations 
(cf.Fi¢.1.8). These forces of inertia 
produce a moment of inertia directed, 
as indicated on Fig.1.8. It is easy to 
see that this direction coincides 
exactly with the direction of the ryro- 
scopic moment. It may be asserted, on 
this basis, that the ryroscopic moment 
is the moment of the forces of inertia 
due to the rotational accelerations 
Fiec.l.€ — Direction of the Rotational 
with which the narticles of the gyro- 
Accelcrations and Forces of Inertia 


scove rotor move when it rotates simil- 


taneously about two axes, the polar axis and one of the equatorial axes. 


Section 1.4. Magnitude of the Gyroscopic Moment 


The component of the velocity of the varticles W, (Fig.1.9) may be represented 


by the expression 
U,—=pR, sin yx, 
where it, = radlus-vector of the i-th particle; 


Ys angle made by radius vector of i-th particle with the Ox axis at the 


siven instant of time. 
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— fe yal t Ramen ater 
~§ ~* 
, 


— 


yx - Ye, 


where y;, = angle made by radius vector of i-th particle with Ux axis at initial 





instant of time. 


| Whence we haves 


fu, 


dp j 
ie = ae R, sin %i -$ PR, Cos 1,7 e 


Or, taking p = const and bearing in mind that It, cos y, = x,, we get 
‘ i 1 > 


lu, ° 
lie — ) = pr x. 


ll ~« ofiel 


) Since the acceleration Jay, is obtained on account of rotation of the vector w. 
| ; i 


, about the axis Ox at angular velocity D> then, consequently it may be représented 


by the expression 


of (tarry) 
ff 





Sis = = [px w, |. 


whence, for th ti : ae: 3 : ; _ _ eet. ee 
y e quantity Danes bearing in mind that oe = R.rt cosy, = rx, oi M5 a2 


we get (Fig.1.10); 


| :  fow = pr’, 


1.€., an expression identical with the expression for j. . 
Iu 


Thus we have 
fr--Jow - fuer 2 pr’x,. 


whence, for Tea we get 
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3 : ese accelerations 
Mie resiitant moment Le, of the inertial forces due to thes 


atiort the axis Ox will be zero incer the condition of the symmetry of the rotor with 
i - XE : resultant moment of these forces 
res ‘ect to either of the equatorial axes. Ls srs the 


i ind izel. nd will equal: 
aboit the axis O;, will be directec as indicated on Fiz.l.ll, a q 


g 
if v x - orto, 


ric. l.9 -— Marnitude of tne Comnonent lie.1.10 ~ Resolution of the 
of the Velocities Due to Rotation Components of the Velocity Due to 


| , val 2 i ne Polar Axis 
anoit the Mgqiatorial Axis Rotation about ta 


Since, under the condition of the syrmetry of the rotor with respect to the 


“olar axis: - 


¢ e 
: . - os . >> 
Vom vee Vu een Va hk 


and sinee neither p nor rt devend on x,, we ret 
Ly-IJrp. 


1 8 
2 =77 f j We or 
where j > ) nf ~ solar moment of inertia of rotor. 
1 

















Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 


Thus, we see, the inertial gyroscopic moment due to the rotational accelera~ 
tions is the sreater the higher the velocity of the rotor spin r* about its polar 
axis, and the hicher the velocity of rotation of the rotor axis p, which is in 
agreement with our observations. 

According to this, the rate of nrecession at a given external moment, equal in 
magnitude to the gyrosconic moment, will be the lower, the higher the velocity of 
the rotor snin. 

From eq.(1.1) it follows, in addition 
to this, that the syrosconic eonent like- 
wise increases with the solar moment of 
inertia je According to this, the preces- 
Sion, other conditions being equal, will 
be the smaller, the larger the moment of 
inertia 3. 

In this deduction we assumed that the 
rotor was nlane. It is easy to see that 

Fi.¢el.11 -— Moments Produced hy this conclusion is also true for rotors cf 
Rotational Forces of Inertia finite thickness. A rotor of finite 


thickness may be divided into a number of 


elementary disks, for each of which the gyroscopic moment will be calculated by the 


Cd 


same formulas 


Lie Jal ps 


The resultant gyroscopic moment is determined by the formula 


Li=S3L,.- CpTl. Ip, 


since rt? and p will be the same for all the elementary disks. 
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| 
| CHAPTER IT 
{ 


| DERIVATION OF THE FUNDAMENTAL EQUATIONS OF MUTION OF TIE 


| GYHOSCOPE AND THEIR ANALYSIS 


Section 2.1. The Kinetic NMoment of the Symmetrical Gyroscope 


| Let a syroscone nossessing symmetry about both the nolar axis and any of the 

| equatorial axes, rotate at angular velocity Qs about a certain arbitrary axis. In 
connection with this rotation, the narticles of the gyroscone will have the corre- 
| snonding velocities and momenta. The 


sum Of the moments of these momenta 





with respect to the fixed noint of the 
gyroscope is termed its kinetic moment, 
Let us bind to the syroscove the 
system of coordinates Oxyz, by placing 
its origin at the fixed point of the 


gyroscone, and matching the axis Oz 





with the polar axis of the rotor. 


Let us resolve the angular velo- 


Fi-.2.1 - Kj ic Mi sty OQ 4 Q 
Pizezel — Kinetic Noment of a city ©, into the polar component () 


wy ; e . ar 
Symmetrical Gyroscope and the equatorial component », Let 


the velocity of the i-th particle of 


& the sroscone with radius vector nh; and mass my; be equal to V5 (Fig.2.1). The 





kinetic moment of the gyrosco.e G will then be represented by the exnression 
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“N (2.1) 


Or, in view of the fact that 


we get 


(ges * Gy, 


where 





Ch; VA, [mts RJ, 


(i, ~ Rk, [7 = R,}. 


the component along the 02 axis, and , the component 


Let us resolve R, into id 3209 


perpendicular to this axis, i.e., let us represent 





Rand .t ote 


Z the vector R, on the 
where Zp, ss the orthogonal axis Oz and ds the projection of the $ 
axis OZ. 


°essi G is rewritten in the following form: 
Then the expression for G. 


a $ 
Gee Nyy eyed frit (tar ar 
r of 


or 
‘—8 o—S 


Gyo XN dite: [me X pul - ypu | we, - Prile 
iat i—t 


é eince [mO x h-2 ] = 0 is im essence a vector product. 





STAT 


aL 











Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 


: tor product, we fet 
Maline use, firther, of the formula for a double vec t ; 


# 8 
‘8 : ee eet ‘ 
Gy & me [et (hy Sucka) — Pre (Ardy. SO] | = mi [epee eae Chae SI 
1 


e 3.4. 2 Md . 4 - . — C 
he first sum of the expression so obtained is cq 1a] to zero since (A. 2, e,;) 


fro. the yronerty of a scalar sroduct; 


‘\ ma, syppe" 


bal 


‘ar the condition of srmnmetrr with resnect to the nolar axis, since vy virtue of the 
symmetr; for each narticle m, at tae d.stance Pi from the axis Oz the onposite 
Jorme gf Oe : 


roint m,? is found, which is the distance 


from the axis U2. 


; i t econd sum is also 
Moreover, in view of the fact that the second term in the s S 


ecxual to zero from the nronerty of a scalar nroduct, we set 


G, Je. 


a 8 ‘ 
wnere J = Yome? = volar moment of inertia. 
: 4 


Rh 3 irect «* @, and the compo- 
Solve f; into the equatorial component 1. ; directed alonr wW, T 


nent Poi, perpendicular to m5 Le@., renresents 


R, oo? 3. 


Then the exoression for en 4s rawritten in the followinr form: 


“s 


‘ 


i 
GO, v (fo : oa) [ ere os . (/... o2.)} 
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few [7 os Psi] 4 = 63, ° | mw Ps, 
joj 


Usins the formula for a double vector nroduct, we fet 


‘t gs 
Ge x mf (f.. Paid —rqy (/. ot) ] ° 
oe | 
i—g 
: ~ Mm, | (291. Pgs) —F5, (og,. DI 
i-] 


The first sum in this exoression is equal to zero, since (1 


i 8 
yroverty of a scalar product; weer ee) 0 by the condition of the same 
J 


iw: Paz) = © by the 
symmetry with resnect to the volar axis, since by virtue of the symmetry for each 


particle m;, the radius vector of which has the component 1. 


wy? the opposite voint 


m;' is found, tne radius vector of which has the component iF a re - Ts) In view 
also of the fact that one of the terms entering into the second sum is likewise 


equal to zero from the nronerty of a scalar nroduct, we get 


Ge- Je on, 


i 3 


where Jom X mp', = equatorial moment of inertia. 
ot 


Thus we have 


G- G.+ Ue Tes Sows 


Section 2.2. The Resal Theorem 

Let us find the derivative of the exvression for the kinetic moment, taken in 
the general form eq.(2.1). 

Differentiating eq.(2.1), we set 


tos 
lO ; ~\' he 
ff aum «i 


1 ‘* 


a | 
2 Y \ . adh, 
x m,\ st WY, ,m, : 
ores { 


ef? 
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Let us write a munber of obvious equalities: 


by the property of a vector product; 


fh, 


Mm, it ° UF digenare AE pies 


where (.°) extemal is the resultant vector of external forces; 


ae) +s the resultant vector of the internal forces acting on the 
where (Fs) internal * : 


j-th particle 


| vw hr) txternat ( I: ‘ Vintern.! | nA l., lea ( L, 


internal 


1 j > nal forces acting on the 
where (1; ) external +5 the resultant moment of the exter gZ 


i-th particle; 


(L J a resultant inoment of internal forces acting on the i-th particle 
i’ internal 


- 8% ‘ ' 


~ ( a ) internal (. Lu ' Vested 


where L ~ resultant moment of external forces acting on the body. 


iNakine use of these equations, we get 


(2.3) 


But £3 = lc is the velocity of the end of the vector of the kinetic moment G. 
dt 


Ths, 
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4.e., the velocity of the end of the vector of kinetic moment G is equal in magni- 
tude and direction to the moment of the external forces. 

The relation so obtained is called the Resal theorem. 

Let us apply the Resal theorem to the gyroscope. 

At a sufficiently rapid prover rotation of the rotor, the equatorial comnonent 
of the kinetic moment of the pyroscope G, is usually negligibly small by comparison 
to its nolar component G.. In other words, it may be considered that the kinetic 
moment of the eyroscone G coincides in direction with the polar axis of rotation of 
the gyroscone rotor. 

Let us assume that the external moment L, directed as indicated in Fig.2.2, is 
annlied to a pyroscone having the kinetic moment G, which we shall consider as co- 
inciding with the axis of rotation of the rotor. 

According to the Resal theorem, under the influence of this moment, the point 
on Lhe axis of the rotor corresnonding to the end of the vector G, receives the 
velocity Un, equal in magnitude and 
direction to L. This velocity can be 
obtained only under the condition that 

i the cyroscone is rotating with res ect 
w to a fixed noint at the angular velo- 
| city ®, directed as indicated in 
Fig.2.2 - The Theorem of Moments 

7 Fige2e26 

It will be easily seen that this directicn coincides with the direction of the 
anrular velocity of »recession described above and exvlained starting out from the 
fact that the simultaneous existence of two rotations of the cyroscore about the 


nolar and equatorial axes produces the corresponding external moment. 








2) 
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Sect.on 2.3. Derivation of Avpproximate Equations of Motion 
Sect_On <j. YOR Vee) 
of the Gyroscone in the Vector Form 
As already stated, the eq:atorial. cormonent of the kinetic moment as of the 
~yroseone is nevliniily small by comparison with its »olar cormonent Gx For those 
technical awlications with which we shatl deal., the modulis G,, q will be tens and 
bhindrets of thosands of times smaller than the modulus G. On this basis, let us 


| ° e i] + e 9 
ne-lect the eqiaterial com-onent in the ex-ression for the xinelic monient (2.2). 


Then the exr-ress2on (2.2) is rewritten in the followinz form: 
Cr IO. (2.4) 


where Zo $5 the ortho~onal coincidin:; with the polar axis of the rotor. 
] 


Differentiatin~ eq.(2.4), we 7et 


TF fi dz. 
ee gee eat JOR 
lt dt dt 

This, on the vasis of eq. (2.3) 
Lar 25+ J2 an 
dt lf 


| 
Let “5 consider {: = const. Then we sect 


I= sot } . 
lf 


dz ; est 
tere —2 = the velocity of the end of a unit vector bound to the colar axis of 
— dt 


rotation of tie rotor. 
dz, 
It is clear that the velocity ae can be obtainal only as a res;1t of the ro- 
( 


tation of the orth, i.e., of the rotation of the nolar axis of the rotor about an 


. 1 1 : - e 4 o 1 r- 5 a a « , » ‘ine 
ais nob coinesliry: with the orth itself. Sucn a rotation is the equatorial compo a 
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= Z 
nent of the rotations of the zyrosconew. It follows from this that —— may be 


reoresented by the exnression 


Making use of this expression, we get 
[ JD (a + 29) F(a OD). (2.5) 


The relation so obtained is the vector form of tne apnroximate equation of 
motion of the gyroscone for the snecial case when the rotor spin may be taken as 
constant. This special case is the nrincinal case in the tecnnical anplications. 

On the other hand, even the 
approximation, from the point of view 
of tne technical anplications, is of 
very hish accuracy, since it is based 
on neglecting a quantity whose share is 
measured in thousandths of a percent. 

Fig.2.3 - Tne Law of Precession 
On this basis we may conclude that the 
equation of motion of the gyroscope, eq.(2.5), describes these motions with suffi- 
clent completeness. 

It follows from eq.(2.5) that the motion of the syroscope under the avvlication 
of the external moment L to it will be a rotation of the polar axis of the rotor of 
the gyroscope about its equatorial axis at angular velocity w. 

Let us solve eq.(2.5) with respect to W. For this purpose let us vectorially 
multinly its right and left sides by Zs that is, let us represent it in the 


following form: 


sel re a IY 
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Applyins the formula for a double vector product to the right side of the 


formula, we set 


oy XL=w(zy, J2)— JU (zy o), 


(2.6) 


since Che J 2) = 17.0; by virtue of the fact that Zp and Q are parallel, and 
Q (Z,0) = 0 by virtue of the fact that Zo and w are perpendicular. 

As follows from Fig.2.3, the direction of w coincides exactly with the sense of 
orecession of the syroscone, the sense which we observed on application of an 
external moment and which was exolained above from the rotational accelerations. 

In this connection, we shall call the relation (2.6) the law of precession. 


For the modulus %, we obtain, on the basis of eq.(2.6), 


Lesm(s.f) 2 Psa) 
je I (2.7) 


In other wornls, the maznitude of the angular velocity of vrecession 1s propor- 
Lional to the equatorial component of the aorlied moment and inversely proportional 


to the kinetic moment of the gyroscone. 


Let us illustrate, startin;, out from the relations (2.7), for the law of pre- 


cession, the insensitivity" of the ryroscope with respect to friction in the 
cimbals. 

Let us take JQ = 4000 s-on/ sec, a value ccrres;.onding to the kinetic moment of 
the syroscone of the syrohorison. Let the moment of friction in the gimbals be 
equal to 1 g-cem, a value that is in senerai exaggerated: according to the stan- 


dards, the moment of friction in the gimbals must not exceed 0.5 g-cm for aviation 


“vroscones. 





wy 
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Since it may be considered that the moment of friction in the gimbals lies in 
the equatorial plane, we obtain, for the angular velocity of precession under the 
influence of this moment, with the data taken by us: 


» = 1/4000 rad/sec = 0.9 degree/min. 





It is clear that such a rate of 


=) “OQ +a] rotation cannot be detected hy simple 





observation. The rotation of the 
ryroscope as a result of such a rate 
of rotation when the base of the 
= susnension is rotated is likewise not 
detected, since in this rotation the 
peer a 2 enn meer anplication of the moments of fric- 
tion in any direction continues for a few seconds, in any case, not longer than a 


few tens of seconds. For this reason the axis of the gyroscope a: ears to maintain 


its position invariant in space. 





The inertial monent L., arisinr as a result of the rotation of the ~yroscone 
about the equatorial axis of the rotor at angular velocity 4) with simultaneous ro- 
tation of the rotor about the nolar axis, and as a result of what we have called 
myroscoyic moment, is equal in marnitude to the external moment and is directed in 
the onposite sense. 


On the basis of what has been said, and of eq.(2.5), we obtain 
[pe - he JS[L Kol, 


As follows from Fig.2.4, the sense of the gyroscopic moment of inertia Ls 
according to eq.(2.8), exactly coincides with the sense for this moment fixed by 
ws, on the basis of the rotational accelerations. 


“Je shall call the relation (2.6) the law of gyroscopic reaction. 





For the modulus L., we get, on the basis of eq.(2.8): 


STAT 
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since 


sin (Q, “) =1 


since |, = the coiatorial comnonent of Qs. 


Thus, starting out from the anproximate equation, the motions of the cyroscone 


e + . 71 - ic 2 rrO— 
may te treated as follows: on the application of an external iioment to the vy 


ned by eq.(2.6); 


: ; . : ' ri lef 
score, there arises a 2recession cf the syroscoze, whose law 15 ae 


: ie 3 ; ined by eqe (2.8 
in this case there develo>s the syrosconic moment of inertia defined b} do (268) 


Section 2.4. Anal:rtic Form of An ro:zimate uations of Motions of the Gyroscope 
a 


Phrsicall;, tne complete rotation of the srroscone OQ, is made uv of the rotor 
snin rt, wy which we mean the rotation of the rotor about its polar axis with re- 
snect to the _mer franc of the rimbals, of the rotation of the ‘yroscone in the 
axes of the cimbals, and of the rota- 
tion of the vase cf the rimbais. 
Let the resultant anzular velocity 
of the two latter rotations 'e equal 


tO: Then Q, ; which was represented 


by us earlier in the form 


Dy resolving 9 into an equatorial 
Pie .2.5 -— Comnonents of the notations component 4; and a on it with resnect 
of the Gyrosconc to the polar axis of the rotor r, we 


ret 
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Then, for the total polar component 2 ic which we denote by o we get 


OY fer 


a Let us connect with the gyroscope (Fig.2.5) the system of coordinates Qxyz >» BY 





matching the axis Oz with the polar axis of the rotor and placing the axes Ox, Oy 
in the equatorial plane in such a way that they shall not take part in the prover 
rotation of the rotor Tt. 

Such a system of axes is called Resal axes. It is easy to convince oneself 
that the axis of the inner frame of the gimbals may serve as one of the equatorial 
axes Of Itesal, since this acis, like the axis of the gimbals, passes through the 
fixed point of the gyroscope and at the same time lies in the equatorial plane. 

Let us set un, starting out from eq.(2.5), approximate equations of motion of 
the gyroscope in the analytic form, applicable to the system of Resal coorviinate 
axes selected by us. 

On resolving the equatorial component of the end of the velocity of the rota- 


tion of the gyroscope on Resal axes, we «et 





wm f'¥e- DVe 


Substituting this expression in eq.(2.5), we set 


G  pXy ~IO2, - Jye\IQ2, 


Whence we have 


l, =JOQq 
(2.9) 
ty LO p, (2 ~10) 
for 
Nee Se 
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The equations for the syrosconpic moment in the analytic form will be resnec- 


Lively of the form: 


Section 205-6 Complete Form of the Equations of Motion of the Gyroscope 


Let us take the complete exnression for the kinetic moment of a symmetrical 
Gyroscope, renresentins the equatorial conmnmonent in this expression as resolved 


accoitlinz to the Nesal axes: 


(; iz JOS ° S,PXe : J Ve. 
Differentiating this expression and bearing eq.(2.3) in mind, we get 


aé. dp lq ds 
L=/ - J x J a3 Jee oe 
dt 0 vv ¢ de 0 + e dt Jo RY, ' 


d Ve 


+J,p dt +Jq a (2.13) 


The derivatives of the orths are found from the considerations that all these 
Cerivatives will be the velocities of the ends of these orths, which may be obtain- 
ed onky on account of the rotations of the orths about axes not coinciding with 
then. Since the systea of coordinates selected, and therefore also the system of 


orths of the coordinate axes rotate at anpular velocity 0, equal to 


Pre > GVe > 72, 


we obtain, on the vasis of the above, the following expressions for the derivatives 


of the orths 


2 


A PXat Qs) X So — Po + 9No. 


AX) 


dt ~ (7254 ~ qMo) N= TY—— Fru 
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OO = (r2q+4 ! 
ye Nee PX) X Vo= —rx_+ pz,. 


On substituting these relations in eq.(2.19), then resolving L into components 
along the Resal axes, we get the following system of equations by equating the co- 


efficients of the same orths: 


d 
L=J," + JQq—J. gr, 


dt 
(2.14) 
d 
Los, = —J2Qp + J, pr, 
(2.15) 
Poza te... 
dt (2.16) 


The equation so obtained are called modified Euler equations for the symmetri- 
cal gyroscone to distinguish then from the classical Euler equations, introduced 
wi.th reference to the system of coordinates rigidly bound to the fyroscone, 

This form of complete equations of motion of the gyroscone is the one which is 
usually employed in syroscope theory, and has the advantare that it allows a 
grapnically clear renresentation of the consequences of the presence in the Gyro- 
Scope of the prover rotation rt, that is, of the factor that transforms a nonryro- 
scopic body into a gyroscope. 

Bearing in mind that the complete nolar component of the angular velocity of 
rotation of the gyroscone 9 = r + rt, let us rewrite eqe(2.11) - eq.(2.16) in the 


following form: 


Ean SP a 
‘ a +(J J, ar+ Hq. 


(2.17) 
Lat, (Sy pr— 
y= Se 4, ~U—A) pr — Hp, (2.18) 
dr’ dr 
Ld (4 we (2.19) 





© where H = Jr? = proper kinetic moment of evrroscope. 


The first and second terms of eq.(2.17) and (2.18) would remain the same, even 
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in the absence of the rotor snin, i.e., in the ansence of the conditions transforr 





ing a solid body into a syroscove in the real sense of this word. [From their first 


terms tre determine, as is clear, the moments of :znertia from the angular accelera- 





t20ns acout the axis of action of the moment, from tneir second terms, the moments 
of inertia from the centripetal accelerations talsing place as a result of the rota- 
tion cf the ~yroscove and angular velocity ). 


"a 

The last terms of these equations are octained only when the ryroscone rotor 
is sninninc. They sive, as will be clear, the velocity of rotation about an axis 
yernendicular to the direction of the comnonent of external moment standing on the 
eft side cf the equations. 

The role of the centrinetal. accelerations in all cases of interest to us will 
Le nersliricly smail, since the co-factors in the corresnondins terms will be vro- 
ducts of the small annular velocities r, q and re. By rejectinz them we find that in 
the absence of rotor snin, the external moment is exnended only in imparting angular 


accelerations avcit tne axis of its action, as it should be for a nonryrosconic 





WOT 

If, nowever, a rotor spin r' does occur, then, in addition to the anrular 
accelerations abort its axis of action, the external moment arplied to the ryroscope 
“31 also sroduce an ancular velocity avout the actions yer-endicalar in its direc- 
tion to the mnetion termed hy us the »recessi.on of the syroscone. This the comolete 
motion of the :zrroscone consists cf tyc motions, one an "ordinary'?, inherent, ‘in. all 
Lodles in reneral, including nonzyzosconic bodies, and the second one, nrecession, 
wiichn ‘s veculiar to syroscoves alone. 

Tsmin: to the apnroximate equations of motion (2.9) and (2.10), we note that, 
accordins to these equations, the external rwment »roduces only precession, and 


with the sae oractically qiantitative characteristics as the precession entering 


into as a comnonent of motion in the complete equations, since, owing to the small- 





ness of r in commar:son to r?, we may mts 
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WD Jae rye Io l, 


1.e., the approximate equations cover only tne motions svecifically inherent in 





ryroscoves and not inherent in other bodies. 

But we have already noted above that the degree of accuracy of the apvroximate 
equations of motions of the gyroscope is very high for a sufficiently rapid rotor 
syin. 

If this is true, then it follows that the "ordinary? component of the motions 
of the gyroscopes, inherent in a syroscope as in any nongyroscovic body, olay a 
very small role in comparison to the "syroscopic'® component of this motion, which is 
inherent only to the ryroscove in the vrorer sense of this word. 

The equations for the moment of inertia are written on the basis of eq.(2.17)- 


(2.19) in the following fom: 





L,=--l = —4,"" —(J—J,)gr—Hyq: 
(2.20) 
L,=—Ll = —1,"" + (J —J,) pr + Hp, 
flf ar 
pare nae “ ve ap (2.21) 


Rejecting the second terms of the risht sides of eq.(2.20) and (2.21) as 
negligibly small, we find that, in the absence of rotor spin, the external moment is 
equal to the "ordinary" moment of inertia, that is, to the moment which any rotat— 
ing body, including a nongyrosconic body, is able to develop. In the presence of 
proper rotation of the syroscone rotor, the external moment is equal to the sun of 
the “ordinary” moment of inertia and the gyroscopic moment of inertia, which can be 
developed only by a rotor nossessins a considerable moment of momentun. 

According to the anproximate equations for the moment of inertia (2.11) and 


(2.12), the external moment is equal only to the ryrosconic moment. Consequently, 





it follows from the high accuracy of the approximate equations that it is precisely 
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to the fyrosconic moment of inertia that we must attribute the total moment of iner-— 





tia developed by the syroscope, 


Section 2.4, Notion of Gyroscone under the Influence 
of an Equatorial External Moment 


Consider the character of the motion of the Syroscope when an external moment 





| L, actinn, let us assume, anonrt the axis of the inner frame, with which we match the 
axis Ox, is anplied to it. We shall consider that in this case Ly = 0, L, = 0, 

r= OQ, The restrictions adonted simplify the, character of the subsequent calcula 
b-ons, without substantially immairing the penerality of the basic conclusions that 
can be obtained. 

| For the case we have taken, the equations of motions of the gyroscope, (2.14) 


and (2.15), will take the followins form: 


| dp l 
a === tt 
aed t re 











‘ | (2.22) 
@ i 
| at *P—2. 
(2.23) 
where w= —l 2dr! yg yt ‘ 
! Jeg i r, since J ? Jeg 1s always true. Qn differentiating once 


eq. (2.22) and; substituting in it “I from eq.(2.23), we ret 
dt ° 


~ 


fp 


‘ 
ff 


‘ np =(). 


ein : ; 
The solution of this equation, as is comnonly known, is of the form: 
YP Vsinel. Boos at 


faking use further of eq.(2.22), we ret 


YQ —Acosst. Bsinuar-+ ; : 


@ Psendoreular Precession 


en Basa ges re 
Let us take initial conditions correspondin to the syroscone at "rest!t under 
STAT 
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the application of an external moment, i.e., let us assume that, at t = 


ti j oi r constants 
q =O. Under these initial conditions we obtain for the arcitrary cons S 


L. 
Be, A= ,,- 


As a result, the solution takes the followinz form: 


L : 
q= 1 (Ea cose) (2.25) 


which is renresented by the graphs of n(t) and q(t) that are presented in Fir.2.6. 
On considerine the same case on the basis of the apnroximate equations of motion 
(2.9) and (2.10), we put in them Jq =H, or, what is the same thing, from the coiz- 
plete equations (2.17) and (2.18), rejecting the terms renresenting the "ordinary" 
motion in them, and leaving only the terms renresenting the »recession of the “re- 
scone, we obtain 


P approx 2% 


(2426) 


2 (2.27) 


pee sy 


On comparing the anoroximate formulas of motion according to eq. (2.26) and 
(2.27) with the more exact formulas for (2.24) and (2.25), we convince ourselves 
that the first two yield the constant component of the second two. 

Denoting the angle of rotation of the volar axis of the gyroscore about the 

2 


equatorial axis Oy by a, and atout the equatorial axis Ox by “, we pet, Ly eds. 


(2.24) and (2.25), the followins: 


Sy tnt + Cy. 
q? 


= — cos nl +Cy. 
mn 
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wee ee 
-—e) eee ee 


Let the initial conditions in the relation of uncles a and 8 be likewise sero, 
3 


*,e., let, at t= 0, a=l, w=. Thentwte snroll nave 


. lJ, 
C,=0. Cy= TE ‘ 


3 ~ am (al sin afl, 


Com! fb COS wel), 


11, 
ip 


Tims tae motion of tne ~yiesco ve in tie systen “inder study; wiil consist of two 
iifferenl cormonentss 

A) Ene Sich: 4 = wy Hes of motion with a constant ancnlar velocity about the 
s~iatorial axis .oersendicuiar tu. tae airectson of the arnlied moment; this commcnent 
16 enuzsed tao us bhe orecessicn of tne yroesceo.e; 

i) the secomi: 4 Pets Sa be. Non (1 - cos pt), *“ein- the neriodic cscilla- 
tons .otn atont the axi.s, coincidine witn tne direction of the annlied moment, and 
a.out the axis nercendicvlar to this d:trection, with a pnase shift netween tnese 
csceillations equal to t/e2. «@ shall cull the second commonent of total motion the 


~atation of the ~rroscoxe. It is o' tained as a result of the influence of terms of 
the commlete’ eavations of motion of the gyroscone, which consist of angular accel- 
erations caised *n the yroscore ‘7 the annlication of a moment to it. de have 
termed therr ters reoresentin:s tne "“orlinary" motion of the s roscone in the sense 
that taey would remain, even in the atlsence of rotor synin, i.e., in the sense that 
trey are inherent in any noncyroscoynic hody. In the pyroscone, however, the effect 
case! uy these teins, a5 we nave scen, is not at all "ordinary": instead of a 
definate rotation in the direction of action of the moment, as would occur in a non- 


errosce Le Lody, tne; cause serjiodic oscillations, both about the axis coinciding 
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with tne direction of the anplied moment, and about the axis pervendicular to this 


direction. 








Fir.2.6 - Pseudorernlar Precession Fi.g.2.7 -— Path of End of Gyroscope Axis 


of Gyroscope in Pseudorerular Precession 


As a result of the motions defined by eqs. (2.28) and (2.29), the axis of the 
gyroscope will describe a certain path on a »vlane nermendicular to the original 
position of the axis of the syroscone, and located at unit distance from the center 


of the susnension of the syroscone. For the beginning of motion, when sin a = a 


> 





and sin ®= , this path may be described with sufficient accuracy by eq. (2.2) and 
(2.29) in the rectaneular system of the cooidinates Oa, the axis Og of which is 
narallel to the axis Ox, while the axis 03 is narallel to the axis Oy. 

It is easy to see that this curve will be a cycloid with a radius equal to Wi 
i.ce, that it will be equal to the amplitude of nutation (Fie.2.7). 

Let us take for L a magnitude corresponding to the maximum value of the 
correcting moment of the autopilot, amounting to © p-cm, and the other data corre- 
sponding to the characteristics of the gyrohorigon, i.e., let Jeq = 1.0 grem-sec*, 


If = 4000 r-cm-sec~, As a result we pet the following expression for the amplitude 


of the nutation wy, 


4 | 
> ee rad = GS rad =)’ 
tm 16. 108 ” 10 © ra O1", 





1.€., a quantity of no nractical importance. 
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In other wondis, the cycloid traced by the rotor axis will under normal condi- 
tions have a radius se smal] that with a very hirh derree of accuracy it may be 
tal.en as a strairht line. 

The frequency of the periodic oscillations of the axis of the syroscone rotor, 
iby 1S measured in hundreis and thousands:per sec. As a result of the nepligible 
value of the amnlitule and of the hich frequency, these neriodic oscillations are 
a.cercentible, 

The motions of the eyroscone that have just been studied bears the name nseudo- 
rerular »recession. In this term, the word "reeular!! emphasizes the fact that from 
the practical point of view, the iotion reduces in essence to a refular motion, that 
is of uniform vrecession, while the woid "nseudo! eanhasizes the fact that from the 
theoretical »oint of view this motion contains not only nrecession tut also nuta- 
toon. 

Tt should be added to all that has been said that nutation dies away relatively 
fast on account of friction in the susnension and of other resistances, after which 
only »~recession remains, the existence of which is assured by the external moment 


aryplied to the syroscone. 


neular Preecessi.on 

Let us talze for the same case of the anplication of an external moment, the 
followin; initial conditions: at t = 0, let p = 0, q = L/Il, i.e., let us assume 
that abceut tne axis the action of the anplied moment there is a state of rest, and 
avout the axis nermendicnuilar to the anvlied moment, rotation already takes place at 
an ancular velocity equal to the constant conmonent of the anrular velocity of 
sseudorermilar ‘recession dve to that external moment. 


For these initial conditions we have 


YY gp LL en emt een ernrmrn = 


“et Met e 
tees qa et ht 


l=; ?=0 


© and, conseanently, 
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that is, the motion will consist only of precession without nutation. Such a motion 
is called rerpular precession. 

As we see, by varying the jnitial conditions, that is, by taking them to corre- 
spond to that motion of the gyroscope which is obtained after the damping of the 
nutation, we obtain a motion which is without nutation from the very beginning. 

It follows from this that nutation is the component of the motions of the pyro- 


init: ivi 5 ot occur. If 
scone which, according to the initial conditions, may either occur orn 


with 
+t does occur, then pseudoregular precession takes place. [Put in connection ¥ 


the damping of the nutation, this pseudoregular precession may be treated as a 
motion passing over into resular precession and it is only this type of nrecession 
that can exist for an indefinitely lone time. 

On anplying the anproximate equations of motion to this case, we obtain the 
same result that was given in this case by the complete equations. This is natural 
enough, since the nutation, which distinguishes tne complete motion from the 
approximate motion, has disanpeared in this case in connection with a certain choice 


of the initial conditions. 


Influence of a Shock 
Let us assume that as a result of 
a blow in the neighborhood of the axis. 
Oy, the initial anpular velocity Qn 
arises. In this case let p = 0. Put- 
ting L = O in eq.(2.25), we obtain for 
these initial conditions: 
: : A = -Gp5; B= 0 
Fic.2.¢ - Mutation after a Diow 


And, consequently, 


p =-qo sinp t, 





Al 
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+e 


Q = dp cos tt te 


Thus in this case the motion will consist of nutation alone (Fiz.2.¢) without pre 
cession, Lut this is understandable, since in this case the external moment, on 


account of «which precession imay exist, is aisent. 


Section 2.7. Enerc-cetic Talance cf Motions of tae Gyroscone 

ith retular »recession, the :zotion durine the course of all tne time after the 
Snittel instant will vermin exactly the sane as it vas ab that .nitial] instant. 

Althouch vevular »recess’on still ccists on account of the action of an applied 
extemal moment, tiris action nevertheless dces net chanre the ener z of tne systena 
“+> comparisen with the ener nossessed by tae syste: on the annlicatton of the cx- 
beimai romene. 

as alread remarived, this is ex-lainea .7° tne fact tnat in this case the exter- 
nal moment carses motion in a “Llane »exoendic:lar to tne slane in which :t acts. 
Gonsearentlr, (n assurin~ the existence of »yrecesslon, the external moment does not 
“erfoir, wort, and in this cunnection it cannct Fe a souree cf variation of the 
enews; of the srstea “nut since vhere are likewise no other sources of ener of 
aps lind ain this case, it is uxlerstandable that the enerw; of tire system should re- 
alm unenhanced Cur the existence, for as iont a neriod as may he desired, of 

, I 

-oco,ar orecession aal of the action of an axternal monent, that is, that it snovla 
Pe wi at. ot jet Be Tai te a insta: of bine... wh The Smits? Netant ofc; 


Li , 
POG Seu kk 72 Fhe <arted to tic syroscone, which 


inbreductzer of energy into bhe system that was exactly cqual to the 
tive cerbermal moment Ls aile te -rovide. 
st bo the initiul conditions leadin- to the aopearance of resuiar ore- 
‘aittal conditions Llendins: to the ansearance of nseudore ular preces— 
mon ag nob Livoive tae intrednct.on of additional initial enersy into the systen. 


Sonsequentii thre cnercy of aseidoremiwar nrecession can he formed only on account of 





J. nomen. STAT 
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Such work 1s actually performed by the external moment in ~seudoresular vreces- 
sion in connection with the existence of a rotation about the axis of its acticn. 
the magnitude of tnis work may be characterized by the angle of this shift, since 
tne external moment is constant. 

as follows fron eq.(2.27), this angle, which always retains a positive sign, 


; LJ 
varies from zero to a value equal to 2p, = ae and has a constant comnonent equal 
‘i H 
LJ 
to te ees Consequently, the work of the external moment Uy = L§ varies from 
H 2 2 
LJ L“ J 
sero to a value equal to 2 “a for a constant component equal to UL shoenrae This 
T Cc H 


work, at each siven instant, according to the law cf conservation of enersy, must ke 


J 
equal to the enerrry of nseudoremilar »recession U = §e4 (* oO 
- jr aA a 


a 


Usin~ the oxrression eq.(2.24) and (2.25), we cet for Us 


. J,d? 
Co ~- COs 
aay (1 --cos 0), 


1.€., an expression identical with the exoression for Uy = Le if 3 is taken accord- 
ins; to eg. (2.29). 

The constant cormonent of the enersy of pseudoresular arecession may in turn be 
divided into the enerry of »vrecession proner and the enercy of nutation. These 
energies in our case will be equal to each otner, and it is easy to convince oncseif 


of this. In fact, the enersy of nrecession equals 


Jerr Iylt 
: be 


this corresnonds to half the constant component of the work of the external moment. 


On the dampins of the nutation, the cnerry of nutation is dissivated, and the ryro- 
J 
scone now retains only the enercy of nvrover precession equal to —&4 
a an? 
The initial conditions corresnondins to a blow mean the introduction of the 

2 


Jog 
e e e - aoe a @ ¢ oO . co ~ e e 
initial enerry Uy = —— into the system. Since the subsequent motion is perform- 


o- 


ed without narticipation of extermal forces, it follows that the enerry of the 
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«. ary ee ee ee ea ~ mage wey een et pe re Fa Oe A = + 
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system must remain invariant during the nutation following the blow and mist remain 
" 


‘ 
a it 
} 
a 
‘ 
f 
4 


wy Vey 





equal to — » Which, in reality, it does. : 
. 
vi 
; e ° * e é ; i 
(ie Section 2.%. Transition to the Equations of Motion with Resnect to | | 
i 
Terrestrial Coordinate Axes ) 
| The basic content of the theory of aviation fyro instruments reduces down to 
: the determination of the laws of the establishment of the pyroscope in a position of 
22a ,err i inate axes. A 
stable equilibriun in one syste or the other of terrestrial coordina . 
ne ; . ae 
\nowledce of these laws allows us to deteimne the conditions under which a gyro in 
| striment is able to indicate the direction of these terrestrial coordinate axes or | 


| to determine the rotary velocity of the aircraft with resvect to the earth. 
In both cases, to solve the vroblems so formulated, we must pass from the equa- 
tions of motion in the iiesal axes to the eqvati.ons of motion in terrestrial axes. 
Let us take the system of terrestrial coordinate axes Ofn~ (Fig.2.9). Let us 
match one of these axes, let us say Of, with the direction to be determined by the 
~z aid of this svro instrument: for cyro horizons, it will be the direction of the 
trae vertical, for course-indicabing cre instruments, the direction of the meri- 
! Cian. Let us call this aris the princinal terrestrial axis. Let us match, to other 
aciis, let us say the axis On, the axis of rotation of the outer frame of the ein 
| reals, which is alvays located varallel to some one of the aircraft axes in horizon- 
tal flisht. The direction of the third acis will then be determined according to a 
richt-nand sjrsten of cooriinates. 


< 
3 En © iein of the system o1 
Let us match with the origin of coordinates On” the oris Sy 


amie veer neem oy rpNee 
rrereencrneeets or aS a OT ae 


coordinates Oxye ‘le recall that the axis Oz of this system of coordinates has oeen 
a. - vue ea wlecse 

. * = i = e i e 
ratched woth the ~olar axis of the rotor, anc that the axes Gx and Oy lie on th 


1 sartici sor sin. As has heen stated 
ecratorial nlane and do not articinate in the rotor sulin. ; S 


: Veo) af i i in the equator- 
| arxeve, the axis of rotation of the inner frane of the fsimbals lies in tne equ 
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xis nassins throus! of the sus»ension 
} Sal plane cf the cyroscone, as tne axis nassing throush the center : 
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in the proper rotation of the rotor, but it will narticinate in the other rotations 
of the fyroscone, for exammle, about the axis of rotation of the frame of the sus- } 
rension, or in the rotations torpether with the base of the sus-ension. Consequently 
the axis of the inner frame will satisfy the condition imposed on the equatorial 
Resal axes and may be selected as one of such axes. Let it te the eqiatorial axis 
Ux. The second equatorial axis Oy is then determined according to a right-hand sys- 
tem of coordinates. 

Draw the vlane zOrn. Let this 


nlane, in a civen position of the axis 


Oz intersect the coordinate nlane &0"" 


in the line OA. Let s denote Ly qa the 


anzle between the ~rinciral axis 0” and 


6 et nh TS RET hs St 


-— 


the line OA, and hy @ the anvle between 
the line OA and the axis Oz, selectiny 


the rositive sense of these anrles cy 





oo . the arrows shovm in Pie.2.9. It is not 
hari to see that these two ancles will 
Fir.2.9 — The Euler Angles commletely determine the rosition of 
the axis Oz and the system of coordi- 
nates Ofn”, since the anele Oz may be brought into an assigned rosition by a rota- 
tion First in the ~lane €0% about the axis On sy the angle a, followed by a rotation 
in the nlane 20) about the axis Ox by the angle 6B, By associatins to the angles «a 
and ® the anele of rotation of the rotor in the equatorial. plane on account of its 
svxin, we ovtain three Aeerees of freedom of the ryrosco”e. 
The anrles a and % are, as is commonly knowm, called Euler angles. They are 
saieeves a various methods, according to the form of the »roLlem to te solved. The 
selection made vy us is convenient in that a rotation in the ~lanes €0% and z2On is 


Sdantical with a rotation about the axes of rotation of the outer and inner frames 








| 


STAT 


A5 











ee : 
| egret macy perc get bate PROS EEG FT eck «nS on te eS ES Seve © ELT AO St as ere georeirn paga! Sererpemeneney OES CRETE tre aereemmeenanone UES 





IT elt Sl ree ee 
aptamer ee 


a rere 





ete 


we SSS ac oc an torpvoneersnreareronenarerp.netcueredsivie eb cutonaounerinn nena pursteerecegrers . 
Pehl Rea IE 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 





Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 





esrectively. The forner results directly fron the 


Me wize TrOSco Ic s2 Lo + ? t 
—_ 1 oite ’ o a ° ae 4 Ca aoe i to ba O O n - 1} _ a Vi li tenon 0 3 
= yy fe @ es . > > 


Gl CS. ett Saaotee us: Litee eo 4 =e whe uu — 7) ) seek © al Loe a \u Gi t Ca 


ae 7 ” - 1 , l t ne = a y =. S Uk wh 1 u h a o ) erp en 
Ag ; ri. : ‘an ft " nic y, at bs 3 
ate red tie 4s .S ci rotation of cone inner ir Cc WI. 


Clenlar to the lane 2u". 
‘ - corr'y’ ay 
ro Naw on ele ois the angie uf rotation of the syrosco7e 
It foll.ws from this thas the ans ; . 


4 +174 + mle «is the anvle of 
‘ . . 3s an fy me wile vnIe an; 

s +7 wen rotation of tne Cc :ter + 3 

we u Le ac. ao of tod 


{2 


toate ad ‘1 ® 
e _ 


? . f = ( t, Cr n I / e 3 * t -~ 79 oO 3 
om & Or ? ana ~ are di.r C “ edd 3 ao sh i a ay G Sm ¢ tha 
7 . “= & o 


on on ~ + 
whe Te eos wv 


eative seVuLaxis C%. 
ta ser 207) ” alon~ the ne at'*re 

~ tie -ogi tive SEL At.S UN, 
Ba Gale YS... ve 


ote . Ss to G E 
2 O% Fuea1G C ALY wie 8 S NAG 


«3 4 « 5 - * ia a _ ae e _ 
~ a - 7 —- the dg ‘yection 
2S aac 3c. u _ u - 


co -* ae wn - at + ? “~~ ct Y) - ~ fere! t 2 ery ” L s}} LS t 4. wugl h ot ay) 
I a. * 


\ 1 fo syvsbem of co- 
( --r yee tes of a vhese rotations of the sys 
: x Seve oe ae <% iN 5 P cae: - - F nde -_- 

co fe at cre’ ave, wll ann we 


3 if win ¢ made -~ € -e ~— yf 7 Lb 2 
@ e S 3 and f] 3 
aw ‘3 1 
A . 3 ) 
wd a 


pa — b+ ercor(t'x)-+ey con 1) + orcs (tx). (2.30) 


g -a+,cos («y) 40, cos(n y) + ercos (ey), (2.31) 


th a nm cr o- aan . ° 1 
? 3 : : f LV en n Lne 
(’ ; i : é = r ne these On rT ess :Oons are a? “ 
i ~~ SHG LINCO Ol Lnie in 4 e535 ente 1 : O 











Pollen Ta. ..cs 
Tawle l 

. 

t 7 . 
x cosa Q —sina 
( )} y —sinasin8 cos3 —cos2sin® 
! ra 
STAT 
if 








Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 






ee 


ee a 








ee et rrr ne ee art Be ne eres ee TER ir ere ROY ered 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 





Ne re ee ee pel le 








For small values of the ansles a and, with which we shall for tne nost nart 


ve dealine, this table is transformed into the followine one: 


Tatle II 
fy, . 

x; 10 --a 
»y O1 —8 


- cs 964 : £ ’ * 3 
On the basis of the last table, for small angles a and B, the expressions for 


tne followine fora: 


P= - Bw; — &:2, 
(2.32) 


7 = 4 + wo, — ome3, 
(2333) 


The exnression for L,. and L, in the general case may te revresented in the 


followin: form: 


L,=f,, . L,i, 


L Sl les, 


where = monents »roduc py t! -rect. r . 
Ls ys ed py the correction system cr the systems of s»rings 
and damper devices; 
Loa, Loy = moments of forces of friction in the axis of rotation of the jnner 


and oiter frames res ectively. 


Section 2.9. Influence of Tarth Notation and of the Disyvlacement 
28 i 
of tne Aircraft with Resrect to the Earth 
The essence of these phenomena, taken into account according to eqs.(2.30) 
w . * ? 


(2221.) 5. °OP eqse(2. 32), (2.33), reduces to the follovwine: the princinal axis OC of 


toe 


the syster i ens Wate! 
system of coordinates Ofn”, which can le matched, as has been shown, either with 


( Bee? Uae: 


7 
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: ene z OS e fact that the true ver- 
This variation ocenrs, on the one hand, as a result of th 


tical und the lecal meridian also ‘artici,ate in the rotation of the earth, and on 







sylacement of the aircraft with |, 


| the other hand, a result of the fact that with the di 


i ; ridiz i ion must 
resrect to the earth, the true vertical and the local meridian, whose directi1 : 





also vary their position. 









be detemnined iby the aid of the syro instrmients, 
Tt is comnonly knowm that the ex- 
sression true local vertical is the teri 
avnited to the direction of the action 


of the force of sravity which practi- 







cally coincides w*tn tne direction of the 


earth radius OM! (Pie.2.10). The deflec- 
















pie - mn s of the Rotation 
Fic.2.10 - Rotation of Plane of the Fic,2.11 - Components oO 


Horizon of the Plane of the Horizon 


‘ . es a a0 Lt of 
tion of the vertical from the direction of the rad: as does not exceed units 


She vrolongation of the vertical above liz is called the zenith 
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~tnutes of arc. 


= 
i “ 5) artical is called the nlane of the hori 
line. The vlane rervendicilar to the true vertica.. 25S 


° : ‘1€ rotation of 
zou. Tre rlane nrassing through the point of the place |. and tne axis of 


¢. ids : : een the 
the earth, is called the nlane of the local meridian. The intersection betwee 


® * = 2 as . , $a j.- 
; ana t nic is called tne meridian, or mer 
glane of the horizon and the clane of the meridian 1s 
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The nlanes perpendicular to the axis of rotation of the earth are called nlanes 
i o 


| of the oarallels. Of them, the plane of the parallel passing through the center of 


the earth O is called the plane of the equator. The angle between the trie vertical 





and the plane of the equator is called the local latitude. 


As follows from Fig.2.10, the rotation of the plane of the horizon, and, with 


it, of the vertical and meridian of the local vertical and local meridian in connec-— 


tion with the rotation of the earth, may be represented as the result of two rota- 


tions, first, the rotation about the true vertical, during which the north point of 


the meridian is shifted at first to the left, if viewed from the north when looking 


northward (in the northern hemisphere), and second, the rotation about the meridian, 


during which the eastern half of the plane of the horizon sinks while the western 





half rises. 
= sin » will be called the 


The angular velocity of the former rotation Wo = Me 


vertical component of the earth rotation, while the angular velocity of the second 





rotation on =, COS 9 will be called the horizontal component of the earth rota- 






LON. 


On resolving the speed of the aircraft V into its components along the meri- 


dian Vi = V cos K and along the parallel Vy =V sin K, where K is the course angle, 


4% becomes possible to treat the result of the flight of the aircraft as an addi- 


tional rotation of the plane of the horizon, first about the axis of rotation of the 


VB 


earth at angular velocity 4p ag Se = distance from aircraft to center of 


V 
earth), and second of angular velocity ™, ae about the equatorial diameter of the 


earth, nernendicular to the plane of the meridian of the given place (Fig.2.11). 


Estimation of the Influence of Rotation of the Karth and the Sneed of Flight 
with Resnect to the Vertical Position of the Principal Axis of tne Gyroscope 


In this case the principal axis 0” of the system of coordinates O€nG is matched 


@ with the true vertical Mz. The axis On, with which the axis rotation of the outer 
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On substituting the relations so obtained in eqs.(2.32) and (2.33), we cet 


y V 
p= —b—(m+— sink tgg)e—v, sinkK——, (2.34) 





gu=a— (*: +7) sin Ktge)B+e, cos K. (2235) 


Allowing for the Influence of the Warth Rotation and of the Flicht Sveed 


-- 


@ith Horizontal Position of the Principal Axis of the Notor, Parallel to 
L =. Lee aad 
the meridian 

In this case the axis 0” is matched with the neridian; the axis On with which 
we shall consider the axis of rotation of the outer frame to be matched, will be 
paralle] to the normal axis of the aircraft. Consequently, for horizontal flicht 
(and it is for this that we are setting un the corresnonding exrressions) it will 
coincide with the zenith line Mz (Fi-.2.13). 


On projecting the same components of the rotation as in the »receding case, 





onto tne axes of the system O fn” for a siven arrancement of those axes » we cets 


V . 

BS ea COs kK; 
ay, oy + ony SIN = wy + 
Vi sink 
R cosK 
Ww, =m, -+ w, COS F & w, + 
Ve osink 


- sing, 


cos 


or 





0 o= - cos K, 


V sink 
- sin ¢, 
R cose * 


VY. 
Ww. = @, + a K. 


@, = (ao, + 


FPis.2.13 - Allowing for the Rotation of 


tne Plane of the Horizon with Respect 





@& to the Gyroscopic Course Indicator 
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Substitutine the relations so found in eqs. (2.32) and (2.33), we set 


p= —b—(™ + Z sin K) +7 cos K, 


(2.36) 


q =a — (*, -{- ‘ sin K) p+ (ws a e cn sin 9. (2.37) 


Allowin- for the Effect of a Turn on the Gyro Hori.zon 


ALLlow.ny for tne EBitect Of a tien Se 

In this case we may consider that the system of coordinates O£n” possesses only 
» rotation apout the true vertical at anzular velocity ) = 3 where P = radius of 
tune 

In other words, we need not reckon with the variation of the nosition of the 
true vertical durine the time of the tum, owing to the earth rotation. 


Asswains this, we have 


wW saw, an), 


w, - + w,, 


wnere the unver siren corresponds to a right tun and the lower sirn to a left. 


Subseq rently, 


p " ¢ ° wd, 


(2.38) 
Q=-3 + w,% (2.39) 


with the same rule for the selection of the signs. 
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CHAPTER III 


BRIEF SURVEY OF PRINCIPLES OF ACTION OF POSITIONAL 


| CY ROSCOPES 


Section 3.1. Astatic Gyroscopes 


The principal advantage of gyroscopic positional instruments is their great 
| rigidity produced by the rapidly spinning rotor, usually mounted in the gimbals. 
| The motions of this rotor about the axis of the suspension may be sufficiently slow 


owing to the increased proner kinetic moment of the rotor. 





As a result of this the axis of the gyroscope rotor acquires stability with 
resvect to the action of disturbing forces. In this respect it is completely incom- 
parable to the sensitive systems of positional instruments based on the use of other 
nongyroscopic principles, for instance, with a magnetic needle or pendulun. 
| But, in contrast to the latter, gyroscopic positional instruments make it 
necessary to take special measures to give them selectivity with respect to the 
direction which they must indicate. The selectivity of one ost ienal instrument or 
another with respect to some nosition means the presence in that instrument of pro- 
verties by virtue of which, when the sensitive system of the instrument deviates 
from this position, a certain moment, called the positional moment, is applied to it 
and returns it to the indicated nosition. A vositional instrument thus possesses 
selectivity with respect to that position which constitutes the vnosition of stable 


© equilibrium for its sensitive system. 
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The center of gravity of the astatic gyroscove is matched with the center of 


the susnension, and, owing to this, the action of the force of gravity on the gyro- 


scone is eliminated. 





Thus any position of the astatic gyroscope is an equilibrium position. 

It is of substantial importance that the nosition of the gyroscone will vary, 
during motion of the base of the suspension, owing to the action on the fyroscove of 
the forces of friction in the axis of the susvension, and owing to a certain un- 
avoidable residual imbalance of the gyroscone. 

It is true that the rate of this change, at a nrover value of the kinetic 
moment of the wzyroscone, will be small. In this connection, in those cases where a 
definite direction must be indicated for 2-3 min, it is entirely nossible to use an 
astatic gsyrosconre for these nurmoses, although in practice this is not done. 

In this case, the fact that an astatic gyroscone is indifferent to the nosition 
jn which it is installed, is a substantial merit for this use, since, in this con- 


nection, an astatic pyrosconve may oe utilized for the brief designation of any 





direction with resnect to the earth surface. 
Tt must, however, be noted, that in this case the astatic gyroscope must 
initially be set in the required direction, since the gyroscope itself is unable to 


"find! this direction. 


Section 3.2. Position Gyrescones with Displaced Center of Gravity 


To methods are used for sivinr syrosconic position instruments the necessary 
selectivity. 

The first method, on which we shall dwell in this Section, is based on obtain- 
ine the necessary »ositional moment by means of a definite disnlacement of the cen- 
ter of rravity of the pyroscone with respect to the center of the suspension, that 


is, by eliminating the astatic nature of the gyroscone. 


In this case, when the gyroscone departs from the assigned direction, a posi.- 





tiqanal moment. which will return the pyroscone to the assigned direction, will 
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are used. 
method of obtaining selectivity, the gyrovendulum and gyrocompass » 


Fig.3.2 - The Magnetic Gyrocompass 










Shoe Gyrovendulun 


Ax) f inner frame; II - Axis of I - Axis of inner frame; II - Axis of 
I - is oO nes 


outer frame; O - Center of suspension, 


outer frame; O - Center of suspension; 





® 5 QO - Center of fravity 
oO. - Center of eravity : 


to 


rtical. The axis of the eyropendulum rotor is 






Gyronendulums serve to indicate the ve 


the vertical direction by means of the downward displacement of the center 
held in the v 













} } the center of sus- 
‘763eLl) along the spin axis from 
of gravity of the gyroscope 0, (Fig.3.1) g 


eae se of 
ss serves to indicate the georranhic meridian. The axis 


pension 0. The pyrocompa - 
Sate 7 
e rotor is held in the direction of the meridian by the displacemen 
the szyroscop > 


(Fig.e3.2) in the equatorial plane of the gyroscope. 


A brief theory of the ryropendulum 


ave no intention of touching on this subject 


and gyrocompass is given in the following 
in any way. We 
Chapters, and here we h 


Lure e 
j 4 remarks of fundamental na 
confine ourselves mainly to a few 


1] the 
© The equilibrium position for the spin axis of the syronendulum will be 












59 








Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 


vertical of the locality (without taking account of the error owing to the earth ro- 
tation and the displacement of the base of the ryroscope suspension). 

The position of equilibrium for the rotor axis of the ryropendulum will be the 
local vertical (not taking into account the errors due to the rotation of the earth 
and the displacement of the base of the gyroscope suspension). 

On deviation of the axis of the rotor from the vertical, the positional moment 
of the force of gravity begins to act on the gyroscone. This force tends to restore 
the rotor axis to the nlane vreceding the deviation, by moving it toward the verti- 
cal. But wnder the action of this moment, the motion of the gyropendulum, according 
to the law of vrecession, begins not in the lane of the deviation that has taken 
nlace, but perpendicular to it. 

Thus we get the result that the action of the positional moment in the gyroren-— 
dulum leads it to the liquidation of any violations that arise, and to the transfer 
of such violation to a different nlane. In the last analysis the spin axis of the 
fyronendulum, instead of returning to the nosition of equilibrium, will undergo os- 
cillations, describing a cone about the equilibrium nosition, having its vertex at 


the fixed noint. Under the influence of friction in the susnensions, the radius of 


this cone will diminish more and more, and ultimately the spin axis of the ryro 


rotor will be matched with the angle of revose relative to the vertical. From the 
technical asrect, however, this circumstance cannot be utilized, since by the condi- 
tions of accuracy for the oneration of the instrument, a more or less considerable 
friction in the susyension must not be allowed, and at such friction as may be 
allowed, too mich time is required for damping of the nrecessional oscillations of 
the gyrocommass to take place on that account. In other words, in order to trans- 
form the syrovendulum into a ~ositional instrument, it must be nrovided with some 
means ca'able of assuring the effective damning of its oscillations. Such methods 
have indeed been worked ont, but they considerably complicate the design of the in- 


strument. And in a gyrocomoass that does not use these snecial damping devices, the 
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es ae a ae 


axis of the rotor, while it is returned to the meridian in case of its departure 
from it, will also perform oscillations around that meridian of only a slightly more 
complex form. 

The equilibrium position of the rotor axis in the gyrocompass having a fixed 
base with respect to the earth, is a direction in the plane of the meridian with a 
certain entirely definite inclination to the rlane of the horizon. On account of 
this inclination, there develops a positional moment of the force of pravity, which 
assures the precession of the gyroscone equal to the vertical component of the 
earth rotation. In this case, the rotor axis of the gyroscope and the ; lane of the 
meridian will both be rotating at constant speed and will remain matched. 

If the axis of the rotor of the fyrocomnass, however, leaves the nlane of the 
meridian, the center of gravity of the gyrocompass will also leave this »lane. In 
this case the rotation of the plane of the horizon due to the horizontal comnonent 
of the velocity of rotation of the earth will vary the angle between the gyroscone 
axis and the horizon plane, which will lead to a change in the magnitude and direc- 
tion of the nositional moment due to gravity. When the rotor axis leaves the meri- 
dian vlane, the angle between the gyroscone axis and the horizon plane increases, 
thus causing an increase in the rate of precession. This increase in the rate of 
precession returns the rotor axis to the meridian plane. Owing to the fact that the 
rate of orecession of the gyroscone exceeds the rate of rotation of the meridian, 
the rotor axis of the gyroscope will catch up with the meridian. As the meridian 
advances, the angle between the gyroscope rotor axis and the horizon nlane will 
diminish, which will cause a corresnonding reduction in the rate of nrecession and 


will again return the rotor axis to the meridian plane. 


Thus, in the gyrocomnass as well, the gyroscone axis will describe a cone whose 


center coincides with the center of the suspension, and whose axis coincides with 
the equilibrium position of the gyroscope axis. 


In exactly the same way as in the gyropendulum, by using damning devices of one 
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kind r el h Ty n . cy i? a 


: “14 the in- 
a sa ; jal complication of 

: is implies a substant 

S Rite ; as in that case, th : 
ed, but exactly 


strument design. 





Another substantial disadvantage of both the gyronendulum and the —v 
4g that, owing to loss of astaticity, they become narticularly subject to the action 
4 inertial disturbing forces. It must, finally, »e recalled that these instruments 
(esnecially the rrrocompass ) possess considerable errors owing to the influence of 
the earth en on them and owing to the disnlacements, with resvect to the 
earth, of the object on which they are installed. oe 

‘That had heen said will ex-lain sufficiently why this method has not ifoun 


wideszread use in aviabicn practice. 





Section 3.3 Positional Gyroscopes with Correction System 


ivi sc nositional instru- 
Let now dwell on the second method of giving & rosco pic ? 
et us y 





but being surplemented by what is called a correction system. | 
The overation of the correction system is based on the annlication of a anil 
tional monent to the pryTrOScore, when any deviation from its nosition takes mlace, in 
such a way as to cause its soin axis to move (Fi.22303)- 
The gnestion whether deviation exists is answered, and its amount evaluated, by 
commaring the -ogition actually occinied by the gyro with the nosition of some a 
element having selectivity with resrect to the direction which is to be indicated in 
this case. For examole, the vosition of the snin axis of a pyroscore een 
vertical is comared for this q.rpose with the »osition of a nendulum; the nosition 
of sie eat axis of a myro indicating the meridian, with a magnetic needle, etc. 
nositi ; sared with the posi- 
‘Ie shall henceforth term an element whose nosition 1s com; 
tion of the syro the sensitive element of the correction system. , 
© it is casy to see that in essence, a gyro correction system may be treated as 


° a o e that 
4 wlator of its ;osition, and that in this sense it may be said 
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the method of making gyroscopic position instruments selective by means of a correc- 
tion system is a method of automatic control of the position of an astatic gyro not 


possessing selectivity, by the aid of a 





snecial element that does possess such 
selectivity. 

In what does the technical meaning 
of such a method of indicating an as- 
signed direction reside? Would it not ! 
be simpler to use directly, as the 


positional instrument, the very same 





element possessing selectivity by means 
Fir.3.3 -— Princinle of Operation of of which the correction is effected, 
Radial Correction System or, in other words, by means of which 


the automatic regulation of the gyro 
OCA -— Plane of deviation; @- Angle of 
position is effected? 
deviation; Ly - Moment of correction; : 
The answer to this question is 





Wie > Angular velocity of correcting 
that when we use a radial correction 
precession’ 
system for a gyroscone we get a system 
that combines not only the selectivity of the element by which the correction is 
effected, but also the high rigidity or inertia inherent in the gyroscones. This ! 
means that the system as a whole will react much more weakly to disturbances than ! 
the element effecting the correction itself. 
Now let us consider, to be concrete, the system of a gyro-vertical indicator in 
which a nendulum is used as the sensitive correcting member. 
‘fe remark that during the initial period of the development of aviation there 
were attempts to utilize nendulums of one kind or another to indicate the vertical, 


but these attempts were unsuccessful, mainly owing to the fact that even the 


@ eo—called_uniform flisht of an aircraft still involves accelerations that vary IST AT 





a7 
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marnitude and sien in a more or less random manner. Maneuvers involve such accel- 
| erations even more. As a result, the nendulim in flight is always under the influ- 
i 


ence of various disturbing inertiai forces differing in direction and magnitude, and 





b) Cc) d) e) 
Fie.3.4 - Diagram of Formation of the Errors of Indicating System 
without Gyro (a) and with Gyro (b) 


a) Disturbine forces; b) Errors of indicating system; c) Disturbing forces; 


d) Errors of corrector; e) Errors of indicating system 


since the rieidity or inertness of the pendulum is relatively small, these forces 





disturbs its nosition rather substantially. 

If the mendulum is used directly as an indicator of the vertical, then the dis- 
turbances in its position will mean the appearance of corresponding errors in its 
readings. But if the pendulum serves instead as the sensitive member of a correc- 
tion system, then the disturbances in this nosition will mean, from the very begin- 
nine, only the anplication of the corresponding forces to the gyro. | 

In other words, while, in the former case, the chain of phenomena leading to 
the anpearance of errors due to the action of disturbing forces will consist of two 
links, it will consist in the latter case of three links (Fig.3.4), of which the 
third link, the syroscove, involves a high degree of inertness. 

Thus, although there will still be an ultimate disturbance in the nosition of 


the eyro, that disturbance will be considerably less than the disturbances in the 





a ¢ * i % A. 





than the disturbances of the pendulum. STAT 
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{ 
i 
\ 
| We shall illustrate this by an example. 
| 
| 


On account of the disturbed oscillations of a pendulum, defined by the func- 


| tions y (t), let a disturbing moment proportional to these oscillations, i.e., equal 
@ 


Fige3.5 - Influence of Disturbances of Corrector 
y(t) - Disturbances of corrector; 5(t) - Disturbances of gyroscope 


to ky(t) where k is a factor of proportionality, act on the gyro in connection with 
3 
the disturbances of the correction system. According to the law of precession for 


the disturbances of position of the gyro 6 under the influence of this moment, we 


get 


f 
ec 
4. ~(t) df, 
rake 


where H = kinetic moment of gyro. 


Assume that y(t) varies with time according to the diagram in Fig.3.5. Then 6 


will be determined by the mean area of the diagram of y(t), multiplied by the quan- 


tity &, which may be made sufficiently small, on account of the sufficient value 
fi 


of the kinetic moment of the gyro Hos 
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CHAPTER JV 


THO’ OF THE GYROPEMDULU?: 


Tehavior of Undamned Gvronendulim on Fixed Base 


without Allowine for the Earth Rotation 


Section 4.1. 


Udiations of Motion 


‘indamned cyronendulum to a fyrescone with three desrees 


We snail anny the tern 


olar axis is directed along the vertical, and whose center of 


of freedom, whose 








Piv-.4.J - Gyro:endilum on Fixed Pase 














Sravity is dis»laccd upward or dovmvard 
alonz the nolar axis of the rotor 02, 
with resnect to the center of the sup- 
port. 

Je shall restrict our nroblem to 
the study of the nrecessional motions 
of a cyronendulum, disrerardins the ro- 
tation as a colmnonent of the motion 
which is of no nractical immortance in 
this annlication, i.e., we shall take, 
2s our basis, the equations of motion 


in the followine form: 


fg Ly. 


Hp ot, 
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Putting, in eqs.(2.34) and (2.35), the terms allowing for the influence of the 


earth rotation and the flight sneed as equal to zero, we get 


oes (44.3) 


pr 8. (4.4) 
For the moments L, and Le» when the center of gravity is disnlaced downward 


according to Fis.4.1, we have: 


L, —melcos (cy) +L. 3, 


L,= mglcos (<x) -+ L.cos $. 


where the first terms are the nositional moments due to the disnlacement of the cen- 
ter of gravity; Loa and Log are moments of friction about the axis of rotation of 
the inner and outer frames of the gimbals resnectively. ‘We shall take these moments 
of friction as constant. To the unper signs corresvond positive values of 8, q and 


to the lower sisns, negative values. 


Making use of the values of cos (%,y) and cos (%,x) according to Table II of 


Chapter 2, and taking cos f = 1, we get 


L =mgl3 + Ly. 
Low — mgls + Lia: 


As a result, the equations of motion (4.1) and (4.2) for the syronendulum, in 


the case taken by us of a downward displacement of the center of gravity, take the 


form 


§ + d2= = dp,, 


where 


am mB! 
H 9 
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La 


The sirens of Py and pa are selected by the rule formulated for the selection of 


siens for moments of friction. 


Law_of Motion of the Gyropendulum without Allowing for Friction in the Gimbals 
Puttinz py = pa, = O in eqs.(4.5) and (4.6), we rewrite these equations in the 


following forn: 


(4.7) 
(4.8) 


Let us draw 2 sphere of radius equal to unit length about the fixed point of 
the svroscone, In its motion, the end of the spin axis will describe a certain path 
on this snhere. It is the form of this path that will determine the law of motion 
of the srre. 

Let us take a vart of this sphere near the intersection of its surface with the 
axis 0”. Let us take, further, the line of intersection between this snhere and the 
coordinate nlane ®O0~as the coordinate axis Oa, and the line of its intersection 
with the coordinate nlane nO” as the coordinate axis Of. Such assumptions may be 
considered correct only for small values of a and *&. 

As a result, the vath described by the end of the snin axis on the snhere may 
be anproximately treated as the curve F(a, 8) = 0 in the coordinate plane 0%5, de- 
fined by the solution of eqs.(4.7), (4.8). 

By dividing eq.(4.7) by eq.(4.8) to eliminate dt, we set the following differ- 


ential equation: 
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forall 6 < O. 














2 
| where oF is an arbitrary constant. 


axis of Gyronendulum, Neglecting 


Friction in the Gimbals 


® decreases. 
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ms @ whence, separating the variables and integrating, we have 


a? +. 8? os 02, 


Assume that for t = 0, «@ =Go» 5 = Bos Then for Jo we pet 


oY ar+ e 


Pig.4.2 - Path of the End of the Spin 


65 


Thus the path sought is a circle with its center at the origin of coordinates, 
and a radius equal to the initial disturbance. (Fig.4.2). 


In other words, if, at the initial instant, the spin axis of the gyronendulum 


was on true vertical, it will remain on 
it. If, however, at the initial in- 
stant, the spin axis of the gyropendu- 
lum was deflected from the true verti- 


cal by a certain angle9 ., different 


0? 
from 0, then it will rotate about the 
true vertical in such a way that its 
end describes a circle in the coordi- 
nate plane 003, while the axis itself 
describes a cone with vertex at the 
fixed point of the gyro. 
It follows from eq.(4.7) that, 


for the case we are investigating, 


6 . da e ° 
positive values of 8 correspond to positive values of ae? while negative values 


@ of 8 correspond to negative values of “ae that is, for all 3 7 0, @ increases, while 
t 
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This means that the end of the spin axis of the ryropendulum is disnlaced 
clockwise along the math we have found. 


The law of motion of the end of the spin axis so found may be treated as nre- 


s s 4 4 a ‘ 
cession about the trie vertical. The rate of this nrecession, which we shall denote 


a.ty 3 adius 
by v3 will obviously he equal to the angular velocity of rotation of the r 


e e « ° {2 
vector of the end of the spin axis in the coordinate ylane 0a, 


On eliminatine @ from eqs.(4.7) and (4.8), we get 


as + a22=0, 
dt? 


and on elirinatins a from them, we zet 


i é 
Th 4 123=0. 
df 

The solutions of these eqrations will ce: 


aM Sin (erpt § 49), 


Q-= Ne COS («rpf-f- Ye), 


i init: he end of the snin axis 
where Y¢ equals the initial ancle of the radius vector of th Y 


of s 

ae Sm, cos (wf - ~~) = w B, 

1s 

7 5 fy w, sin (if -t- ~5) == - wd. 


It follows from a commarison of the exnressions so obtained with eqs.(4.7), 
j ¢y 4 
hee) that 
ap= 
This the rate of reglar precession is mmerically equal to}, and it is 
directed dovmvard from the fixed »oint of the gyro. 
(m investiratinc this case on the basis of the complete equations of motion, 


we woud obtain, for the Lnitial conditions adonted, one of the partial cases of 








dan .maneeeion (ef. 7eVeDulealkov (Vibl. 1 =, pares 18-22), with a nuta- 


G6 
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H 
tion frequency Lb = Jj as “] with an amnlitude smaller than the initial deviation Fe 


ny a factor of ~* For o.fe of the gyro horizons of the gyropvendulum tyne, the quan- 
tity . is of the order of 5 x 109, If we add the fact that nutation is very rapid 
ly dam:.ed, even by the resistance of the air without considering other factors, then 
we reach the conclusions that it is entirely correct to neslect it. 

On reneatins the same study for an wward disvlacement of the center of gra— 
vity, we get the same general result, with a single difference that in this case the 
rotation of the snin axis will be comnterclockwise,. 

This results from the fact that when the center of gravity is displaced upward, 


the signs are reversed in the left sides of eqs.(4.7) and (4.6), and therefore a 


will increase for all 6 < 0, while S will decrease for all a> 0, 


Law _of Lotion of Gyronvendulum Allowing for Friction in the Gimbals 
Let us rewrite the equations of motion (4.5) and (4.6) in the following forn: 


da 
- wed (3-40 ). 
Pe a 


(4.9) 


d3 


a A(R Hy). (4.10) 


Let us introduce the new variables: 


By gu 2 TOP , 

a mat p,, 
where the index "1" corresponds to the upper sign on the right side, and the index 
(2) to the lower siren. It is easy to see that for all points except those at 


which pa and Pp change their signs, we may write 


dy 2==d 8, (4.12) 
tell 


© day, 2=d3. (4.12) 
On dividing eqs.(4.9) and (4.10) by each other and using (4.11) and (4.12), we 
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deus _ Pasa 
aBi.2 4.3 


Or, on separatins the variables and integrating: 
at + P= a. (4.13) 
The equation of path so obtained is real for all values of a and § excent for 
those values at which Pp and p; change their signs, 1.¢€.; at which Qs 8, pass 
into Mo Ro respectively, or vice versa. At each such transition, we will leave the 
equation of path corresponding to the course of time before the transition, and find 
a new one, selecting as the initial conditions for each successive piece of the 
nath, the terminal values of the nreceding one, i.e., Jn essence, adjusting each 
successive niece of the nath to the preceding piece. 

This change of sign and transition 
takes vlace when @ or B nass through 
the O value, which takes vlace, accord— 
ing to (4.9) and (4.10), at % PB = 0 
and a . pA-= O resnectively. Conse- 
quently the boundaries of transition 


Ns 


from a to O59 or vice versa, are the 


straight lines 6 = = D2, and the boun- 


daries (Fig.4.3) of the transition 


from A, to B, or the reverse are the 


Fir.4.3 - Path of Ind of Axis of a Gyro- straight lines a = +o. 

nenduliua with Dormward Displacement of ‘Je remark that the motion of the 
Center of Gravity, Allowing for Friction end of the snin axis through all the 
in the Gimbals . nieces of the nath is clockwise in the 


case under study. 
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This results from the fact that, by (4.9), a increases at positive fj exceed- 
ing P13 while for negative exceeding PR in modulus, @ decreaseSe | 

If for |8| < pa, la| > pg, then, turning to (4.10), we have a decrease in fi at 
positive a exceeding py, and an increase of fi at nepative a exceeding Py modulo. It 
is not hard to see that all this means that the motion of the end of the spin axis 
is clockwise on the path, and this is the motion of the spin axis along the nath 
even in the absence of all friction in the gimbals. 

If, for lel < PRB la] < Py, then this means that the moment of friction exceeds 
the moments due to the displacement of the center of gravity, and, consequently, 
motion of the gyro is impossible. 

Assunethat at 20,62 @,. > lpg) oO. = > lppl > 0 (cf. Fige4.3). By 
(4.9) and (4.10) we have for these cases % > Os 2 <0©, Consequently the upper sign 
must be taken for e%, and the lower sign for Pa, while the equation of the path 


eq. (4.13) is written in the following fom: 


(a+ 4.) + (3 4 a= (a, + ,)' + (B.—,)°. 


which is the eqiation of the circle with ConeaE at the noint (- ey , PR) and the 
radius Ry = V (a, + 99) )2 + (B= 93). 


For — = PB» & passes through O, and (3.13) ceases to be real. For the follow-— 


=% - th 
ing piece of the path @, =a +p, must be replaced by %, @ —P%in connection wi 
the chanre of sign of Pg. Taking as initial conditions for the new piece of path, 


the terminal values of the latter, i.e., taking fort = t,, % = nd 8 = Pa, we 


1? ogee 
pet 


(2- pr +(B— 2) (31- Pe)? 
" (4.14) 


which is the equation of a circle with center at point (Py, 9B ) and with radius 
Ry =ay - Oy (ef. Fige4.3). 


At a = 025 B passes through zero, and eq. (4.14) ceases to be real. For the 


Mm 








Paine nour ealutian B, = 8 -pg must be replaced by By = 8 +g, in view of the 
; , STAT 
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, . Bs snaitie iti ini lues of 
chance of sirn of P36 Then, selecting the initial conditions at finite valu 


the solution (4.14), i.e., talking for t = to, % = Pa, 6 =B,, we ret 


(2p Te, Bt 22)" (4.15) 


which is the equation of a circle with center at the ~oint (p;, -9)> R, = 8, + Pg 


(ety Pieel3)s 


* 2 if e e 4. 
At PR = -o3, & nasses avain throuzh zero. On renlacinz in connection with 


caw) “~ 


: es -in- ayes itions, finite 
this 2, = 9% -Py WW 4% = a + ps; and taking as the new initial condit pee 


< e aoe a iO = as ° 
values of ea.(4.15), that is, takinn, for t = bas qd =a, and © Py, we ret 
* ° : ? 
(re ie (A EY = (a Hee 


which is the eq:ation of a cizele with center at the noint (a—-—7, —pp ) etc. 

Thus, for each transition to the followine siece of the ~ath, the center of the 
circle, whose arc revresents this >iece, jumned clockwise to the adjacent angle of 
the rectanrie ated (cf. Fir.4.3). 

‘Ie shall call this rectanzle the rectancle of rerose, and the angles py and Pp 
the ancles of renose res -ectively of the outer and inner frames of the susyension. 

As a result of this, the transition of the radius of the next circle will Ee 
less than the radius of the yrecedinre circle ny twice the anzle of renose of the 
outer or jnner frames, denendins on whether the center of the circle is dis»vl.aced 
~arallel to ais of O®% or OF, 

In consemience, the resultant curve is represented by an involutional snviral 
(cf. Fiz.4..3), consisting of arcs of circles of steadily diminishing radius, fitted 
to each other. 


The strairht lines on which the fitting is nerformed are marked by dashed lines 


on Fisted ° 


Tais nrocess will Le continued until the finite state of some niece of the tra- 


jectory is in accordance with the conditions |a] < 4%, Ib| < Pg, which will mean the 


irmossilility of further motion. 
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Thus the spiral will end at some point on the sides of the rectangle of repose. 
For a gyropendulum with an upward displacement of the center of gravity, the 


equations of motion will take the following form: 


di: 
dt 


ad} 


te © a fa). 


= --9 (5 4 oy). 


On verforming an analogous study, we may convince ourselves that the motion of 
the end of the axis of the gyroscope over all the pieces of the nath, will be coun- 
terclockiise in this case. The centers of the circles whose arcs reoresent pieces 


of the path will also be displaced 


(«,.8 : | counterclockwise at the corners of the 
rectangle of repose. 
| 
R 6 
; As a result, at each transition, 
| Pes or) 
~ 7 IY a ae the radius of the next circle will not 
(ct, Pp ——-— ~ ZL nf - - - eee 
a decrease, but will increase by compari- 
4h: 
Pd it? son with the radius of the preceding 
1 
| 
ye vibe circle at two angles of revose. 
iy 
. In this connection, the path, com- 
! WW 
~ 
posed of the pieces, will not be an in- 
Fice4.4 —- Pate of End of Spin Axis of volutional but an evolutional spiral 
Gyropendulum with Upward Displacement (Fig4.4), that is, with an upward dis- 
of the Center of Gravity, Allowing for placement of the center of gravity, the 
the Friction in the Gimbals deflection of the gyronendulum axis 


under the influence of dry friction 


will increase. 
With the vassage of time, the spin axis may occupy a horizontal position, and 


then the upper ryropendulum may pass over into a lower fyronendulun. 
STAT 


ta 
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Section 4.2. Eehavior of Gyrovendulum in the Presence of a Hydraulic Arrester 


The material such as given in this paragraph 1s taken with insubstantial modi- 


fications from the book by B.V.Rulgakov. 


2 nee melee amare cc pt oeml AEE lis ai aA SI 


Firure 4.5 cives a diagram of the cyronendulum with hydraulic arrester in one 


rlane of oscillation. 


As follows from its name, the hydraulic arrester $s used to extinruish the pre- 





cessional oscillations that can arise in the system under the action of disturbing 





monents. 
As will be seen from the diagrain, 


the hydraulic arrester consists of two 
vessels filled with liquid and connect- 
ed by a canillary tube. The Limited 
rate of flow of the liquid through this 


tube leacs to its nonuniform distribu- 


Fice4.5 - Diacram of Gyvronendulum 





tion between the vessels, which pro- 
with Hydraulic Arrester 
duces the moment N about the axis of 


rotation of that frame of the simbals with which these vessels are connected. 


On the diagran of Fig.4.5; this frame happens to be the outer one. Tts axis is 


yeroendicular to the nlane of the drawing, and Ox is the axis of the inner frame. 


be renresented by the expression: 






As follows from this diacram, the moment may 













\ Cy? ‘ 
ray, 





Wy 


distance between center of gravity of vessels and the axis of rotation; 


| where a 





cross-sectional area of vessels; 


ul 


5 


| y = specific weight of liquid. 
flow of the liquid through the canillary tube will be 


@ The pressure assuring the 





the levels of the liquid over the true hori- 
STAT 


1 1. +44 gifference between 


(ee 
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: sronortional to this pressure, we get 
4 rs 


| see a (4.16) 


3 nents 
ce of a hydraulic arrester, the expression for the mon 





Thus, in the presen 


j friction in the gimbals are 
or Lys will be of the following form, if the moments of 
x 


neglected: 


L,--mgl, 
~myglsy 7. 






ly 


and (4.2), likewise bearing in mind 






On substituting these expressions in (4.1) 


associating them with the equations of motion (4.16), we get 


(4.3) and (4.4), and 













Hl. mls €y>. 


Ha-- myles. 
-- - C3(a@° EAs 






a —)3 =O, 
§ia+(1—k) 7 = 9, 





(4.17) 
e+ Cs (1+ 7) =O. 


mpl 
Ho 


Cy 









=< 







ry ; 













j w obtain 
On eliminating the variables Band go, we now 


‘ 3 Ce2 + c07k1 — 0. (4.18) 


The. functions which together make up the solution of eq.(4.18), will die away 


in the course of time if the roots of the characteristic equation (4.18) have a 


ri. fhe satisfaction of this condition may be checked by means of 


@ negative real pa 


sr ta aniterion, without actually having to solve these equations 


STAT 
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‘Accordinz to this criterion, in an equation of the third omer, all the roots of the 


characteristic equation will have a negative real nart if all the coefficients of 


the eauaticn are nositive and if the followin~ inequality is satisfied 


AB -C>~-, (4.19) 


were A, BR, and C are resrectively the coefficients of the second, first, and 


gero-tn derivative of the emiation. In our case, the condition that the coeffi- 


cients shall be vositive is always satisfied for k > O. As for inequality (4.19), 
2¢ will take the fomns 
L-t> OQ 


From the latter inequalitz and from the ineonality k > GC it follows that the dampinc 


of the solztion is assured by the cond:.tion 
Q “DatS~ omy 
(4.20) 


Gut if, in connection with the damins of the motion, assured by the condition 
(4.2C), 1 tends with the nassarze of tine to annroach zero, then 5 and 9 will also 
annyroach zero, since tne differentiai equations for these functions, which were con- 
stiretel startine from systen (4.37), will te entirely the same in stricture and co- 
efficients as eq.(4.1€) for 4. 

As a result, the »nath of the. end of the spin axis is transformed from the 


circle that it was with an uhdamned nendulum into an involutional spiral, with its 


end at the or.cein of coordinates, that *s,; in the tre vertical. 


oe 


Section 4.3. Deviations of the Gyronendulin 

The equiliiriua nosition of the snin azis of the ~vronendulum, allowing, for the 
earth rotation and the disnlacemcnt of the noint of susnension along the earth sur- 
face, will not coincide, as will be shown below, with the true vertical. ‘Je shall 


term the deflections of this equilibriun vcosition from the true vertical the devia- 


tions of the yrovend lun. 


Je shall determine them for an undammed tyropendulam, neslecting the friction 








STAT 
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in the cimbals, since it would considerably complicate the analysis to allow for 


these factors, without adding anything new in princinle. 


© The Equations of Motion of the Gyrovendulum on a Hovinre Base 


Tf, however, we take into consideration the moments of friction in the simbals 
; } 
and the moments due to the hydraulic arrester, then for the moments L. and Lo | 
allowing for the forces of inertia 


caused by the longitudinal acceleration 


of the aircraft, we ret (Fig.4.6): 


Ll, mglg—ml\, 
ly - mple 
Qn substitutine these exnressions 
in (4.1) and (4.2), in which we also 


substitute > and q according to (2.34) 





and (2.35), and neelecting the expres- 





3i0n 
Pi7.4.6 - Grrovendulum on Moving Pase 
$ ° 
ort ,, sin A ty = 


by commarison with 


m gl 
iM 


as a small quantity (which is true, even for hish speeds and high latitudes), we ret 
the equation of motion of the ryropendnuiun on a moving base in the following forms: 


H(a -e,cosK) = mgls — mV. 
H(8 + vw, sink ; = — mylsa, 


Or 


(2.21) 


V 
a—rt=- «, cosK--h * 











STAT 
1) 
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8. (2 — © sin kX : ; (4.22) 


Assume that V = const and k = const, then the equations of motion of the psyro- 


pendulum will take the fomn: 
a dss ow, cos A, (4.23) 


, 


(4.24) 


Seeetiye 1S 
2+ haz=--@, sin A =a 


which differ from the form of the equations of motion with a fixed base only in 
their constant rirht sides. It is commonly known that the equilibrium position of 
any svstem whose motion is described by linear differential equations with constant 
coefficients and with a constant right side is determined by the partial solution of 


these equations. In this connection the deviations are determined by the partial 


solutions of eq.(4.23) and (4.24), which nartial solutions are of the form 


$.55 i. cos A, 


(4.25) 
Vv (4.26) 
(m3 _ : 
1,=-- : sink AR 
™bus the deviations of the syropenduliun consist of the deviations due to the 
horizontal commonents of the earth rotation, which we shall denote by O and the de- 
viation due to the speed of flicht, which we shall denote by Oe 


Tt follows from (3.25) and (3.26) that numerically 


" anny s > A | i Kh 3 a us} ‘ 
¢, ,;= | COs A ‘ ( sin = : 
" A ; , d 


(4.27) 


(4.28) 


Deviation Due to Eartn Rotation 
a A NL 


The deviation 6, represents the deflection of the snin axis from the true 





STAT 
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a? 
c = — tan ke 
a Maclic since —— 
vertical in the plane of the true meridian (Fir eT); A 





~"3 





Ong 


viation 
Fic.de7 - Deviation Due to Earth Fige4.& - Velocity De 


Rotation 





mglsin®, = mule, 


an 
| ° e t 6 e e ° ° s e s i 


from (4.27 ) it follows that: 


Velocity Deviation 


al 


j 1 i j Lane rnen 
| ‘ V « . - : 1) 
a. cai H enlar to the direction of flicht (Fig 4.8) € 


"y 





ta 
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} 





n n n ti ment “me nich is 
; i ore mement Ls, is formed, wrx 
under the influence of this deflection the meme es 


; tis eqial in masmtide to 
directed as indicated on Fie.4.6 anc 1S oe Zn rant 


mgl sin 4y- z mglt, . 


| a, Q) | 
ec an 2 


bitewe 


ve ” * ~e h L Cc ‘ f 


on } ws aN 
f°icnt of tae arreraft 1 tna res: 


wt C4 * a ) 






Jondition of Mond? sturance 
nado t= 


Vtton under which (4.25) and (4.26 


) will be partial soln- 
Let °s find the cond 


iene GP Gasol) ame (22) tors # const. 


erressions for a. anc Fs we ret 


v we = os 
consider.n- thet 7 # const an she 


jay ! 4.22 
ne ttatine these amress.ons and also %» and “+, 1n eq. (4.21) and (4.22), 
len ike ef e ‘ue 













; . 1° 
; — ey COS A = —e, cosA—/.- . 
tk R ! 
* V 


‘ | : ; 
og sin A — R == —o,sin A — R ’ 


in the followinz forn: 









is , nace 
renee the rerrired conditen 1s yt toen 






2 


R 


oscillations of the -arponendulaun (the rreces- 









3 e ° 7 
jo Of the mrecess'ona. 


erayit ‘? ec cone). 
the action of the moment cf the force of cravity alonr th ) 





STAT 
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Shp Ene pe Bee SE we —_— ae ce ere ee 
aes oie mace ey 
J “hae La 


cee cee CE A OIC ET 


ee as ee ee 
: ; R a=: 84,4 MUM. 
. When it is 
Jition is called the condition of nondisturbance (Schuler) 
4 This condition is ce : ~~ 
\ nguLum at V # const will not in any war differ 


satisfied, the behavior of the cyrone 


ed 


deviation may be eliminated. | ce com 
The physical meaning O+ ni 


| dition is that when it is satisfied, 


the nrecession of the syropvendulum 


under the action of the moment of the 


force of inertia, due to the longitu- 


eee ies 
dinal acceleration, brings the snin acs 


of the gyronendulun precisely into the 


position corresnonding to the new value 





of the velocity deviation. 


mg | 
In fact, the moment due to the | 

Pic.4.9 —- Influence of Accelerations force of the inertia, produced by the 
on the Gyronendutum translational acceleration Ls is dir- | 


« * e e ’ C O 
ected, as indicated in Fig.4.9, and 1s equal t 
3 


Ly a mlV . 


. S I 


mined from the expression 










@ 


a2 ated one indicated in Pir ede ; 
STAT 
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It produces the increment of angle Ao. equal. to 


; t ‘ 

t . Loy: 

i Os z= / 
| My laydtm | V dt pa: 


e 3 


As a resilt, the velocity deviation for each instant of time is detemnined by 





the expression 


a % ? ; ° b’ 
Oye mm yy gf AG me al oe AV)= ‘ 


, ‘R 


4 where 5,, and V,. are the values of the velocity deviation and the flight speed for 


~Es 


e 
the berinninr of the acceleration V. 


Section 4.4. Effect of a Turn on the Gyrovendulun 
Consider the behavior of the ryropendulum on a turn with resnect to a system of 
coordinates rotating abont the vertical together with the aircraft, i.e., let us 
determine the ehavior of the syronendulum with respect to an aircraft making a 


tum. 





If we do not consider the moments of friction in the simbals nor the damping 
moments, and if we neglect the earth rotation, then, considering the velocity vector 
of the aircraft to be parallel to the axis of rotation of the inner frame, we find 
the followinz esspecsvens (Fis.4.10) for the moments I, and Ley with respect to a 
left tums 

Le=-myl -, 
l.=— -myla- ml Ve, 

Usine, further, the expressions for D and q with resnect to the left turn, 
(2.38) and (2.39) (cf. Chanter 2, Section 2.9), and substituting L,; Lys » and q in 
ece(4.1) and (4.2), we get the equations of motion of the —yronenduiun for the case 


we are studyins, in the following foma: 











STAT 
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H (4 —«,B) = mai, . 
| | H (6 +,3) = —mgla— miV',. 
; 
CY < =p” 8, (4.29) 
aes : 2 
| op mee — 50g (8+ Vinee) (4.30) 
| where 

Hace ee th (4.31) 
| oo oss = fo . (4.32) 
| hee oth £ 


a 


tive to negative. 





| whom —(m— "ds (4.33) 
: ts (4.34) 
| fap yh 
: that is, the signs of Wort and Wi aht are different, while those of i eee and 
Marit are the same. 


Ltt3 indi the Xx": 
On dividing (4.29) by (4.30), we obtain, omitting the indices for 


da 5 


—- 


Ws 


* ” 
i the following equation ot 
i ariables and integrating, we have 
whence, separating the var a 


| the nath of the vertex of the soin axis: 
| 


gt-i-g?- 2/°a=A, 


— 


where A is the constant of intesration 


—wSe a oe 
- ~ 


ee - 
init 


or 





~~ os 


(x4 7°)* + pt = Gi. 
STAT 
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61 Grr rendubim in a ium 


- 3 as ) *. . : ext G ft 
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one a oO. v ani a e e YT qn 
“et. u ’ } } o Cc an ‘Le - 
z ¢ = e nates of a C? ‘Lame Og! aso: the axi.S Oa WY t 1 . = 
: " i 4e co a rica «e 

















Vi, wich the center of the circle 
34 9 s > Wes S sc ATi Was Cc i 

2 2 ann Jie that is, *n the same sens 

Mi ott g 


* 72 - tht turn 
° 7 “ So = | th a Te! 2 
: rm 2b rs CLG a disnlaced. od » 

noth of the end of tne spin a ss 


* e (Tt - a = xX a = 
oe 1 alone the same axis Oa hy the angle “yarn 
Ae : rn d ’ 5°). NC CO - eke on ‘ 
the armarenv vere'.ca. -. 


i nter of the cen- 
“ eas ne onnosite the disnlacement of the ce 
-L B that is in the sense OnNOSI. 


- 


i - ae cL 


i : 4 Tle 
G GC Yt £ J ¢ ¢ ; lor ay, - dry 3.11 oO z Ve ht t, } 
lei { : 1 ar b wd + inter Cul a}¢ I25C 7 


S A Vige 4.31) and 
This results directly fron ca. (4.29) and (4.30), as well as from e4 ( 


ae 
7 


4. the ancle ® increases, 
(1,92). In a left turn, when prot 


> O, for rositive “, 
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hee re 
wee — 
s 


prey 


{ 
while for nerative % the angle o decreases; with a right turn, when Bs aht “ O for 


nositive values of B, the angle a decreases, and for negative values, it increases. 


t 


From ea.(4.29), (4.30), (4.31), and (4.33), it results that the angular velocity of 





the motion of the gyrocommass axis along its nath with respect to the aircraft takes 


nlace at various ancular velocities: on a left turn at anmular velocity 3 +A, on 
a richt turn at angular velocity pj - 4. 
if \ is selected with a magnitude such that it will satisfy the condition of 


nondisturbance, then for all practically conceivable values of w ‘ » the value 


of \ may be neslected by comparison with Daan Doing this, we get | 


e 
-—— hs 


" 
* left furn 


e 
right” rurn 


° ° v’ 


/ Vit , “eR : 


eee a: 
ee 
es 
—— ee 


left 


Moreover, it should not be forgotten that the motion of the gyrovendulum with 


resnect to the earth will be ~erformed in a manner completely different, since we 


— oe 
a eres —_—_—— 


must set wo the system of coordinates Ofn” and mist set un the conditions of motion 


of the syronendulum with resrect to this fixed system of coordinates. 


Examples. The syronendulum gyro horizons desicned with a weight of the order 


of 6 ke, have the following characteristics: 


Ffem1,7- 108 gem sec, 
mal 1250 gem, 


Y 
ogee =7,4107° a 
H gec. 


Tf we take for the moments of friction in the gimbals 


ert oe « = 


Lo, a quantity of the 


we 


order of 5 g-cm, then for the angles of repose py * O93 = P we obtain 


ren 


see tte 


- 
aed Kia et oo 














L 
¢ : if 
p= — #f,23 . 
magi 1 
i 
* - * 
@ | | | | 7 | 
Tan the deviation due to the earth rotation, O35 taking for ¥4 its maximum - 
STAT t 
4 
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j iti or, we get 
value ha FM corresponding to a position on the equator, Z 


83 = 0,06". 


Let the aircraft be in flight at a speed of 540 lm/hr = 150 m/sec. Then, for 


the velocity deviation, we shall have 


YV 
bye 0,18". 
’R 


isfi jati tak 
then the conditions of nondisturbance are satisfied, the deviations will take 


the following values for the same values of uy an Vs 
4,23,3 ‘ 
ee i | 


i 3 ° bank = 540 lon/hr 
Let the aircraft perform a right tum with a 30° bank at a speed V = 5 an/ 


= 37.€ x 10°? 1/sec.e The center of the path is displaced 
tum 
ie vertical, with the characteristics siven, 


which corresronds to ” 


by the angle 
in this case from the tr 


, 
>. d b Wun ¢ * 
f t 0,4 

lef urs ’ £ 
A a 


ri —H,I 
right wp —A Kg 


If the conditions of nondisturbance are satisfied, for the same characteristics 


of the turn, we have 


° .s$,07 , 
: left 


en 


f right 


The maximun deflection of the ryrohorizon from the true vertical during the 


1 t value of X . 
turn may be taken as a quantity equal to double the 


ing a pers jreraft varies its speed by 
Let us assune that during a veriod of 30 sec, the aj 


| i i i 1b3 Leration V = 0.25 &. 
75 m/sec, that is, that it moves with a translational acce 7 


axis of the ryro- 


e condition of nondisturbance is satisfied, the snin 


vihen th 
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horizon, under the influence of this acceleration, will be deflected from the true 
vertical in the plane perpendicular to the direction of flight by the angle Ad, = 


j itr sation 46, = 0.53° for 
0.53°, with an accuracy equal to the increment of velocity devia 7 


, the velocity increment taken. 


: ean os 
In the gyrohorizon under consideration, under the same conditions, the sp 


axis will be deflected by an angle AG equal to 
, 

au = s¥09,24 
v U8 


At the same time the increment of velocity deviation Ad. will be 


AV 
bee OD, 
BY) IR 


_i.e., the deflection of the spin axis under the influence of the acceleration con- 

siderably exceeds the quantity corresponding to the increment of velocity deviation. 

It follows from these data that a gyropendulum gyro horizon in which the condi- 
tion of nondisturbance is completely satisfied, will have no error at all from the 
longitudinal accelerations, and will have a small error due to turns; as for the 
deviations due to the rotation of the earth and the velocity deviation, these can 
easily be taken into account. 

The syropendulum ahove considered has a considerable turning error. The longi- 
tudinal acceleration also has a substantial influence on it. 

Tn other words, the deviation from the satisfaction of the condition of non- 
disturbance in a gyropendulum gyro horizon increases the most unpleasant feature, 
in the sense of the difficulties of estimating the error. 


But, in order to satisfy the condition of nondisturbance, to decrease the value 


of A} = mel the kinetic moment of the gyroscone together with the kinetic moment of 
H 


the entire installation, would have to be increased to several times the kinetic 


moment of the ¢yro horizon under consideration. The weight would also have to be 
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ned “8 
: cet 





increased several times. Put the weicht of this instrument is already rather creat, 








it is 4-5 times as creat as the weisht of a syrohorison with a nendulum correction 


bts 


Sy°stai.e 





In this connection, grrohorizons with a nendulw correction s;rstem have nroved 


nere corivenient with resnect to satisfyine the demands nade on aviation instruments. 
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CHAPTER V . 


BASIC INFORMATION ABOUT THE THEORY OF THE GYROCOMPASS 


Section 5.1. Behavior of the Undamped Gyrocompass on a Base 
Fixed with Resvect to the Earth 


A gyroscope with three degrees of freedom whose center of gravity is disvlaced 


downward with respect to the center of the suvport in the equatorial plane, along 





Fig.5.1 — Gyrocompass on Base Fixed 


with Respect to the Earth 


following formulas for p and qs 
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the negative semiaxis Oy, is called an 
undamped gyrocompass (Fig.5.1). 

The influence of dry friction in 
the gimbals will not be taken into 
account, since it is very small in 
actual gyrocompasses. 


Then, for the moments Les L. the 


expressions 


L,=mg lcos (", 2) mg 19, 
L,=0. 


will hold (according to Fig.5.1). 


On the basis of (2.36) and (2.37), 


in which we must put V = 0, or directly on the basis of Fig.5.1, we have the 







STAT 
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p=-——s —@o@,3, 


q=a* wg— @19. . i 
expressions in the general equations of motion of 
€ > 


On substituting thes 


& ryroscone,; (3.1) and (3.2), we get 


Hia + eg - 213) = mR !B. 


H(B- oa) -0 
or | 
ma 
da (.+0,)B—e. (5 
dt 


dP 5 — wa, (5.2) 


eff 


where 
piss mgt : 
Hf 
mpass, which is 
i the path of the end of the spin axis of the gyrocompass , 
‘Ye shall seex at ™ “ 
rdinate »lane Oar peroendicular to the meridian, 1-€e+,» 
in n ry pers 
nate plane 


described by it on the coo 


© the axis 0°, wit 


and the axis O- | 
2), we obtain 

On dividing, for this purposes eqe(4.1) by ea (4.2), 

n 2 


de Qr- oi)3 o 
as — 
8 wy 
j j ptained, and inte- 
- oe the variables in the differential equation s° O 5 
Separatins 
grating, we have the solution 
3 
po my : ms am 2, : 
, —~ v 
a + ( d a Clas 


V Vy A e have 
r, dividing the right and left sides b oo W 
Or; > > 


ps | 

3? + : Sete ae sie 1 

42 2 my 

Vv n° 

: d+ My 
the origin of 
& is an ellipse with the center displaced from 4 
mi tlan wath ucht 1s 4 












Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 





() 





j Laxi by the angle B+ = 
coordinates along the positive semiaxis Op by = 


A + Wy 


with a major 


A + Wy 
times smaller than 9 0? 





1 iaxis that is 
gemiaxis equal to 85 and a minor semiaxis 





where 9 0 depends on the initial conditions. 


Wo : 
rN + Wy] 





At t = 0, let a= 0, B= B+ = Then, on the basis of (5.3), we have 
{ = ’ ’ 


| he==0, 


of 
j 4f, at the initial instant, the rotor of the gyrocompass was in the plane 
L.Go, ; 
| e Vv i y = 8,, then 
the meridian, being raised above the plane of the horizon by the angle 8 = Bs; 
3 
« « 2 e ic 
‘t+ will remain in this position, thereby determining the position of the geographl 
i 
meridian. 


If, att =0, = % PF =8,, then, on the basis of eq. (4.3), we have 
3 3 


——__—e ee 
———— 


! », \ 
( % — — 
= a 


“1 


A+ 





that is, if at the initial instant, the axis of the gyrocompass rotor occupies an 
arbitrary position, then it will rotate about the direction corresponding to the 
stable state 6 = Bee In this case (Fige5e2); the end of the axis describes, on the 
coordinate plane Oa, an ellipse with 
‘ #£ the center displaced from the origin 
of coordinates by the angle B= Bey 


fe with the major semiaxis 4=9 , by 
a 


eqe (5.4), and a minor semiaxis 





() 
b = : 0,» that is, equal to 
A + 
Figed52 - Path of End of Axis of " a She 
fis i ga (a ). 
Gyrocompass bm \/ al a + te ei as 


Thus, if an undamped gyropendulum performs a precessional motion about the 
3 





g true vertical with a deflection from it depending on the initial conditions, then 


the undamped gyrocompass will perform a precessional motion about the axis lying in 


89 
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1ati 1% whi ik ews ne the 
the nlane of the meridian, with a deviation from it which likewise denends on 
4 ' e 
initial conditions. 


; : { : \ t rd Le of its 
eo . T Oo 





motion can ve modified in such a way as to force the axis of its rotor to a’voroach 
the trie vert’ cal, in an involitional sviral. 

Rar Ory, VSO doandn- of the oseittations ef the mrrocen ans ‘by the sane 
method as in the “proven or othersise), the character of the motion in the 
“VTOCOMMass MY lskestse te modified in the direction of forcing its rotor axis to 
arnroach, in an tnvolutional soiral, to the direction above described in the nlane 


of the meridian. 


Section 5.2 Influence of Jelocity and Acceleration on the Behavior 
| ~ « e e Soot = 
of thie Grrocommass 
~ nm ° é O 
Tf we allow for the influence of acceleration on the displaced center f 


S e basis of Fir.5.3, the 
“ravity, then we ..et, for the moments L. and L_, on the tas 


= 


=a = en wee 





@ followin’ equat ons 


Ls migel CUS (a re mich cos A, | 


(5.4) 
beri). J 


| Cn substituting the valnes of L,, Lis n, and q (from eqs.2.36 and 2.37) in the 
| 1 


oe eee 


1G, COS 2), and neglecting 
moneral equations of motion of the ryroscone, eqs. (4.1) and (4-2), P z 


’ th " 
“sin K in cormarison tov,, and-—-~ 


: f ft “) 
3 





by commarison with wos we pets 


H(+a—0,3+0,) = muls « mIV cosa; 


H(B +w,2— cos A} = 0. 





or 
a Vv 2) 
. = + w,)B—w,+ } ; cos K; (5 ) 
i | . 
& d3 = —W,2 -L cos K. (5 6) 
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Assume V = const, i.e., V = 0, 

Then the equations of motion of the gyrocompass, eqs.(5.5) and (5.6), in which 
| ® the influence of the constant velocity of displacement with respect to the earth is 
taken into account, will differ from eqs.(5.1) and (5.2), which were investigated in 
the preceding section, only in the presence of an additional constant term in the 
right side of the second equation. It follows from this that the solution of eqs. 
(5.5) and (5.6) will differ from the preceding solution only in the displacement of 


the center of the ellipse renresenting the path. This displacement is defined by 


the partial solutions of eq.(4.5), (4.6), which are of the form: 


cos A’, 


(5.7) 


It is clear that this displacement of the center of the ellinse from the meri- 
& dian, which means the displacement of the stable state of the gyrocomvass from the 
meridian, did not vary by angle gp, but 
did vary by angle x: when the gyro- 
compass was fixed with respect to the 
earth, this displacement was equal to 
zero, and, consequently, to the stable 
state there corresponded the position 
of the rotor is of the gyrocompass in 
the plane of the meridian. On allowing 


for the rate of displacement with re-~- 





spect to the earth, it is not equal to 


zero, and consequently a deviation 


Fig.5.3 -— Gyrocompass on Moving Base from the plane of the meridian corre- 





sponds to the stable state. 
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This deviation is called the deviation of the gyrocompass. 

As follows from eq.(5.7), it depends on the rate of displacement, the course, 
and the latitude of the place. 

Let the speed of displacement V = 5/.0 lim/hour, the latitude of the place » = 


= 60°, the course K = 0 or 180°, 


Tor biese data the deviation as will be equal to 


Ms = 370° « 


AS the sane time, for a course K = 90° or 270, it will be equal to zero, i.e., 
wen avplie! uo the sneeis ef modern aircraft, this variation has so wide a range 
Hat Tt would ’-rdls be nossible to estirete it in practice with sufficient ac- 
AUSaAC Tr. 

find the condition under which the functions a,, Ry, would be partial 
solutions of ens.(5.5) a 6), even for 7 # const. 


On substitreins a 4” an eas.(5.5) and (5.6), we get 


V 
‘me (Kto,) —Y — » — cos K, 
on (A+ ,) iva ag ; 


Re 
V V ; 
—_m-—-™ oa os A, 

0 po, coskaa tac 


i 
whence it Zollows thet the required condition will be written in the following form: 


“~~ 


“he condition so found also bears the n of the condition of nondisturbance 
(Schuler). If it is satisfied, then the mrrocompess will have no other deviations 
besides the velocity deviation. 


Tt is eas to show that the veriod of free oscillations of the grocompass can 


pe expressed with sutficient accurac: by the expression 


| = os ’ 
v hws; 


e ° Z ° + )- 
raich it follows that, on satisfaction of the conditions of nondisturbance, the 
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period of free oscillations of a gyrocompass will equal: 


T= 2ny/ R a 84,4 min 
& 


The period of damping of the oscillations will be correspondingl; great. In 
connection with this it takes a considerable time until the gyrocompass after start- 
ing occupies the position of the stable state. 

This circumstance is an additional and fundamental obstacle to the use of the 
gyrocompass in aviation. 

It is not hard to see that for ocean vessels, whose speed is relatively small, 
and whose vovages ere prolonged, these circumstances do not plarr so substantial a 
~ole, and therefore the grocompass, as a compass whose readings do not depend on 


e e o * ee 
the surrounding ferromagnetic masses, finds wide application there. 
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CHAPTER V1 


SCH TS AND CHARACTERISTICS OF CORRECTION SYSTEMS ¢ 


Section 6.1. Structural Scheme of Correction Systems 


- t) 


5 : ; to 
A structural diagram of the correction system can be dravm according 


. bal nn 


* e * 1 
d the second (outer) frames of ‘the gimbals, while the linkare between the signa 
and the sec 


n which each frame is corrected by the anplication of a 


; 


“le note that, in certain cases, the signal transmitter 


the crossover method, j 


moment .to the other frame. 
i ineLe design 
system are merged 1n a Sing fg 
mitter of the correction sy 
and the moment trans 
unit. 


As the sirnal transmitter, a certain distributing device is ordinarily used, 


iy 


. ted. When 
the correction system, the other with the syroscone frame to be correc 
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onnected to the fiven signal transmitter. STAT 
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Ry a moment transmitter we mean a certain actuating device which, under the 
influence of the energy received from the signal transmitter, develons a moment 
about the axis of rotation of that gyroscope frame which is diagonal with respect 
to the frame being corrected. The magnitude and sign of this moment denend on the 
magnitude and sign of the mismatch or discrepancy between the elements of the signal 
transmitter. 

We shall term the relation between 
the moment developed by the transmitter 
and the discrepancy in the signal 
transmitter the correction character- 
istic. Other devices can be used as 
the sensing members of the correction 
system, besides such instruments as the 
pendulum and the magnetic needle, for 
example the radio gyrocompass, air 
sneed indicator, etc. The case of the 

Fie.G.1 - System of Radial Correction so-called correction for perpendicu- 
larity of the gyroscope axis to the 


I, II - Axis of susnension; D < Trans-— 
axis of the outer frame must be men- 


mitter of signal; D5 — Transmitter of 


tioned. In this case, the correcting 


correction moment to inner frame; D_. - 
; C2 : ‘ 
signal appears on deflection of the 


Signal transmitter; Dra ~ Transmitter 
soin axis from the position perpendi- 
of correction moment to outer frame 
cular to the axis of the outer frame. 
Devending on the kind of connection between the signal transmitter and the 
gyroscope, we shall distinguish internal and external correction systems. By an in- 


ternal correction system we shall mean a correction system in which there is a 


e 
ah eFapenens EELS Rai Sp RSL RLe Woes Sas Sah Roce 6 saa 


direct connection between the signal transmitter and the gyroscope, and by an exter- 


nal system, a system in which this connection is indirect. This type of connection 





STAT 
7 


rr ret rencen ee TATLG" ry MbiodGes 














Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 | 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 


is often used in the gyroscopes of autopilots. It reduces down essentially to hav- 
ing the signal transmitter connected with the aircraft instead of being connected 
with the gyroscope. In this case it must be borne in mind that the aircraft is un- 
der the control of the gyroscove, which in this case is the sensing member of the 
autopilot. As a result, any departure of the gyroscope from the required direction 
results in the denarture of the aircraft as well, and, consequently, in the dis- 
placement of the member of the signal transmitter that is connected with the air- 
craft, with resnect to the member of this transmitter that is connected with the 
sensing member of the correcting system. This will mean that the corresponding 
moment transmitter is vut into overation. 

The use of the external correction system is explained, first, by the fact that 
in this case it is sometimes possible to obtain a more satisfactory design scheme of 
correction, and secondly, and this is of more substantial importance, that an exter- 
nal system of correction assures the liquidation of irregularities in the regula- 
tion, or, in other words, provides automatic compensation of the action of a con- 
stant disturbing moment on the aircraft. This latter is obtained as a result of the 
fact that the correction of the gyroscope, and with it the variation in the position 
of the aircraft, will continue until the aircraft occupies the only position in 


which the discrerancy in the transmitter of the correction signal disappears. But 


this means that any irregularity in the regulation will always be eliminated. The 


position of the zyroscone, when an external system of correction is used, is so 
selected that the signal fed from the gyroscope to the automatic vilot shall assure 


the compensation of the constant disturbing moment. 


Section 6.2. Schemes and Characteristics of Pneumatic Type Correction Systems 


According to the form of energy used to excite the positioning moment, radial 
correction systems are divided into. pneumatic, electric, and mechanical. 
Figure 6.2 gives one of the schemes of a nneumatic type of external correction 


system nroduced in the USSR, developed at the end of the 1930 for the lateral 
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stabilization gyroscope of an autopilot. The signal transmitter here is the air 
collector (1), connected with the aircraft. Two jets of the collector are covered 
by slide valves, connected with the pendulum (2), whose axis coincides with the axis 


of the frame being corrected. 


Fig.6.3 — Mixed Characteristic of 


Correction System 
Fig.6.2 - Diagram of Air Correction: 


P — Air Pressure; ‘bh — Segment of proportional part; 
1 - Air collector; 2 - Pendulum with oe aon ee cre ee oe 
aiichihaitde “x: ahah “okies dailies characteristic; k - Moment of correc-— 
tion of constant part of characteristic 

The slides are so oriented with respect to the jets of the air collector that, 
on the deflection of the pendulum with resnect to the air collector, the opening of 
one air jet will increase and that of the other will decrease, 

The moment transmitter is a hemisvhere connected with the &yroscope and having 
a grooved surface, against which the above described air jets impinge. If the air- 
craft occupies a position in which there is no disagreement between the elements of 
the signal transmitter (the air collector and the slide), that is, a position in 
which the slides equally cover both of the collector jets, then no moment will act 
on the gyroscope, since the pressures oroduced on the hemisphere by the air jets 


will be the same, by virtue of the identical covering of these jets. If the air 


craft departs from the required position, then a discrepancy will arise between the 
STAT 
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elements of the sienal transmitter, and as a result the slides will cover the two 
collector jets differently. The pressures produced by the jets on the hemisnhere 
will be different, and a resultant moment will anpnear in connection with that 
difference. 

Under the action of the moment, the gyro will precess. “In this case a signal 
will te fed from the transmitter connected with the cyro to the autonilot, which 
will then turn the aircraft into the necessary yosition. 

It may be considered with a sufficient degree of accuracy that the correction 
moment is proportional to the discrepancy in the sicnal transmitter, until one of 
the air jet in the jets in the collector is completely covered and the other is 
complcteiy oven. After this happens, the moment will remain constant. Thus, if we 
denote the moment cy L. and the discrepancy in the sisnal transmitter by 4, we get 
the characteristic of the correction for the siven case, as shown int FP LiewOs 56 

This external correction system using a pendulum is used in this gyro only with 
respect to the outer frame. The inner franc, however, is corrected by nernendicu- 
larity of the spin axis to the axis of the outer frame. For this purpose (Fig.6.4) 
two shutters are rigidly attached to the inner frame, and on the outer frame, two 
nozzies from the air collector. The reactive forces of the jets leaving the nozzles 
act on the outer frame. Jhen the Raroseane axis is verpendicuvular to the axis of the 
outer frame, the reactive forces of the Hees will be the same, since the jets then- 
selves will ue the same, and the moment nroduced by these forces will be equal to 
zero. hen the »ervendicular nosition is disturLed, the jet impinging on one shut- 
ter will increase, and that on the other shutter will decrease, the equality of the 
reactive forces of the jets will be impaired, and a resultant moment will appear 
about the axis of the outer frame. .On account of this resultant moment, the inner 
frane will hecin to srecess In the sense necessary'to restore the nernendicular 


nosition between the svin axis and the axis of the outer frame. 


© In this way, in the case we have described, the signal transmitter 1s used 
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directly as the moment transmitter, the elements of this transmitter being connect- 


ed with the gyroscove, and, consequently, this system of correction is an internal 


One. 


Fig.6.4 - Pneumatic Correction System 
for Inner Frame, Holding Spin Axis 


Perpendicular to Axis of Outer Frane 


Pis.e6.5 — System of Pneumatic Correc— 
tion for Inner Frame in Directional 


Gyro 


ft ~ Outer frame; II - Inner frane; 1 - Rotor; 2 - Flanres; 3 ~ Air noz~ 


zles; FY 


Correction moment; w= Angular velo- 


1 - Air nozzles; 2 - Shutters ~ Corrective force; L, 
‘ ; 4 ~ 


city of corrective orecession 


The characteristic of this correction system will be the same in the working 
range of angles of mismatch, as in the preceding case (Fig.6.3). 

Figure 6.5 gives still another version of a correction system for the inner 
frame with respect to the vosition of the rotor axis relative to the axis of the 
outer frame, which is used in pneumatic directional gyrocompasses. 

The moment of correction here is produced by means of fins on the rotor, and 
of the air jet used to maintain the rotation of the rotor. If the spin axis of the 


cyroscope occuples a position perpendicular to the axis of the outer frame, then 


this jet will impinge only on slits in the rim of the rotor and will only produce a 
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moment relative to the spin axis. If, however, this perpendicular position is dis- 
turbed, then the jet will also impinge in part on one flange or the other, as a 
result of which a certain moment about the axis of the outer frame will occur, thus 
producing a correction of the inner frame. Instead of the flanges today, 
scythe-shaped grooves are used, which produce an analofous effect. 

| The characteristic of this correc- 

c, tion over the working area may, with a 

sufficient degree of accuracy, be taken 
as vroportional, that is, having the 


form indicated in Fig.6.6. 


/ Figure 6.7a shows still another 


type of the system of pneumatic correc-— 
Fig.6.6 — Proportional Characteristics 
tion by maintaining a perpendicular 
of Correction 
position of the spin axis and axis of 
outer frame. This system of correction is used in directional gyroscopic instru- 
ments having electric gyromotors. 

On the perivhery of the rotor casing of the gyromotor, a series of slits (1) 
has been cut. 

. When the rotor rotates, an increased air pressure is produced near its rim, and 
the air passes through the slits (1) in the jets tangent to the surface of the 
shell. The moment of the reactive forces of these air jets is balanced by the mo- 
ment of the forces of reaction in the supports of the outer eres, when the rotor 
axis is perpendicular to the axis of the outer frame. 

‘tnen the rotor deviates from the position perpendicular to the axis of the out- 
er frame, then the moment of the reactive forces produces the pair of forces B and 
the moment of correction Le The moment of correction L. causes the gyroscope to 
precess to the neutral position indicated. 


® Figure 6.7b shows a modification of this correction system. Instead of slits, 
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les (1), attached to the inner frame, are used. Jets of 


in this case the two nozZ 


emerge from the nozzles on opposite sides. when the rotor axis 1s perpen- 


the reactive force of the jets lies in the 


nitrogen 


dicular to the axis of the inner frame, 


Fig.6.7 —- System of Pneumatic Correction of Inner Frame of Directional 


Gyroscope with Electric Gyromotor 


ion; - Moment 
T - Slits in gyromotor casing; Fy = Force of correction; Le 







of correction 


In this case there will be no moment relative 















plane of the axis of the outer frame. 


to the outer frame. When the axis of the rotor deviates from this position, the 


force of the jets leaves the axis of the outer frame, and deviates by the quantity 


lection of the spin axis. This pro- 
Ks proportional to the sine to the angle of deflec 


s eo * s 2 S osi- 
duces the correction moment Les which returns the spin axis to its vrevious p 


tLon. | 
The system of correction shown in Fig.6.7b is used in the gyro of the 


remote-reading electric gyromagnetic compass DGMK-3. In order to prevent the cor- 


recting moment from varying with the altitude of flight, the gyroscope of the 


| 
DGMK-3 ‘is placed in an air-tight casing, so that the reactive force of the jets re- 


| mains constant. 


| ® Figure 6.6 gives a version of the pneumatic correction system where the signal 


STAT 





101 








Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 


! 


Z 
pena ies likewise directly plays the role of the moment transmitter. 

The principle of its design is as follows. To the inner frame of the gyro, 
whose role in this particular case is played by the rotor casing (1), the air chan- 
ver (2) is rigidly attached. For each frame, this chamber has tvio norts (3) to dis- 
charge air from the chamber, which norts are arranged symmetrically with respect to 
the eeuaee rotation of the frames. 

This chamber is an element of the signal transmitter connected with the gyro. 
But it is at the same time also the moment transmitter, since the reactive forces of 
the release of the air jets flowing from the norts produce a moment about the axis 
of rotation of the frame located diagonally to the frame being corrected. The 
second element of the signal transmitter is nrovided by the pendulum shutters, sus- 
nended on an axis rarallel to the axis of rotation of the corrected frame. The 
shitter covers the ports of the air chamber in such a way that if the axis of 
symmetry of the norts coincides with the line of the edge of the shutters, then the 
air jets issuing from the ports will be the same. If this coincidence is disturbed, 
however, ieee, if a mismatch arises between the position of the corrected frame and 
the nosition of the shutters, then the equality between these air jets is destroyed. 
when the equality of the reactive forces is destroyed, a resultant moment of one 
sign or the other appears. 

As already erated: this moment will be diagonal with respect to the corrected 
frame, that is, with respect to the plane in which the position of the gyro was dis- 
turbded. 

This system of pneumatic correction is very widely used. It is used both to 
correct syro verticals and for horizontal correction of directional gyros. 

Its characteristic is of the form showm in Piz.6.3, the width of the area of 
sroportional correction > being determined by the width of the port and the length 


of the nendulum shutters. 





Ficure 6.9 pives the arrangement of the pneumatic corrector used in the 
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USSR-produced GMK-2 directional gyro for correcting the outer frame. The signal 
transmitter here is the air collector (5) with its two nozzles placed on the rotor 
casing and covered by the eccentric slide (7). The slide is connected with the mag- 
netic system (6), whose axis of rotation is likewise attached to the rotor casing. 

To the matched state of the trans- 
mitter corresponds the equal covering 
by this slide of the collector nozzles, 
while to the mismatched state of the 
transmitter corresponds unequal covering 


of the two nozzles. In the matched 


Fig.6.9 - Arrangement of GMK-2 
Pneumatic Corrector 
1 ~ Rotor; 2 - Rotor casing (inner 


Fig.6.8 —~ Arrangement of Pneumatic | 
frame); 3 - Outer. frame; 4 - Scale; 


Corrector with Pendulum Slides 
5 - Air collector; 6 — Magnet; 
1 — Rotor casing; 2 - Air chamber; 7 —- Eccentric slides; & - Air chamber; 
3 - Air ports; 4 - Pendulum shutters; 9 — Pendulum shutters; 10 - Shutter of 
$6— Mismatch between rotor axis and wuboeene corrector; 11 - Membrane of 


shutter axis pneumatic relay with plunger; 


12 — Pneumatic relay 


state, the same pressure reaches both the receiving nozzles, while in the mismatch- 


@ ed state, there is a different pressure in each. 
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An air chamber with two pairs of ports, attached to the inner frame (casing) of 
| the gyro, serves as the moment transmitter. One pair of the ports, the horizontal 


pair, is covered by pendulum slides and serves to correct the inner frame of the 





gyroscope, since the moment produced by the reactive forces of the discharge of the 
air jets issuing from these ports acts about the axis of the inner frame. The 
second pair of norts, the vertical ones, serves to correct the outer frame, since 
the moment produced by the reactive 
forces of the discharge of the air jets 
from these ports acts about the axis of 
the inner frame. The second pair of 


ports is covered by shutters connected 





by a plunger with the membrane of an 


air relay, the chambers of which com- 
Fic.6.10 - Characteristics of Correc- 

municate with the receiving nozzles of 
tion of Outer Frame of GMK~2 

the above described signal transmitter. 





a —- Characteristics of correction using In the matched state of this transmit-— 
elastic membrane; b - Characteristic of ter, the pressures in the chambers are 
correction with inelastic membrane; the same, the membrane is in a neutral — 
h - Path of membrane; h, —- Maximum path position, and the shutters connected 

of membrane; b, - Hysteresis zone with the membrane equally cover their 


yorts. With a mismatch in the signal 
transmitter, the equality in the relay chambers is impaired and the membrane is 
flexed toward one side or-the other. This displaces the slide, and the covering of 
the vorts becomes unequal, thus »vroducing a moment of the corresponding sign. 
Thus, for the correction of the inner frame, the air chamber in this case is at 
the same time a signal transmitter and a moment transmitter. The characteristic of 
the correction for this frame will be of the form shown in Fig.6.3. But for the 


; 
& correction of the outer frame, it will only be a moment transmitter, connected with 
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the signal transmitter by means of a special pneumatic relay The characteristic of 


the correction will therefore depend, here as well, on the characteristics of the 


relay. If the relay has an elastic membrane, then the relation between the path of 


this membrane h and the mismatch 9 will be of the form given in Fig.6.10a, where 0, 


is the value of the error necessary to produce a pressure difference capable of 


overcoming the force of dry friction of the relay plunger; here the right part of 


the characteristic corresponds to the condition 9 > 0, while the left part corre- 


sponds to the condition 6 < 0; h, is the maximum possible movement of the membrane. 


Assuming further that the relations between the moment Ly and the displacement 


of the shutter is of a proportional nature up to full opening of the ports, and con- 


sidering that the motion of the membrane does provide this full opening of the 


norts, we get the result that the diagram of Fig.6.10a on a different scale repre- 


sents the characteristic of correction in the case here being considered. 


If the relay has an snelastic membrane, then the relation between the motion of 


the membrane and the error will be different. 


Until an error or mismatch equal to 9, has accumulated, the membrane will be 
} 


motionless, and will then be displaced as far as the stop; the backward motion, 


likewise as far as the stop, will be performed after an error of the opposite sign 


equal to 9, has accumilated. If we retain the same assumption with respect to the 


denendence of the moment Ly on the motion of the membrane, then we get a character- 


istic of correction that in this case, as well, is of the hysteresis form given in 


Fig.6.10b. 


aracteristics of a pneumatic corrector that have been here 


The methods and ch 


considered are the most typical. Their principle merit resides in the simplicity of 


articularly applicable to arrangements using a pen- 


their design, which is a point p 
4 


dulum as the sensing member of the correction mechanism. It must be noted that in 


those cases where the rotation of the gyro rotor is likewise maintained by the 


i 
+s most advisable to use a oneumatic type corrector as 


STAT 


energy of an air jet, it 


105 











Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 













Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 


° 





+ —_ o 1 h Ss 3 
1 1 


| ~yo.und e 
oly shar. near the grou 





r dimensions 
:. erromotor as higher sneed, and , consequently » smaller : 
— aun t, elevated starting torque, facilitating the starting 9 
a rinetic moment, . ; ; ciate 
en temrerature » convenience of installation (no air line), W 
een ene | ed, absence of the sncreased corrosion of parts 
5 ; devendence of the rotor Spee: : ; of the 
simpauadiil of gyre snstruments with pneumatic drives aoc 
hat 2 
eating owing to the neat given off by the ryromotors » etc. 
he g Mes 


° b =: 
j iments, with its su 
ition to the electric drive in syro instn ; 
Thus the t+ransiti.0 


» ry ac 


O 4 


- G1. n 


ry of 

1 1 } to one of the frames 
tor of the snduction type, as applied 

5 Cc ( 

the e ectrical co e 








STAT 
106 











Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 





Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO0O02000020008-5 


The signal transmitter (cf. Fig.6.lla), consists of a contact roller connected 
with the syro frame being corrected, and a contact strip, connected with the sensor 
of the corrector and divided into two narts by an insulating gap. 

In the matched state of this transmitter, the contact roller is at the center 
of the insulating strip; when it is mismatched, the roller is displaced from that 
center. The moment transmitter consists of a system of two inductance coils, in the 
slots of which there moves a current-conducting disc, connected with the axis of ro- 
tation of the corresnonding frame (i.e., located diagonally to the corrected frame). 
As will be seen from the electrical circuit (Fig.6.11b), one of the coils is always 
energized by one of the phrases of a triphase alternating current line. The second 
coil, however, which we shall term the control coil, is connected to one of the re- 
maining two phases of the line through the signal transmitter, depending on which 
half of the contact blade of this transmitter is contacted by its contact roller. 
Thus, so long as the contact roller remains on the insulated strip, that is, so long 
as the signal transmitter is in the matched state, only one coil will be energized, 
and, consequently, no moment will be developed on the driving disc. When the Signal 
transmitter is mismatched sufficiently to bring the contact roller onto either of 
the conducting halves of thé blade, both coils will be energized, and the alternat- 
ing magnetic fluxes produced by these coils will be phase~shifted by 120°, in one 
sense or the other, with respect to each other. Consequently a moment of one sign 
or the other, and of constant magnitude, that is, not depending on the degree of 
mismatching, will arise on the current-carrying disc on account of the interaction 
of the eddy currents and fluxes, which are phase: shifted with respect to each other, 

Since the insulating strip has certain finite dimensions, a certain value of 
the mismatching is always required to cover this strip, and this value determines 
the zone of insensitivity of the given correction system. Taking this circumstance 
into account, and bearing in mind that after the roller passes onto ae conducting 


part of the blade, the moment transmitter will develon a moment of constant value, 
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we obtain the correction characteristic for the given case presented in Fig.6.12. 
Figure 6.13 shows the arrangement for a considerably later version of the elec- 


trical induction-tyne corrector, representing a different design solution of the 





same ideas used in the version described above. 





y Ss : 








Fig.6.11 - Circuit of Induction, . Fig.6.12 - Constant Characteristic of 
Electrical Corrector Electrical Corrector 
I and II - Axes of suspension; 8A- Neutral zone of signal 
1 - Contact roller; 2 - Pendulum; transmitter of corrector 


3 - Contact blade; 4 and 5 - Induction 


coils; 6 - Current-carrying sector 


The signal transmitter here (Fig.6.13) is a bulb with a drop of mercury and 


three contacts so arranged that the plane of displacement of the mercury drop shall 





coincide with the plane of rocking of the corrected frame. 
One of the contacts of the bulb is at its center, the other two at the edges. 
In the matched state of this transmitter, the mercury drop is at the center of 
the bulb and covers only the central contact; in the unmatched state, the drop moves 
away from the center; and on operation, the mercury connects the central contact | 


with one of the edge contacts. We note that by mismatching of the signal trans- 











tdi t. thin soon rq mean its inclination with respect to the vertical. | 
| STAT 
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The moment transmitter here 438 a miniature induction motor with a 


short-circuited rotor, seated on the axis of rotation of the corresponding frame 


(that is, of the frame located diagonally across from the corrected frame). Exactly 


as in the preceding case (cf.diagram of Fig.6.11b) one of the exciting windings of 
the miniature induction motor is always energized by one of the phases of a triphase 
supply line. 

When the mercury connects the cen- 
tral contact of the signal transmitter 
with one of the extreme contacts, the 
second phase of the miniature motor is 
connected with one of the other two 
phases of the supply line. As a re- 
sult, a rotary field is produced in the 

Fig.6.13 - Diagram of Electric Corrector miniature motor. The sense in which 
with Mercury Switch this field is directed will depend on 
what phase has been connected to the 


I, II - Axis of suspension 
phase of the miniature motor. On this 
1 - Bulb; 2 - Mercury; 3 and 4 - Wind- 
account, a moment of one sign or the 


i f induction motor; 5 — Short 
ied other is develoved on the rotor. It 


circuited rotor of induction motor . 
will be of constant magnitude (i.e., it 
will not depend on the value of the error in the signal transmitter). 

In order for the mercury drop to be able to roll from the central position and 
to close the contacts, a certain inclination of the bulb is necessary. The mercury 
drop obviously rolls in the opposite direction after the opposite inclination of the 
bulb has‘ accumulated. When it rolls in this way, the mercury drop will naturally 
not remain in the central position, but will pass to the opposite extreme position. 


On this basis, the characteristic of the correction for the given case will 


have the hysteresis form according to Fig.6.10,b. 
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This system of correction can obviously be applied, and is, in fact, applied to 


. eorrect the outer and inner frame of a gyro vertical, and to correct the inner frame 


of a directional gyro. 





Ficure 6.14 gives a diagram of the electrical connection of an induction-type 


- 
~~ 


| gyro vertical. The signal transmitter here is a cuy (Fig.6.14,a) with a 
current-conducting liquid, an electrolyte, and four electrodes. The cup is rigidly 
° attached to the gyromotor casing. The electrodes are placed diagonally on the peri- 
| 


phery of the cu». In this case, each diagonal pair of peripherai electrodes is in- 





tended for the correction of that frame of the gyro vertical whose axis of rotation 
is perpendicular to the axis joining the given pair of peripheral electrodes. 

The cup of the electrolytic transmitter 1s not completely filled with liquid so 
that there is an air bubble. The electrolytic transmitter consists, as it were, of 
a bubble level producing electric signals. 

If the axis of the syro rotor occupies the vertical position (Fig.6.14,a), then 


this bubble will be in the center of the cup, and the resistance will be the same 





between the central electrode, that is, the cup itself, and either of the peripheral 
electrodes. ‘Jhen the gyro axis (Tige6.14,b) deflects from the vertical, the air 
buLble will be disnlaced accordingly, and the resistances between the central elec-— 
trode and the two peripheral electrodes become unequal. The appearance of a differ- 
ence between the resistances is expressed as the error signal in this transmitter. 
Accordingly, on the circuit diagram of Fig.6.14,b, this transmitter is convention- 
ally represented in the form of variable resistances between the central electrodes 
and the corresponding peripheral electrodes. 

A saat feature of the electrolytic transmitter is the practical absence of any 
NOMCAL £8 the smallest deflection from the vertical will produce a 
change of resistances of the bulk conductor electrolyte. This feature of this sig- 


nal transmitter of the corrector, and its design simplicity, are responsible for the 





e wide use of this tyne of correcting signal transmitter. 
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One 
Two-phase miniature induction motors are used in this correction system. 


of the phases of each of these miniature motors is always connected to a definite 








Fig.6.14 - Corrector with Electrolytic Transmitter 


and Induction Motor 


Siaee of the supply line (cf. diagram in Fig.6.17,c), the other phase consists of 


two windings connected in opposite directions and joined to the corresponding pair 


of electrodes of the signal transmitter. The second phase of the supply line is 


@ connected to the case. Thus, when the resistances between the upper electrode and 


oT 


1...— slegtrodes are equal, the resultant ampere-turns of the second 
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phase, and therefore also the moments at the shaft of the miniature motor, will be 
zero; when these resistances, differ, however, resultant ampere turns in a definite 
sense appear, thus leading to the 
appearance of a moment in a definite 
sense, proportional to these resultant 
ampere—turns. 
On the basis of the above, the 
characteristic of this corrector may be 


taken as analogous in form to the 
characteristic of the pneumatic correc- ! 
Fic.6.15 - Diagram of Voltazes tor of the gyro vertical with pendulum 
of Triphase System slides given in Fir¢.6.3. 
The zone of proportionality in the 
transmitter amounts to 0.5°. For slopes over 0.5"; one of the electrodes is com- 


nletely covered with air, and the other with liquid. The resistance from the first 


electrode will reach 5000 ohms, and that of the second 150 ohms. With greater 


i 
i 


slones, the value of these resistances will no longer vary. 

The moment transmitters in the form of induction motors have the advantage of 
allowing the correction system to onerate when the axis of the suspension shifts 
through all of 360°. The latter will be unavoidable, for instance, in correcting 
directional gyroscopic instruments in azimuth. 


The entire correction system is fed by a triphase alternating current source in 


which the voltage phases are shifted by 130°; For the operation of the biphase 
motors, the phase shift between the voltages of the excitation winding must be 90°. 
To provide such a phase shift, vart of the phase voltage of the phase A is fed to 
the winding (3) (cf.Fig.6.14,c) while the line voltage between the phases B and © is 
fed to the winding (4) and (5). These voltages, as follows from the voltage dia- 


eram of the triphase system given in Fig.6.15, are shifted in phase by 90°. The 
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winding (3) is connected in the circuit of one of the phases of the stator winding 


of the motor for the gyro rotor. When the gyroscope is started up, starting 
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Fig.6.16 ~ Corrector for Electric Gyrohorizon 


1 - Electrolytic pickup; 2 - Solenoids; 3 - Movable cores of solenoids 


(a) Solenoid; (b) Corrector switch; (c) Gyrohorizon gyromotor 


@ currents of voltage higher than nominal flow in the stator winding, thus causing an 
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increased rate of correction when the gyro starts. This shortens the time required 
for the syro to move to its norma]. position. 

A certain comolexity in the design of induction motors has led to the use of 
monent transmitters of simpler desiyn. 

The soareet on system on one of the USSR electric gyro horizons consists of the 
electrolytic 7nickun (1) (Fic.6.16) and the two solenoids (2) with shiftable cores, 
connected according to the diagram of Fig.16,a. The solenoids are attached 
(Fic.6.16,b) to the casing of the gyro rotor, and a displacement of their cores with 
respect to the mean yosition (Fig.6.16,c) produces moments of unbalance, under the 
action of which, the gyroscope nrecesses toward the vertical. The displacement of 
the core of the solenoids takes place when the difference of current in the halves 
of the winding connected with opposite electrodes of the pickup, reaches a certain 
value. The characteristics of this correction system is close to that shown in 

' Fig.6.10,a, and ordinarily ¢ = 0x5" 

Pigure 6.17 gives a diagram of the electrical correction of the outer frame of 
a directional gyro accomplished by a remote-reading magnetic compass. The signal 
transmitter here is a disc connected with the axis of the outer frame and a brush 
connected with the repeater of the remote-reading compass. On the diazram of 


son: srect connection between the brush 
Fige6.17, this is shown conventionally by the dir 


—— 


d the ma netic needle. One side of the disc is made of conducting material, the 
ary { 1385 « 


j 


anplied to the conducting vart. 


The inoment transmitter used 1s a magnetoelectric device with its magnetic sys- 
tem attached to the outer frame of tne gyroscone while the coil is connected to the 
is of the inner frame. The coil is fed from the potentiometer of a two-coil 
masnetoelectric relay. One of the coils of this relay is energized during the en- 
‘tire time of operation of the correction system. The moment produced by the 
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such that the amoere-turns of the moment transmitter coil produce a moment causing 


nrecession of the gyro, and with it, also a shift of the signal transmitter disc in 


$ 
iT 


Fic.6.17 - Diagram of Magnetoelectric 


Corrector of Outer Frame of Directional 


1 - Dise of gyro signal transmitter; 

2 -~ Brush of sisnal transmitter connect- 
ed with repeater of remote marnetic 
compass; 3 - Corrector relay; 4 - Poten- 
tiometer of relay; 5 - Magnetic system of 
moment transmitter of corrector; 6 - Coil 


of moment transmitter of corrector 


the sense directed toward matching 
between the brush and the conducting 
part of the disc. The second coil 
of the relay is fed from the brush 
of the signal transmitter. In other 
words, this coil will be energized 
only when the above mentioned brush 
is in contact with the conducting 
vart of the disc. In this case the 
ampere turns of this second coil 
will create a moment exceeding the 
moment produced by the amvere-turms 
of the first coil. Thus, as soon as 
the second coil is energized, the 
brushes of the relay potentiometer 
pass over into the extreme opposite 
position. The reverse direction of 
the correction moment and the sense 


of precession of the gyroscope 


‘change in accordance with this: now 


the motion of the gyroscope will be 


in the sense of matching the brush of the signal transmitter with the insulated part 


of the disc. 


Thus this system of correction in principle has no position of repose and has 


no n utral Sones, 


6 For this reason the gyroscope will not be damped in a definite position here, 
STAT 
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FPig.6.18 - Electrical Circuit of Magneto- Fig.6.19 - Constant Characteristic of 


electric Corrector of Outer Frame of Corrector of Hysteresis-Free Form with 


Directional Gyro neutral zone Equal to 0 
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EX pS 


Fig.6.20 - Diagram of Magnetoelectric Corrector of Inner 


Frame of Directional Gyro 


I, II - Axis of inner and outer gyro frames 
1 - Signal transmitter potentiometer connected with outer frame; 2 - Brushes of 
signal transmitter connected with axis of inner.frame; 3 - Relay of corrector; 


4 ~ Potentiometer of relay of corrector; 5 — Short-Circuited rotor of induction 


motors 6 - \dinding of induction motor 
STAT 
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but instead it will oscillate about a certain position, in this case, about the 
position of the brush, that is, about the magnetic meridian. Owing to the low rate 
of correction, the amplitude of these self oscillations will be very small. Figure 
6.18,a gives the electrical circuit of this corrector, and Fig.6.19 gives its 
characteristic. 

Figure 6.20 shows a diagram of the electrical corrector of the inner frame of 
the same directional gyro. The signal transmitter here consists of a potentiometer 
placed on the outer frame, and a pair of brushes connected with the axis of the 
inner frame. Thus the correction of this frame is accomplished according to the 


position of the rotor axis with respect to the axis of the outer frame. The 


Fig.6.21 - Diagram of Electromechanical Corrector of Inner 


Frame of Directional Gyro 


I, II - Axes of inner and outer frames 
1 - Contact strip of signal transmitter, connected with outer frame; 
2 —- Brush of signal transmitter connected with inner frame; 3 - Electro- 
magnet; 4 - Discs of friction coupling; 5 - Electric motor; R, - Ballast 


resistors 


@ metuelly perner.Lenler position of these axes correspcuiis to tne metchea state of 





117 











+ 





Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 






eclassified in Part - Sanitized Copy Approved for Release 2013/05/16 : Seg Opa Toons nonscccesacdes 


the signal transmitter. 


The moment transmitter is a three-phase miniature induction motor with 


short-circuited rotor. One of the vertices of the triangle formed by the stator 


C) 


| of operation of the correction system. 


winding is connected to one of the nhases of the supply line during the entire time 


The other two vertices are connected to two brushes mechanically connected to 
the axis of a magnetoelectric relay which is fed by the notentiometer of the signal 
transmitter. These brushes take off voltage from the ootentiometer, connected on a 
bridge circuit to the other two nhases of the supply line. 

‘hen no current flows through the relay the voltage taken off by these brushes 

is zero. When current appears in the relay winding, the brushes are displaced from 


the electrical neutral, and will transmit the voltage to the stator windings of the 


miniature induction motor. As a result, a moment in a definite sense appears, which 


is nrorortional by modulus to the displacement of these brushes from the electrical 
Cc neutral, i.e., in the last analysis it is pronortional to the deflection of the 
rotor axis from a right angle with the axis of the outer frame. 

In accordance with the above, the characteristic of the corrector described 
will be of the form given in Fig.6.3- 

Figure 6.21 gives a diagram of still another version of an inner frame 
corrector. 

The signal transmitter here is a contact blade with an insulating strip placed 
on the outer frame, and a brush, connected with the axis of the inner frame. The 
moment transmitter is an electric motor rotating two gearwheels, which may be engag- 
ed by means of ieecenaenet: friction clutches, and systems of gears from the axis 
of the outer frame. 

These electromagnets are controlled from the signal transmitter by means of the 
electric circuit of Fig.6.21. So long as the brushes remain on the insulated strip 
af the signal transmitter, both electromagnets are deenergized and the outer frame 
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As soon as the brush is displaced onto either 


ne Nh Oe ag re a 


is not coupled to the electric motor. 


conducting part of the blade, one electromagnet or the other is actuated. When this 


happens, the electric motor is counled 


to the outer frame through two gears 





Tw i ee el ce ce re Ei i AT TLE ee 
*. 


rotating in opposite senses. This will 


indicate that a moment of a definite 


.-- 
= — et ee ee 


sense has been applied to the outer 
| frame. The magnitude of this moment 
will be determined by the force of the 


: friction coupling, which in turn will 


Fig.6.22 - Characteristic of be determined by the force developed by 


| . Electromechanical Corrector the electromagnets, i.e., by the number — 


of its amnere-turns. As follows from the electrical circuit, the electromagnets are 


: red at first through a ballast resistor, but then, with increasing mismatch, they 


are fed directly, bypassing this ballast resistor. 





Thus the corrector characteristic in this case will have a stepped form, 


according to Fig.6.22. 


Section 6.4. Mechanical Correction Systems 


Of the mechanical systems we shall discuss only one friction correction system, 


; : : : ‘ gen 
designed for correcting a gyrovertical. Figure 6.23 gives a diagram of this sys 


of correction. The correction sensor in it is a half-ring with an axis of rotation 


coinciding with the axis of rotation of the frame to be corrected. The saath 


has a slit with cork walls, through which passes a rotating roller spuneeten by a 








reducer with the rotor axis. 


Tt is this roller that forms the second element of the correction system. 


These elements of the correction system here act simultaneously as signal 


ee eee 


@ transmitters and moment transmitters. 


state of this correction system, the half ring is ot ate 
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against the roller by any side of the slit. 


To mismatch, there corresponds a position in which the half ring is pressed 


against the roller by one side of the slit or the other, and therefore the force of 


Fig.6.23 - Diagram of Friction Corrector of Gyrohorizon 


I, II - Axes of gimbals 





1 - Half-ring with friction slot; 2 - Rotating roller; f, - Component 


of force of gravity pressing the wall of the slot of the half-ring 





against the rotating roller; fx - Force of frictional adhesion, 












directed along slot; Le - Element of force fy 


frictional adhesion fe arises between them, which is proportional for the force of 
\ 


this compression of the half ring against the roller, and which is directed along 
the slot of the half ring. 

Being applied to the axis of the rotor, this force exactly produces a preces~ 
sion of the gyro about the axis of rotation of the frame to be corrected and accor-— 
dingly, also about the axis of rotation of the correcting half ring. 

The force that presses the half ring against the roller will be the projection 
of the force of gravity of the half ring onto the normal to the rim of the roller. 
Within the limits of small deflections of the half ring from the vertical, it may be 


@ taken as provortional to these deflections. If we further consider the coefficient 
4 toTAT 















the roller and the walls of the slot as constant, we ge 
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' result that the characteristic of this correction system will be proportional. 


and the half ring is taken into account, 
At 


If the clearance between the roller 


j then the characteristic of the corrector takes the form shown in Fig.6.23,b. 


¢ ] - ing will be dis- 
® angles of deflection of the gyrorotor axis 0, and -Oj; the half ring 


placed from one side of the roller to the other, and as a result the correction 


moment will change its value with a jump. 





rtical has two correction systems of this type, one for 


As a whole, the gyrove 






each of its frames. 


To eliminate the influence of the moment due to the force of gravity, owing to 


the force of the pressure of the half rings against the roller, counterweights are 


provided, which impose on the gyro a moment equal and opposite to the moment due to 


! - the force of gravity of the half rings. 


! We remark that if the roller does not rotate, then, in spite of the pressure of 


the slot of the half ring against the roller, this will not lead to the appearance 


In other words, when the rotation of the roller 
















| 7 of a force of frictional adhesion. 








he correction system will be turned off. 





stops, t 





Section 6.5. Analytic Expressions of the Correction Characteristics 


As follows from the above exposition, the characteristics of correctors may be 


divided into the following three groups, according to their form: 


1. Proportional characteristics of hysteresis-free form (cf .Fig.6 -6)- 


2. Constant characteristic of hysteresis-free forr with zone of insensitivity 


not equal to zero (Fig.6.12), and equal to zero (Fig.6.19), and constant character- 


istics of hysteresis form (Fig.6.10,b). 
3, Mixed characteristics of hysteresis—free (Fig.6.3) and hysteresis 


(Fig.6.10,a) forms. 


We might introduce the notion of the generalized characteristic of a corrector 


of such a form that the above enumerated characteristics shall correspond to certain 





: special cases for it. The form of the characteristic according to Fige6.24,c¢ sTaTi 
| | | 
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satisfy such a condition. 

The use of such a generalized characteristic ina theoretical analysis would 
involve no difficulties of principle. By dividing such a characteristic into a 
number of sections within which only some one law would operate, the behavior of the 
gyro in these sections could easily be obtained. 

It would then remain for us to adjust the results obtained for the individual 
sections, and to obtain a general picture of the behavior. With the large number of 


such adjustments, however, this method would be inconvenient in practice. Since not 


Fig.6.24 — Generalized Corrector Characteristics 


a single one of the actual correction systems has a characteristic of such a 
generalized foma, it is advisable to conduct our investigation with respect to sim- 
nler generalizations. 
As such basic generalizations, we shall tale the followings 
a) proportional characteristic of the hysteresis form (Fig.6.24,a); 
b) constant characteristic of the hysteresis form (Fig.6.24,b). 
Using these generalizations, it will be easy to obtain the law of gyroscope 
behavior for other cases as well. 
The analytic exoressions of the corrector characteristics for the generaliza- 


tions may be represented in the following fom, distinguishing them by the literal 


@ subscripts a and b respectively: 
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Lg kh (5—- 6, sign 5), 


Lew! Rssign® at = Gs. OI, 
| & sign 6 


where 9 ~ mismatch in signal transmitter of correction systen; 
- slope of proportional characteristic of correction; 
zone of hysteresis; 
value of constant correcting moment beyond zone of hysteresis; 
value of constant correcting moment in zone of hysteresis; 


signs = !/—! at 6< 0), 
l-+1 at 6>-0, (6.3) 


—l] at 4-7 
iekive! : -9, 


[+1 at = 8 > 0. 


(6.4) 


We shall consider that the absence of the allowance for hysteresis corresponds, 

with a proportional characteristic, to the condition 

5 =0, (6.5) 
and with a constant characteristic, to the condition 

ky =0. (6.6) 

In allowing for hysteresis in the latter case, however, the equality 

| hy == ke. (6.7) 
will hold. 

To denote the angles of deflection of the gyro frames from the positions they 
should occupy, we shall, as before, use the letters 4 (for the angle of deviation of 
the outer frame), and 6 (for the angle of deviation of the inner erate) s! 

All the remaining notationswill be taken as the same for both systems of cor 
rection, that is, for the correction of both the outer and the inner frame, which 
are distinguished from each other by the subscripts 2 and 1 respectively. 


The sensors of a correction system usually have certain static errors. Denot- 
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ing these errors, expressed in angular units, by y, we obtain the following expres-—- 
sions for the mismatches O15 9,3 


y= 3— F185 62=—a— ‘3. 


It is clear that Y7 andy, the errors of the sensors of the corrector, are equal to 


their errors in the direction of the gyroscope. 











t 
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\ 
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CHAPTER VII 


THE SETTING STATE WITH FIXED GIMBAL BASE AND UNDISTURBED 


STATE OF THE CORRECTION SYSTEM 


Section 7.1. General Remarks 
The consideration of the setting state is of great importance, since the qual- 
ity of positional gyro instruments depends to a considerable extent on how accura- 


tely the gyro is set during flight and how long it takes to reach its onerating 


a 
me ee at ene ee i ee a — 


position. 
The setting state of the gyrohorizon and gyromagnetic compasses in the most 
complete form occurs on starting. The detailed consideration of the setting state 


on starting involves considerable difficulty owing to the presence of moments of 


TOM te ne Poa ee 


forces of inertia, which manifest themselves on variation of the rotor speed. The 


starting state is therefore not discussed separately, but we shall consider the 


ee a a a eee 
é eeeNe . 


setting state of the gyroscope with constant kinetic moment. 


Et EE 
mea seic 


In the following exposition of the theory of positional gyros, we shall inves- 
tigate the setting states with the object of elucidating: 
a) the paths of motion of the spin axis toward the steady position; 


b) the duration of the setting state or of the setting time; 


c) the final position of the spin axis and the corresponding errors of the 


steady position of the spin axis. 


Of the methodological considerations, following B.V.Bulgakov, we shall dis- 


tinmiiahe 
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1) the setting state with fixed base of the suspension and undisturbed state of 


the correction system; 

2) the setting state in presence of oscillatory motions of the base at fairly 
hish frequency; 

3) the setting state allowing for the motion of the base of the suspension in 

: shnncetion wie the earth rotation, the displacements of the aircraft with respect 
to the earth, and the aircraft maneuvers. 

The first of these states is the most favorable with resnect to the possibility 
of shortening the duration of the build—un time and reducing the values of the 
errors of the steady state, but it is never observed under actual conditions. 
tevertheless, the characteristics of this state are of substantial importance in 
that they establish the limiting relations which it is desirable, under actual con- 
ditions, to approach as much as possible. } 

The second state is less favorable from this point of view, but it is closer to 
actual operating conditions, since it allows for the disturbances in the correction 
system whicn always occur. <A comnarison of this state with the characteristics of 
the first state allows us to establish the snecific influence of these disturbances 


on the gyro. 


An investigation of the third state allows us to elucidate the influence of 
other factors andes operating conditions. } 

The characteristics of the first and second states do not depend on the final 
vosition of the spin axis, i.e., they do not denend on what direction with respect 
to the earth should be indicated by the given gyro. The direction indicated by the 
pyro is determined only by the vosition with respect to the earth of the resnective 
paths of motion of the gyro and the vosition of the end noints of these paths, which 
will characterize the errors of the steady state. Allowance can easily be made for 


this by an appropriate snecification with’ resnect to the plane on which these paths 


6 are to be revresented. 
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In contrast to this, the characteristics of the third state will depend on the 
final position of the spin axis, since the action of all the factors distinguishing 
the third state is related to definite earthbound axes. 

We remark that this action is manifested, in the last analysis, in the dis- 
placement of the equilibrium position of the system, and thereby in the displacement 
of the end positions of the spin axis. We shall therefore distinguish the errors of 
the steady condition in the third setting state from the errors of the steady condi- 
tion in the first setting state. And it will be in the elucidation of this very 
difference that the principal interest of our investigation of the third state will 


reside. 


Section 7.2. Equations of Motion 
As before, we shall use the system of coordinates Ofnt bound to the earth and 


the system of coordinates Oxyz, bound to the gyro. Of the earthbound axes, we shall 
consider the axis Of to be matched with the direction which the gyro must indicate 
in the given case, and we shall call it the principal axis; while the axis On will 
be considered matched with the direction of the axis of the outer frame. Of the 
gyroscopic axes, we shall consider the axis Oz as matched with the rotor axis, and 
the axis Ox as matched with the axis of the inner frame. 


The position of the system of coordinates axes bound to the gyro with respect 


to the earthbound system of coordinates will be determined by the angles a and 6 


(Fig.7e1), of which the angle a represents the shift of the gyroscope about the axis 
of the inner frame of the gyro, i.e., about the axis’O, in the plane O¢z, while the 
angle 8 represents the shift of the gyroscope about the axis of the inner frame, 
4.@., about the axis Qx in the plane Oan. We remark that, together with this, the 
angle a represents the shift of the outer frame of the gyroscope together with the 
inner frame, the angle g the shift of the inner frame alone with respect to the 
position at which the rotor axis is perpendicular to the axis of the outer frame. 


The axes on Figs.7.l are oriented with respect to the case of the gyro verti- 
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cal. This is the orientation that we shall use. For other cases, for example, for 


directional gyros, this orientation as a whole must be rotated in thought by the 


90°. 


To judge the behavior of the gyro, 
we shall use the paths that will be 
described on a sphere of unit radius by 
the corresnonding point on the rotor 
axis, we shall call this point the 
vertex of the gyro. 
It is obvious that ares of these 
paths will be respectively equal to the 


angles g and g (if we take as the ori- 


Fig.7.1 - Position of Axes of Gyro- gin of measurement the point of inter- 
scone with Fixed Rase of Suspension section of this sphere by the earth 

| 
(with Fixed Earthbound Axes) axis 0%). 





For small angles a and ®, that is, 
in the immediate neighborhood of the noint of origin of measurement, we may treat a 
-ortion of the sphere as a plane, and, accordingly, consider the paths of motion of 
the vertex of the gyroscope as being plane and analytically assignable in the system 


: of rectangular coordinate axes 0% in the form of the equation 


F(a, 2)=0 5 Peas) 








As our starting equations of motion we Shall take, as usual, the approximate 
equations of motion of the gyro, that is, the equations of its precession. These 


equations are of the form: 





 AG=L,. 
ner (7.2) 








where hoth n and a are the projections of all the angular velocities of motion of 
STAT 
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j ively; i are the 
the gyro onto its equatorial axes, Ox and Oy respectively; while L. and L, 


projections on these same axes of the external moments acting on the gyroscope. 


In the fixed position of the gyroscope, and under the condition that the angles 





shall be small (cf.Fig.7-1), we get 


| p= —6. | (7.3) 


g= 4. 


and Lo» taking into consideration only the action of the 
s of the 


For the moments L, 


moments of correction moments and of the moments of friction about the axe 


suspension (cf.Fige7-1), we have 






L, = —Sf (%) + Lp sign é, b 
Ly= — f (%)—Ly: sign 4, (7. ) 


isti he correction of the outer and 
where f (6,) and f (0, ) are the characteristics of the c 


imner frames respectively; 


6, and 0 - the mismatches in the signal transmitters of the correction 
“ - 


systems; 





L 2 and Lol ~ moments of friction about the axes of the same frames 
Pp 


respectively; 

tons 1 at «#>9, 
a om 
ce {_ 1 at &a<O, 


1 at $>0, 
sienb= | _ at 8 0. 


Since we shall not take account in this chapter of the disturbances in the 








correction system, we may consequently put 






= ° 
0. = (7) 


1 


Making use of eqs.(7-5), (7 4) and (7.3), we obtain the following equations of 


@ motion of the gyroscope axis: 

















i 


y? 
> 
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Ha wm — f (a) +L, sign 8. ! (7.6) 
Hh = — f (8) — Le signa. 





Section 7.3. The Setting State with Proportional Correction 


Characteristics Equations of Lotion 
| On substituting f(a) and f(@) in eq. (7.6) according to the expression for the 


proportional characteristic, eq-(6.1), and replacing « in it by a and 6 respec— 


tively, and indicating by the subscripts 1 and 2 the frame to whose corrector the 





given slope belongs, we get 


Ha + kaa = L,, sign B + 229.2 Sign a. | 


; HB + kB = L,2 sign a + 4s; sign 8 C77) 


or, dividing the right and left sides of eq.(7.7) by H: 





d+e,z=eyr,signi+e,5csigna, | (7.8) 
8 + ¢,8 mm — Oty sign @ -+ £595; sign 8. { 


where 


(7.9) 
(7.10) 
(7.11) 
(7.12) 


To elucidate the physical meaning of the quantities €, and €5, let us substi- 









tute in eq.(7.&): 


Oy = fog oe a) = 6,,=—0, 


a= Bem, 






® In this case we gets 
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oa 
> ez, 


6 — 


— — @y. 


It follows from this that En and é, are the relative rates of precession of the 
outer and inner frames respectively, i.e., the rates of precession that these frames 
will have when they deflect from the assigned position by an angle equal to one 
radian, on to the conditions that hysteresis of the characteristic and friction in 
the suspension shall be absent, and the corresponding position of the sensor of the 
correction system shall be undisturbed. 

The actual values of the correcting rates of precession will be considerably 
less than their relative values, since the actual range of deflections of the gyro 
from its assigned position will be considerably less than an angle of one radian. 
The value of the relative rate of precession will therefore be of interest to us 


mainly as a characteristic of the efficiency of precession. 


To elucidate the physical meaning of the quantity Po» put Cay = Ono = O and 


substitute, in the first of eq.(7.8) 
a==0. 
In this case we get 
a= ps sign 8. (7.13) 
It follows that Po indicates the deflection of the outer frame in its steady 
state (¢ = 0), due, according to eq.(7.12), to friction in the axis of the inner 
frame. The magnitude of Po is determined by the moment of friction in the inner 
frame and by the slope of the shapacrer sae of correction of the inner frame. 
By analogy, on substituting P = 0, in the second of eqs.(7.8), we get 
g==p, Sign a, (7.14) 
from which it follows that P, indicates the deviation of the inner frame in its 
steady state ( B= 0) due to friction in the axis of the inner frame. The magnitude 
p, is determined by the moment of friction of the inner frame and by the slope of 


the characteristic of correction of the inner frame. Thus p, and p, are of the 
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nature of angles of rest, but with certain peculiarities. 


‘le shall elucidate the essential nature of these peculiarities below. 


Geometrical Construction of the Build-Up Paths 
In addition to the analytic method of determining the build-up paths of the 





gyroscope, which consists in the interration of the equations of motion, these paths 












may also be determined by graphical constructions. 


Let us represent the components of the vector of the moment of correction and 





the vector of the moment of friction on the above mentioned a, f coordinate plane. 


By virtue of the smallness of the ansles, the components of these vectors are prac- 













tically equal to the vectors themselves. It follows from the theorem on the velo- 
city of the end of the vector of kinetic moment that the vertex of the gyroscope 
will move in the direction of the resultant of the component vectors of moments. 
For a prorortional hysteresis—free characteristic of correction of the same 


efficiency: 





Laka, 
Lyay=h 3. 


‘ 


The vector of the correction moment is therefore directed toward the origin of 


coordinates, and in the absence of friction in the bearing, the vertex of the gyro 












will move toward the point O along a straight line passing through the point O 


Wp LE SE wcER RS RIB Renee? Sao 
. 


(Fic.7.2). The magnitude of the correction moment, however, is proportional to the 


distance of the gyroscope vertex from the origin of coordinates. 
For a proportional correction of unequal efficiency: 
| La=k;a, 
| " Lyy=h, 9; Ri xh, 


ee 


SN TY Er SRA SET TE Ss’ apt 2 Bans Soest OSG SR lO RE 


The vector of the correction moment is not directed toward the origin of co- 


ordinates (for all points except the points of the coordinate axes), and forms with 


ty & ray vassing throush the point O, an angle that is equal for any point of that ray, 
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Ly e ® 
: : moment——“* is defined 
e tangent of the angle of inclination of the vector of En 


since th 


) py the tangent of the angle of inclination of the ray » 


% according to the rela- 


=~ . 2 
© tions: ‘ _ ‘ 
| Lat Rk; 





Fig.7e3 - Paths of the Vertex of the 











Fig.7.2 - Path of Vertex of Gyroscope 





tional 
with Proportional Hysteresis-Free Gyroscope with Propor 


e e is- 
Characteristics of Correction of equal Hysteresis—Free Correction Characteri 
ar 


tics of Unequal Efficiencies.’ Friction 


Efficiencies. The Friction in the 


] i } + Taken Into 
Gimbals is not Taken Into Account in the Gimbals 1s no 


Account. 


the tangents to which form equal angles with a ray drawn from 









The family of curves, 


the origin of coordinates, is shown in Fige7e3-6 


he Absence of Friction in the Gimbals, 


Build—Up Characteristics in t 
without Allowing for Hysteresis 


Putting 9; = Pp = A = Ono 


| adopted, we rewrite them in the following form: 


= 0, in eq.(7.8), in accordance with the conditions 
a 3 e e 
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Or, dividing the right side by the left, we get 


BP sy (7.16) 
$e 
where 
1, &; (7.17) 
Mires at ‘ : | 


; i + ‘na the variables, we set 
Equation (7.16) is easily interrated. Separating , 


da 


—_—_ = vy ie 
a 


whence we have 


eke 
ina=yv, In 3+Ine, (7.18) 





where c = constant of interration. 
e = Q ‘ 
Let, for t = G0; 4 = 4%; (B= 3, 


‘Thence we get 
Ince=:In ae- v4 IN Be. 


0 netituting in eq.(7.1e) the value for the interration constant so found, 
n sun wet aee ® e 


we vet the following equation of path: 


in ‘eine (7.19) 
So 
| rea kk, =k uently, y. = 1, as is 
Let ‘1s take the special case where Ky = Kos and, conseg Yo vy > 


i in the follow- 
most freqiently the case. For this case, eq.(7-19) may be rewritten in the 


in; form: 


(7.20) 
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| 
The equation of paths there obtained is the equation of the straight lines 
passing through the point with the initial coordinates Ce 6) and the origin of 


coordinates (Fig.7.2). In other words, in this special case, the vertex of the gyro 





runs from the point of the initial disturbance to the origin of coordinates, that 
is, to the assigned position, in the direction of the shortest path. The fact that 
the vertex of the gyroscope follows the path found precisely toward the origin of 
coordinates, but not in the reverse sense, results from eq.(7.15), according to 
which 
| ata > 0,d< O and atp > Of < O 
The numerical value of the velocity of the vertex on the path, u, is determined 


from the expression 


we } a? t B%. 


(7.21) 


On substituting the values of a and 8 by eq.(7.15) in this expression, and 


bearing in mind that we are considering the case when 





¢,;—8,- 6, 
we get 


(7.22) 


u==ef, 
where r = V a2 + B° is the length of the radius—-vector of the vertex. 

But the direction of the path in this case is opposite to the direction of the 
radius-vector r. It follows from this that the. velocity u will at the same time be: 
equal. to the derivative of the radius vector — with reversed sign. Equation (7.22) 
may therefore be rewritten in the following forms: 


r; er=0. (7.23) 





The integral of eq.(7.23) will be the function 
r=Re™, (7.24) 
a where Ris a constant of integration that is easy to determine. 


Th follows from _eq.(7.24) that, in time, the setting state of the gyro in the 
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* 


ith the time 
considering will proceed according to an exponential law wi 


tT the practical duration of the se 
y 


case we are 


tting state, may 


l 
=— . Consequently, 
constant 1 : 


be determined from the expression 


| e (7.25) 
| T, = (3--4)- > 


) may be rewritten sn the following form: 


s-tT. 


i ae with different efficiencies 0 


In the general case, eq. (7.19 


f the correction in the two 


< 
which, at Vy > 1, tha : | 
ths (cf.Fige7-3)- 
| will already denote the corresponding curvature of the pa 
~ may also be obtained directly 


)=0. 


tures of the paths so found 


‘Ie note that the pic 
£ the tangents to the paths F(a, B 


(7.16), if we use it as the equation o 


wy CO e 
points which these tangents have 


Let us find the locus of 


he same angular co- 


efficient, i.e, the locus of points where eae 
| ds yp = const. ° 
df 


F 





© Such loci of points are called isoclinic. a 


Zz = = “4 
1 


coefficient of the tangents. 


: eular 
f — from the anguia | 
of correction on both frames, 


Vy 
Forvy4 


the 
= 1, that is, at the same efficiency 


cient than that of the inner frame. 


& In this case 
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1 <p, 
Ww 





: pees 
that is the angular coefficient of the tangent at each given point will be greate 





than the angular coefficient of the isocline, which is determined, according to 


(7.27), by joining a given point to the origin of coordinates. Thus the direction 
° ’ 


of the tangent at each point is easily determined. But, by constructing the field 


of tangents, it is easy to determine the approximate form of the paths (cf Fige7-3)- 


{ 
i 
\ 
t 


It will be clear that in this case they will have a curvature toward the axis Uf. 


_ 


Physically, this curvature is a consequence of the higher efficiency of the correc- 
3 
tion of the outer frame. 


] j j the inner frame is 
For v4 = 1, that is, in the case where the correction of 


j the angular 
more efficient, the position will be the opposite, that 1s, 1n this case gul 


coefficient of the tangent at each given point will be Less than the angular coeffi- 


cient of the isocline. Accordingly, the paths will now be curved toward the axis 





Oa, 





As for the duration of the build-up state, forv, $ 1, it may be determined by 


«ne same formula (7.25), by substituting e, in it ife, < €5, OF a, ife,<€4- 


This follows directly from the exponential law of build-up, under which the duration 


of the build-up does not depend on the initial disturbance, but depends only on the 


time constant of the process. Since the build-up may be considered completed only 


after it has taken place with respect to both frames, it is natural to take as the 


total duration the duration of the build-up of the frame with the greater time con- 
stant, that is, witha smaller relative rate of correction. 
This method will be unsuitable only jin the special case when there is a devia- 


tion only,of the frame whose build-up process is connected with the smaller time 






constant. 


In this case, this small time constant must now be substituted in eq.(7.25). 





Loi 











{ 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 






















Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 


ee yer rye en ee ee A et FE, Ore et as wes mies on 
a. SE a ee ee iS END AA arm te, AP 


nth ie ee hme 


\ 


. Effect of Friction in the Gimbals on the Build-up State with 


Free Characteristi.cs of Correction 


Tyrsteresis— 


Let us rewrite eq. (7-8) in the following fozm: 


f2 << 
= — (a on 518M B), (7.28) 


df = —t, (3 + Oy sign a). 
dt 






6 aw 


« 
cg ane let 
att Sa 
as 


et 
wie Oh he 


we now introduce the notation 


7.29) 
GQ; 9:7 -P: SIKN %, ( 


—=3 + fy sign a. (7.30) 


pan arene 







e 
71 2 


orrespond to the values 















wnere the first subscripts c 


sign a=sign a= 






and the second subscripts to the values 


sign a=sign 2=—l. 


~ 
a 
af 


‘ 
its ’ = 
= sien Bieta eee ee er ve Ne 


i I i nd 
ae On excluding from the o erations the instants of time when ay 2 a By, 2 


i i ‘ 1B, we 
- in continuity in connected with the change of signs of @ ana fi, 


Fed Set rae py 
> mM BO Ser 
° 


underfo a breal 


cet | 
d2, 9 = da, 


dB;,.== dB. 


aoe er arate goa eee ere 


emer Mar 


On this basis, eq.(7.2@)' may now oe rewritten in the following form 
2 D9 5 ° 






d3, 9 


- t= me a Oy, 2, 

. (7.31) 
Bia am — ¢,B;, 2. 

dt 





And, accordinrly, we set for the paths 






dt, 2 a2 
avec Vi 632 
di. | Ba (7.32) 
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Thus the operation reduces down to the replacement of the system of coordinates 
! 


i i tem by the 
Owg by the system of coordinates Oa, 2?) 2? connected with the former sys y 


corresponding displacement of the origin of coordinates. 

‘Let us take the former system of coordinates Oa8. Draw in it the straight 
Lines on which % and 8 can change their signs, and, accordingly, the transition 
from By to Bo and from @, to 45, or the reverse transitions, can occur. 

The equations of these straight lines will be 

2=- t fy 
Bae + Py. 

These straight lines divide the coordinate plane into nine regions. In four of 
them, denoted by oman numerals, the angles a and # are greater in modulus than Po 
and P,° In the four following cases, denoted by Arabic numerals, one of the angles, 
either a or 3, is less in modulus than Po OF Py respectively. And in the last, cen- 
tral region, C, both the angles, a and 8, are less in modulus than Po and Py» Te- 
snectively. 

It follows from eq.(7.28) that in region I the conditions a < 0; 3 < O are 
satisfied. In rection 1, we know that the condition 3 < O is satisfied, and accord- 
ingly also sign Q = -~1, but in that case, for region I as well, @ < O. In region 
Il, B < 0; d > O. In region 2 we know that @ > O and, accordingly, sign @ = 1, but 
then B < O. In region III, a@ > 0; 3 > O. In region 3 we know that 2 ~ O, and 
accordingly sign R = 1, bit then a > O. In region IV, @ < 0; Q > QO. In region 4 we 
know that @ < O, and accordingly sign a =-l, but then 3 > 0. 

Thus the regions of the same number in Roman and Arabic numerals are combined. 
In this case, in the region I, (1) the conditions of motion are such that the corre- 
sponding paths are defined by the equations 


Flas. 32)= 0. 


we tte Ft ee oe wey 


which means the transfer of the origin of coordinates to the point 0, (Fig.7.4). In 





tin macian TI (2\ the paths are defined for the equation . 
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F (a9, 4,)=0, 


which means the transfer of the origin of coordinates to the point O5; in the region 
III, (3) by the equation F(a,» Ry) = Q, which means the transfer of the origin of 
coordinates to the point 03; in the rerion IV, (4) by the equation F(a), Bo) = 0; 
which means the transfer of the origin of coordinates to the point O° 

These transfers of the origin of coordinates will be the only changes in the 
procedure of determining the paths, when the friction in the gimbals is taken into 
account, by comparison with the determination of these paths without taking this 
friction into account. 

The equations of the paths, however, remain completely unchanged, as follows 
from a comparison of eq.(7.32) and eq. (7.16). 

This, for the special casev, = 1, the spectrum of the paths is represented by 
Fic.7.4, while for the case v, > 0, by Fir .75- 

These paths do not enter the central region, since the correction system is 
unable to assure motion in this refion. Indeed, let us assume the contrary case, 
that such motion is possible. Let us take any combination of ancular velocities of 
this motion, and let us assume @ > 0, A <0; which will mean that 

signa=I; sign s=—l. 
will hold. 
But, by eqe (7.28), only @ < O; B <0 can hold in this case, which contradicts our 
* 3 e @ 
hypothesis. If we take the latter combination, they by eq.(7.28) we get, for this 
case, a <0, R >0O. This combination in turn leads to the combination &@ >0; B >O; 
3 

etc. In other words, any assumption that motion is possible in the central region 
leads to a contradiction, from which it follows that such an assumption is untrue. 


Thus, the central region is a region of renose, and, to the stable state of equili- 


brium of the syroscope vertex, there corresvond four points on the boundary of this 


rection, the vertices of the angles formed by the boundary lines. 





oi from the 
the departure of the boundary of the region of repose ae 
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which characterizes the repose of the 


inner frame, depends on the moment of friction about the axis of the outer frame, 


while the displacement of the boundary of th 


~. t 
LA 
Or 


; 
a ro. 
; 


J 


\ 


Rca 
r 
fy 
{ 8 
Fig.7.4 - Paths of Vertex of Gyroscope 
with Proportional Hysteresis—Free 
Characteristics of Correction of Equal 


fficiency, Allowing for the Friction 


in the Gimbals 


e region of repose along the axis Oa, 


Fig.7.5 - Influence of Hysteresis in 
Proportional Characteristics of 
Correction of Equal Efficiency for 
Both Frames. The Friction in the 


Gimbals is not Taken into Account 


characterizing the stagnation of the outer frame, depends on the friction about the 


axis of the inner frame. Physically, this circumstance is a consequence of the 


diagonal position of the positional moments, 


or in other words, is a consequence of 


the fact that to obtain the precession, let us say, of the inner frame, a moment 


must be applied to the axis of the outer frame, with a magnitude which in any case 


exceeds the moment of friction about this axis, and conversely. 


To maintain the structural form of the equations of motions means to maintain 


the time-laws of build-up of the gyroscope motion as well. In other words, this 


law remains exponential as before, with the previous value of the time constant 
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or in other words, during the setting seriod, the friction in the fimbals has no 


emer 
ae 


—eo- em 
SET ane ltinge ee 


effect in the case nere under consideration. 


In Fig.7.4 we show a reometrical method of constructing the paths coinciding 


eg re af oY 
= 


oa 


with the vector of the resultant moment ¢, acting on the gyrosccpe. The vector of 
the resultant moment equais the sun cf the vector of the correction moment L,, and 
the vector of the total moment of friction L,. The magnitude of L,. is proportional 
to the modulus of the radius-vector of the vertex of the gyroscope (cf. Section 7.3, 
Parasraph (b)) with the same efficiency for the correction of both turns. 

The marnitude of L, is proportional to the modulus to the radius vector of the 
vertex of the qiadransle of repose, since the magnitude of the angle of repose is 
detemnined uy the moment of friction. The vector Lp 4s directed toward the origin 
of coordinates, tne vector Lp toward one of the vertices of the quadrangle of 
repose, Gepend*nr on tne direction of motion of the gyroscope vertex. The total 

| 


vector Ly in this case is directed toward the same vertex of the quadranrle of 


Ye nOSCe 


Effect of Ifysteresis on the Quild-up State 
Je shall not at first consider tne influence of friction in the gimbals. 
i 
Accordingly, vutting in eq. (7.&)3 
p i p,=0, 


wre rewrite them in the following form: 


a= —e,(a— 9 Sign ee 
Bae —e, (9 — 6a sign B). 


Je now introduce the notation: 


a, 7 12— 4s; sign 4, 


= (7.34) 
91.2 == B — 942 sign 8, 





STAT 
142 














Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 















Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 





bean? FESS er de nn reer — ae 
ices acai sat eee Serum eS , 
wore Wi owe ae ap ee ren ee te hy 
were 


‘where, as in the preceding case, the first subscripts correspond to the case when 


a >O, B > QO; the second subscripts to the case when a < 0; B < O. 


| On excluding from the operations, the instants of time at which @ and $B change 





i i Y 5 } in continuity, we get 
their signs, i.e., when sign @ and sign 8 undergo a break Vy 


| da, = dz, 


. (7.35) 
dB, 2=adB. 


As a result, we get, from the equations of motion, eqs. (7.33), the following 


equations for determining the paths of the vertex of the gyroscope(for the case 


Ee = ED): 


dons St (7.36) 
Hy 4 Bi 2 





Hence it follows that the paths of the vertex of the gyroscope will be straight 
lines, connecting the point of the initial vosition with the origin of the coordi- 


| nate system 0; % 2 Ba 2? whose displacement from the origin of the coordinate 
3 





system Oa8 may be determined by eq. (7.34). 














Let us now take the system of coordinates oa8, on which we shall plot the 
locus of points at which @ and f can change signs. These loci will be, on the basis 


of eq.(7.33), the following straight lines respectively: 


ae (7.37) 
Bae + 64,. | 


These straight lines divide the coordinate plane into nine regions, for which we 
shall retain the same numbering as in the preceding case. 

The intersection of these straight lines will give the point of the possible 
displacements of the origin of coordinates 05%) oF i; 2 with respect to the origin 
of coordinates Oaft. The choice of one or another of these origins will be deter- 


mined by the signs of q and @. In the regions I, II, III, and IV (Fir.7.6), these 





signs are completely determined. In the repions 1, 2, 3, and 4, only the signs of 
STAT 
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any one angular velocity will be determined (in 1 and 3, the sign off, in 2 and 4, 
the sign of «), while in the region C, the signs of both angular velocities will be 


indeterminate, 





@ Let the initial point lie in region I. According to the above, the vertex of 
the gyroscope will follow the straight 
line connecting the initial point with 
the point ("Ao 995) marked by the 
letter 0) « In this case, the vertex 
of the ryroscope will move toward the 
boundary between regions I and (1), 


Since it has a nerative angular velo- 


city @ < 0. Consequently, on the boun- 





dary, according to the first of &. 
Fir.7.6 - Influence of Hysteresis with 

(7.33), @ < O will also hold. On the 
Froportional Characteristic of Correc-— 
same basis, and at the points of region 
tion, Allowins for Friction 





(1) adjacent to the boundary, d < O 





a - Zone of hysteresis smaller than will hold, and likewise at the succeed- 
zone of repose; b - Zone of hysteresis ing points, until the point 0, is 
larzer than zone of repose reached, for which the equation a = 0 


| be valid. Analorously, the indeter- 
minacy of the sisn of 3 in the region C is found for the given path, like the inde- 
terminacy in the region of C when the paths pass through region (2). In other 


words, the paths in the regions with indeterminate signs are a continuation of the 


| 
| 


paths in regicns whose signs are completely determined. 
As a result, we zet the spectirm of paths according to Fig.7.6. ‘Ie note the 
peculiarity of this spectrum that in the rerions with indeterminate signs these 


paths intersect, which means that motion is possible from the paths of this region 


t 





ae ee ee ee 


not to only one position of repose, put to two (for points in the regioris. with’... 4 
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Arabic numbering) or even to four such positions, depending on what the preceding 
motion was. 

In the peometrical construction of paths to obtain the resultant vector of the 
moment acting on the gyroscope, the vector of the moment of hysteresis Lis equal to 
the radius vector of the vertices of the quadrangle of hysteresis, must be added to 

7 i 
the vector of the correction moment Lee : 

Let us now estimate the influence of friction in the gimbals. Rewrite the 
equation of motion eq.(7.8) in the following form: 


a == — fy (2—p, sign 8 — a2 sign a), | (7.38) 
B= —s, (3+, signa —%, sign B). , 


Let us introduce the notations: 


7 -2—4y signa — py sign B, | (7.39) 


8, = 3—fs, sign B +p, signa, 


where i=1, 2, 3, 4 the subscript showing which of the four possible combinations 
of signs of a and Bs 
(a>0, 3>0; a<0, 2<0; a<0; 8>0; 4>0, 2-<0) 
holds in the given case. 
Excluding from the operations, as before, the instants of time of change of 


‘sign of & and B we have, for E, = 5% 


or 
da == 2, 
: (7.40) 
a3, = dB, | 
and on this basis, eq.(7.3&) may be rewritten in the following forn: 


| 


| 
43, : a 

eS Tekh 

f3, a 

Thus the form of the paths remains unchanged, wnile only the displacement of 





the_omicin_of_eaowlinates YX, , Bs. with respect to the origin of coordinates & oy 
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a) the maximum displacements of the equilibrium positions from the Oripin of 
coordinates O¢p8 is determined by the sum of the angle of repose, due to friction in 
the gimbal p, and the angle of hysteresis of the characteristic On 3 

b) the paths of motion toward the equilibrium positions in certain areas of the 
coordinate plane Oa8 intersect, which indicates the possibility of ee ee 
points in these regions, not in only a single direction, but in several directions, 
and, in particular, indicates the possibility of the gyro moving from one equili- 


brium position to another, which, however, need not necessarily be the case; 


Fig.7.7 - Paths of Vertex of Gyroscope with Proportional Hysteresis-Free 
Characteristics of Different Efficiency, Allowing for Friction in 


the Gimbals 


c) the region of repose, due to the presence of friction in the suspension, 


owing to hysteresis, is now evened out, while if the conditions of eq. (7.44) are 


satisfied, it disappears entirely. In other words, in this case, to which proceeds 


the setting of the ryroscope vertex (within the limits of the region defined by the - 
total value of the corresponding angles, p and 8, ); this vertex may pass through 
any point in the coordinates of the plane Oap, 

It is easy to see that all the circumstances we have mentioned somewhat modify 
the picture of the behavior of the gyroscope close to the equilibrium position, and 


also modify this position itself. Lut the basic picture of the gyroscope motions 
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remains practically the same as when the hysteresis is not taken into account 
Accomingly, the basic propositions with respect to the build-up time are also main- 


tained. 


Section 7.4. Puild-up State for Constant Characteristics of 
Correction Kquations of Motion 


On substituting f(a) and £(3) in eq.(7.6), according to the expression for the 
constant characteristics eq.(6.2), with the same substitution of 0 in it, and with 


the sae use of the subscripts 1, 2 as in the initial case, we get 


Hy - | © stn 3 + Ass stun a for 
| AYSigna . 1, sign 3 for 
Ha | fo signa + As: sign3 for 
1 oA sips signa for 


Oi, dividins the richt and left sides by H, we ret 


' sip 3 - % siv I 
we Stn | }- w, - Sigh a for 


“a a 
| -- wy. SigNa-wssivnB for 


(7.45) 


: 4 : . 
i i | - sign a +, sign 3 


ad 
* 


he 
where 019 = i rate of correction about axis of outer frame of Syro; 
Oh] lng rate of correction about axis of inner frame; 
Woq =—=- rate of precession about axis of outer frame due to friction 
avoit axis of inner frame; 
rate of precession about axis inner frame, due to friction 


about axis of outer frame, 


~ A — e 
and Wo = rates of precession atout the axes of the inner and outer frames 





the zone of hysteresis of the characteristics » and are STAT 
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| 
numerically equal, where such a zone exists, to “? Wen? while, in the absence of a 
} s 

| 

zone of hysteresis, they are equal to zero. 


. The physical meaning of all these quantities is obvious from their definition. 


a 
Build-up State in the Case of Hysteresis-Free Characteristics 


Mw 
without Allowinr for Fricti.on in the Gimbals 
Putting in eq.(7.45) 


i 

wy = u. sw) wl = 1, 

we sets: 
hi i | 0 for 2 Ny0, 

| tt wssigna for 2 ts. | (7.46) 
ad | O for # fy, | 
dt | oy, stn 3 for 8 fy 


Let us produce in the coordinate plane 0 a8, the straight lines 


a= + Gy., 


% 
é 
° 


= + fhy,, 


These straight lines will divide the coordinate plane into regions A, B and C 


(Fig.7.&), of which, in the regions of A, the lower expressions of the right sides 


ee ee 


of eq.(7.46) will be real, in the upper, in the region C, the upper, in the region 
B, in one equation the lower, and in the other the upper (in the regions Bj and Ba 


in the first equation, the upper in the second, the lower; in the regions B, and By 


conversely). 


Bearing this in mind, and dividing one of eqs.(7.46) by the other, we get the 


following equation for determining the path in this case 


sivn 3 
, oe 
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if the characteristics of the 
correction of Loth frames have a zero 
zone of insens*.tivity, then the rersion 
GC contracts to the noint O, and the 
recions P are narrowed to the corre- 
soondin’; coordinate axes. 


For simplicity, let us intesrate 


ca. (7.87), at first with respect to the 


conditions of the first quadrant, for 
which 


sigma 1 
sign 4 


and consequently, 


[+28 + D,- — region A. 
| Dy— reqion B,. 
3:- 1), reqion &,, 


D., and D, are constants of intecrat.on. 
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region 2, , 


ae Ly 


region B L? 
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Thus all the paths will be straight lines: in the region A); they will be in- 


clined to the axis Oa, in the regions By and B, > they will be respectively parallel 


to the axes Oa and Of. 


The motion along these vaths is directed in the sense of reducing the current 
values of a and8, i.e., toward the boundaries of region C, as results directly from 
eq.(7.46). In this case it may terminate, depending on the initial conditions, at 
any point on these boundaries. 

It is easy to see that for the third quadrant, the equations of the paths will 
be completely identical with those for the first quadrant, while for the second and 


fourth quadrants, the sign of Vo is reversed. 


In other words, the first of eq.(7.49) will relate to the region A, with no 
modification whatever, to the regions A, and Ay with a reversed sign before v,; the 


second of eq.(7-49) will also relate to the region B3, the third of eq.(7.49) will 


also relate to the region B,- 


As a result.we get the field of paths shown in Fig.7.8, where a special value 
equal to unity has been taken for Vos 

From a comparison of this field of paths with the field of paths according to 
Fig.7.4, it will be seen that from the point of view of the end result, the zone of 
insensitivity of the correction system with constant characteristics of that system 
without the participation of the friction in the gimbals leads to about the same 


results as the friction in the gimbals with proportional characteristics: namely 


to the formation of a region in a neighborhood of the origin of coordinates to which 


the vertex of the gyroscope does not pass. The difference is only that with con- 





etant characteristics the motion may terminate at any point on the boundaries of 
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this remion, while with proportional characteristics it can terminate only at the 
vertices of the quadrangle of repose. 


Let us now dwell on questions of the determination of the setting time. 





As will be easy to understand, the motion of the vertex of the gyroscope of the 
recions B is the result of the rotation of the gyro about the axis of only one of 
the frames: in the regions By and Ba; about the axis of the inner frame, in the 
regions 8, and Bi about the axis of the outer frame. 

It follows from this that on motion of the gyroscope vertex in these regions, 


the settinr time T is determined by the following expressions 
~ y 





4 
| \ ds ~ on motion in the regions B, and By 
Vag ‘ 
"3 
Tin | 
1 : : 
| \ d% . on motion in the regions BL and =i 
Gato. 
5. 
or 
| 7 "s:  ~ on motion in the regions B, and By 
| (7.50) 
: 2 Ne. 
| ; 2 on motion in the regions By and B. 


‘Ie note further that in each of the quadrants among the paths of the region A, 


erent Otel rape rneeiere an tan? eS warwer g  F k 
s 


one terminates at the corresnonding vertex of the region C. We shall term these 
: patns diagonal. They involve the peculiarity that the motion of the vertex of the 
gyroscope along them from beginning to end is the result of the simultaneous rota-— 
| tion of the gyroscope about the axes of both frames. In other words, oe motion of 
the gyro vertex along these paths, the damping of both frames takes place simul- 
taneously. 


All the remaining paths of the regions A, however, are at first the result of 


~vro about both frames, until the boun- 


toy 


@) the very same simultaneous rotation of the 





ynding region of B is reached; after this has taken place, STAT 
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11 be in accordance with the law for the region B that has been reached. 

In other words, on the motion of the gyroscope vertex along all nondiagonal paths of 
the region A, the damping of both frames is not simultaneous: on motion along paths 
resting on the boundaries of the region B, and By , the inner frame is damped by it; 

on motion along paths resting on the boundaries of the regions By and By» the outer 

frame is damped by it. 

Consequently, on motion of the gyro vertex in regions bounded by diagonal paths 
and adjoining the axis OB, the total setting time is determined by the setting time 
of the inner frame, that is, it is determined according to the lower expression of 
the right side of eq. (7.50); on motion of the gyroscope vertex in the rerions ad- 
joining the axis Oa, the total setting time is deteimined by the setting time of the 
outer frame, i.e., according to the upper expression of the right side of eq. (7.50). 

On the basis of the above, eq.(7.50) may now be rewritten in the following form 
(the subscripts a and B indicate whether the formula relates to a region bounded by 


diagonal paths and the axis OB, or to a region bounded by diagonal paths and the 


axis Oa): 


os (7.51) 


Influence of Friction in the Gimbals on the Setting State 


with Hysteresis—Free Characteristics 


Let us rewrite eq.(7.45) in the following form: 





fz | @., sign ® for @ < 4,.. | 
ff 7 | Wag sign 2+ », sign B for ,2 “t 6;:, 
; a (7.52) 

ff w signa for B+ %a. | | 

1 ff 7 a | sign 5 w, Sign a for p - Gs). 
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Let us retain the former division of the coordinate plane into the regions A, 
GB, andc. It will be clear from eqe (7.52) that in the regions A, the presence of 
friction in the axis of the suspension will increase the rate of motion of the zyro- 
scope vertex toward that coordinate axis which is located to the right of the direc- 
tion of motion of the ryroscope vertex, since the correcting moment responsible for 
this motion is compounced with the noment of friction (Tic.7.9)- The rate of motion 
of the gyroscope vertex toward the coordinate axis located left of the direction of 
motion of the syroscope vertex decreases on account of .friction, since the moment of 
friction is directed opposite to the correcting moment. It follows from this that 
she motion of the gyroscope vertex in the regions A will take place along a straight 
jine inclined to the coordinate axis lying right of the direction of motion of the 


gyroscope axis at the angle » determined by the equation 


ms for the regions A, anday,, 


(7.53) 


for the regions sAgand A, (7.54) 


i a x along the 
In the revions P, and R,, the rete of motion of the gyroscope vertex along 
* > = 3 : 
ict ual tow .. The rate 
axis of 9, which. is dne only to tne moment of friction, 1s eq 92 
; 44. : 
of motion alons the axis 7, which is due to the difference between the moments of 
ict: Ls : difference uu. -wW_,- 
correction and the moment of friction 15 determined by the d: ‘I ol 
pm 
ne axis 3 due to the moment 
In tne versions Bo and 343 the rate of motion alons tne 
s he <- ‘ e 
of friction, equals ” ,, while the notion alongs the axis P 1s on account of the 
a —_ si 3 pl. 
e e se s ion 
difference between the moments cf correction and friction. Accordingly the moti 
i j makin 
of the gyro vertex in the reions of B will take place along a straight line making 
4 t 


the angle with the coordinate axis passing through the center of the region, that 


anzle » ceing determined by the equation 
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(7255) 


' for the regions Bo and By 


The motion of the gyroscope vertex will continue until it reaches the boundary 


of the region C. 


Fir.7.9 -— Paths of Vertex of Gyroscope under Constant Hysteresis—Free 


Characteristics of Correction Allowing for the Friction in the Gimbals 


Dro» Ditp? DrtI» Divp = diagonal paths; Dros Dyro» Prrro> 


D — diagonal paths corresponding to failure to take account of friction 


IVO 


The field of paths according to the equations so obtained will take the foxm 


indicated in Fig.7.9, for the same special case Whey = bo foro 9) = 59 = 0.3, that 


@) is, under the condition that the moments of correction shall be 3.3 times as creat 
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as the corresponding moments of friction in the gimbals. 

Thus the role of friction in the suspension is manifested in the variation of 
the inclination of the paths. The zone of repose of the gyroscope, however, remains 
as before, determined by the zones of insensitivity of the correction signal trans— 
mitters. This is natural enough: as soon as the corresponding zone of insensi- 
tivity has been passed, the full moment of correction enters into action at once, 
and this correction in any case exceeds the moment of friction in the suspension and 
is therefore able to affect the motion of the gyroscope, from the very beginning. 
But nevertheless the moment of friction in the gimbals also exerts its influence in 
some cases as a moment of opposite direction to the moments of correction anplied to 
the given frame, and in other cases as a moment coinciding with it in direction, 
thus explaining the different variation of the slope of the paths in different quad- 
rants. 

We shall define the setting time of the vertex of the gyroscope by the setting 


tine of this frame, disturbances of which, if they exceed the zone of insensitivity 


pe a need MEARS Le wm oe Dich 





of the respective corrector signal transmitter, will be liquidated by the corrector. 
To determine the setting time of the gyroscope vertex, let us divide the entire 
aeeatiees plane into the regions © and D,', Dy"; D,tt'; Do" and so on, as indicat- 
ed in Fic.7.10. In the regions D> pt 3? this will eliminate the deviation along 
| the axis a, while the motion along the sepment A,B, takes place during the course of 
the tine 


ay % — %,, 


af, (7.56) 


Py 


since the rate of correction along the axis of Bis, by eq. (7.52), equal to 


(a = Wp) The motion along the segment B,C, requires the time 


at ae (7.57) 


' 
@ ? 
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Fig.7.10 - Division of the Plane Oxf into Regions for Determining 


| the Setting Time of the Gyroscope Vertex 


Th n j of 
The total time of motio of the gyroscope vertex from the point Aa, » B,) 
e i | 


| the region D,' and dD." is determined: 
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| is eliminated ty this. The motion of the gyroscope vertex along the segment EF) 
will require the time 
te 54: , 
Mf = 2 (7. 62) 
Cc “ar ©, 


since the rate of correction along the a axis is equal to (ux + 4) 92) Motion along 


the segment FG, will require the time 


°! (7.63) 


Since in this case, the motion along the a axis takes place only under the action of 


the moment of friction, at velocity pa" 


Motion along the segment G4 Hy takes place only under the action of the correc- 


tion moment ale 


Bearing in mind that 
K,H, = B,—%a1, 


KO, =(#,— =) (af, + Af,'), 
C,H, = KH, — K,G,. 
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we obtain the following expression for the time of motion of the gyroscope along the 


segment GH, : 


Be Mar —(rer ey, Mae + ae) 


at (7.64) 


3 


On the basis of what has been set forth above, we obtain the following expression 


for the setting time of the gyroscope vertex in the regions Dtt't, and Det ts: 


fem Mar | My, 
, b—%, (s1-© — : 
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(7.65) 


The following expression may be obtained, in an analogous way, for the setting 


7 STAT 
(~ time of the gyroscope vertex in the regions Dttt, and Dt't): 
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‘Ie note that the formulas so derived are valid for the initial position of the 
vertex of the cyroscope in the regions of A (Pie.7.9), and that in these formulas 
the absolute values of the initial coordinates of the point Xo» Bo must be taken. 
Yor its initial position in the resions of B, we must use formulas that can be 
derived by an analorfous procedure. 

Let us now compare the setting time of the gyroscope in the presence and ab- 
sence of friction in the axes of the gimbals. In the regions Dts» Dt 5, D*, and DY)» 
the setting time is shorter in the presence of friction than in its absence. This 
is explained by the fact that the motion of one of the frames, determining the set- 
ting time, is accomplished, in the presence of friction, in these regions, on parts 
of the path, under the action of the sum of the moments of correction and friction, 
wile in the absence of friction it is accomplished over the entire path under the 
action of the correction moment alone. 

In the remaining regions, friction increases the setting time, since in the 
presence of friction the motion of the frame that determines the setting time is 
accomplished under the action of the difference between the moment of correction and 
the moment of friction; either on the erie path (for the regions Dtt,, D* t5, Dt 3? 
and Dt, ); or on part of that path (for the regions Dttt,, Dtt'o, Dtt'3 and Dt't, ). 
In the absence of friction, however, this motion is accomplished under the action of 


the moment of correction alone. 


The Role of the Hysteresis of the Correction Characteristics 
It follows from a comparison of eq. (7.45) with eq.(7. 52) that, when we allow 


for hysteresis, the motion of the gyroscope up to the boundaries of the zone oe 
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hysteresis-free characteristic, up to the boundaries of the neutral zone. 

The difference arises only with respect to the motions in the zones of hystere- 
sis, that is, in the neighborhood of the axes Oaand 08,as well as in the neighbor 
hood of the origin of the coordinate system 0. 

In other words, when the former principle of dividing the coordinate plane into 
regions is retained, we find that the hysteresis of a constant correction character- 
istic changes the character of the motions of the gyro vertex only in the regions 
of B and C. 

In the regions of A, the spectrum of the paths will be exactly the same as in 


the regions of the same designation with a hysteresis-free characteristic. 





Fig.7ell - Influence of Hysteresis with Constant Correction 


Characteristics, Allowing for Friction in the Axes of the Gimbals 


Let us assume that as a result of motion along these paths, the gyro vertex has 


reached the boundary between regions A, and B). It had the velocity ¢ <0. Conse— 
quently, according to the first of eq.(7.45), and according to the conditions of 
hysteresis, this velocity is maintained up to the boundary between the region By and 
the region Aj. At this boundary the direction of the correcting moment, as well as 


the magnitude and sign of the velocity ad, all change. 


The change of sign of the velocity ¢ causes, in turn, a change in the sign of 
STAT 


the moment of friction about the @-axis, which leads to a jump—like increase in the 
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velocity B®. Asa result, the angle of the path varies. With a new reading on the 
boundary of the regions, there is a new jumo-like variation in a, etc. Asa result, 
the motion in the region By will be of oscillatory character, during which the gyro 
vertex will approach the boundary of region C. This latter consequence results from 
the fact that 8 maintains its nenaeae sign during the entire course of this pro- 
CESS. 

For the region Bas the reasoning remains the same, but in connection with the 
chance of sign of 8, the angles of the naths vary in such a way that motion will be 
accommlished as before toward the region C. The motion of the gyro vertex in the 
regions By and Bo will be of similar nature. The only difference will be that the 
chanze of sign on the boundaries of these regions will be accomolished with resnvect 


to the anmular velocity 8, while the angular velocity @ will maintain its sign with- 
raul 


out chnanse, varying only its modulus. 


| 
1 
' 
{ 
i 
4 
i 


In the region C, the sisns of both angular velocities will already vary jump- 
wise: the sions of & on those boundaries of this region, that are continuations of 


the boundaries of the region 34 (33), and the signs of B on the boundaries which con- 


| 


stitute a continuation of the boundaries of the region 3,(B,). 

The oscillations will have the form indicated in Fig.7.11. The magnitude of 
the cyroscone velocity will oscillate within the region C. If this region is suffi- 
clently limited, that is, with a sufficient linitation of the zones of hysteresis, 


and at a sufficiently slow rate of correction, their existence may be completely 


disrerarded. 


Section 7.5. The Setting State with Lixed Correction Characteristics 


As remarked in Chapter VI, systems of correction with a characteristic of the 

misced form showm in Fig.6.3 have enjoyed a relatively wide use. The zone propor- 
O 

tionality in them usually does not exceed a quantity of the order of 2-3>. Let us 


denote the boundary of this zone for the outer frame bY Go» and for the inner frame 
STAT 
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by P)« Let us draw, in the plane of coordinates Oa8, the straight lines 


2 =z -+-@,, 
p= -+ ®,. 

These straight lines divide the coordinate plane Oaf into the regions A’, Ep 
and C’ (Fig.7.12). In the regions of A, the law of the constancy of the pepueien 
characteristic will hold, and, conse- 
quently, the spectrum of the paths will 
be analogous here to the spectrum of 
the paths in the regions of A (cf .Fig. 
79). 

tn the regions of C*, the law of 
the proportional characteristic will 
likewise hold for both variables, and, 


consequently, the field of the paths 





% will here be analogous to the field of 

Fig.7.12 — Paths of Gyro Vertex with the paths by Fig.7.4. In the regions 
Mixed Hysteresis-Free Correction of B, for one of the variables, the 
Characteristics, Allowing for Friction law of proportionality will hold, and 


in th Li; 
e Gimbals for the other variable, the law of the 


constant characteristic, 
Let us determine the pvath for this case with respect, let us day, to the condi- 
tions of the region Bs. } 


The equations of motion for this region are written in the following form: 


a t ete, } 


Oy sign a | (7.67) 


rN 


In the right side of the first eq. (7.67), the variablea, =a - Po, Since, by 
3 


“” the second eq. (7.63), the angular velocity ¢ <O for all the region B a 
aes 
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On dividing the right side by the left side, and bearing in mind that 


da,=dz, 


| Hog 
ds wy we Signe 


whence, after integration, we set the following equation of paths: 





Ina,-= ——"* B+ D. (7.68) 


write, sign a 


; As the initial conditions, let us take as usual, for t = 0; “9 = Goo, B = Bo. 

| ve remark that for aj, in this case, the following restriction will exist: | 

! Ise Dy -- ng. 
Usine the initial conditions taken, we set the result, after determining the 


intesration constant Ds 


210-3) (7.69) 


«ss © ate, eigts a 
a} “3 
3 @3€ 


It follows from this solution so obtained that %, does not change its sign. Conse- 
quently, on the basis of the first equation of eq.(7.67), g also does not chanre its 
sien, and therefore, sisn ad in eq.(7.69) will have a completely determinate value. | 
| hus the paths sought will be curves of exvonential form. The paths are deter- 


mined by an analorous procedure for the other regions of B* as well. As a result we 


Pa -- 
at dae ce 


get a field of paths in these regions according to Fis.7.1l. 
The setting time is determined in this case as the sum of the time of motion 


to the boundary of the C“ region and the tine of motion in the C” region. 


« 
Satan we ee tS Kel gee Oe wt athe beeke be 


The first of tnese times is determined according to the rules set up for deter- 
minins the setting time with a constant correction characteristic, while the second 
of these.times will be equal to three or four times the value of ! or 1 » accord- 
° . ey E95 

(Mine to which of the eonditions, is satisfied, resnectively: E] < €59 Ue, > E2°*OTAT 
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CHAPTER VIII 


INFLUENCE OF PERIODIC DISTURBANCES OF THE CORRECTION SYSTEM ON THE 


SETTING OF THE GYROSCOPE 


Section 8.1. General Remarks 

As already mentioned, the basic idea of gyroscope correction is to utilize the 
selectivity of low-inertia correcting members (such as a pendulum or magnetic 
needle) to impart this selectivity to a gyro, and to utilize the gyroscopic rigidity 
to minimize the disturbances of the gyroscope connected with possible disturbances 


of the correcting members, this latter circumstance, the degree of pliability of the 


gyroscope, as BeV.Bulgakov expressed it, to the disturbances of the correcting 


members, being of decisive significance, since such disturbances always take place 
in aircraft flight. 

We shall assume a sinusoidal law for these disturbances, as has been done, in 
particular, by Ye.B.Leventalt (Bibl.10). The following arguments may be adduced in - 
favor of this hypothesis. 

On studying the motion of the gyroscope under sinusoidal disturbances, we de- 
termine the motion due to one of the components of the real disturbing forces. For 
linear systems, such as the gyroscope with proportional corrector, the principle of 
superposition holds. A consideration of the action of the sinusoidal forces will 


therefore allow us to obtain fairly general results. 


It must be said that the frequency spectrum of aircraft acceleration that. rapt 


interest to us lies mainly in the frequency range between 0.02 and 3 cps, the slow 
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oscillations having the smaller amplitude. As for the frequency of the natural os- 


cillations of the sensitive members of the correction system, it amounts to 1-2 cps 
for the pendulum usually employed, and to 0.1 - 0.5 cps for liquid magnetic 
compasses. 

Tt follows from the above that the possible periods of the oscillations of the 
eee members must be considered to lie in the range of 0.3 to 50 sec. 

Mathematically, the disturbances of the correcting members mean the correspond- 
ing disturbances in the equilibrium position of the system, that is, the correspond-— 
ing displacements of the origin of the Ov8 coordinates. 

These displacements will also mean the corresponding modification in the direc- 
tions of the path of the gyro vertex, and as a result these paths are subjected to 
certain deformations. The exact elucidation of these deformations is difficult, but 
it is also not of any substantial snterest to us. It is more important, in the 
first place, to find what the steady oscillations of the gyroscope will be under the 
influence of the oscillations of the correcting members, and, in the second place, 
to elucidate how the oscillations of the correcting members will affect the build-up 


time of these oscillations of the gyro. But for this purpose it will be sufficient 


‘the motions about the axis of the outer frame. 


to investigate the motions about the axis of only one of the frames. Let us take | 


On substituting, in the first of eqs.(7.2), I, by eq.(7.4), and replacing 9, 


by eq. (6.8) and q oy eq. (7-3), we get the equation of these motions in the following 


forms | 
Hla f(a 2) Loasign: 


or, expressing y according to the condition 


{ats (re SIN wal 


and omitting, in what follows, the numerical subscripts of Yos we get 


Ha-- f(. ‘vm sin coli L,.sign * (8.1) 








STAT 
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Section 8.2. Influence of Disturbances of a Correction System with Proportional 
Characteristic on the Setting of the Gyroscope ; 


- Let us confine ourselves to the hysteresis-free form of the proportional 
characteristic. The equation of motion eq.(8.1) then takes the forms 
a-2a evosin oP toe sign + (8.2) 
We shall not at first take into consideration the friction in the gimbals, i.e. 
we shall put Py = O. 
Then the integral of eq.(8.2) will be written in the following form 
ae: Ae “tal sinter -4), (8.3) 


where A = an arbitrary constant, 


~ TN / 2 (8.4) 


4~: are tg : (8.5) 





Let, fort =0, @=a Under these initial conditions, the arbitrary con- 


0° 
stant A is defined by the expression: 
Vas 2.5in8 


Or, bearing in mind eq.(8.4) and eq.(8.5): 


t 1 


Amant Yay s ae | 
1. (8.6) 


~! 
Making use of eq.(8.6), let us rewrite eq.(S.3) in the following form 


: I § ] (8.7) 


s—ef ~~ - * 
ae ae"! + we SCT ery . sin (ef — 4). 
8 


The first term in the expression so obtained represents the law of setting in 


the absence of disturbances of the sensitive member of the corrector (for the case 





when friction in the gimbals is not taken into account). The second and thirdSTAT 
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terms characterize the influence of these disturbances, They reduce, as is clear, : 
to the superposition, on the exponent which we shall call the principal exponent, 

& expressing the law of setting in the absence of disturbances, of an additional expo- 
nent with the same time constant as the principal one, and, in the second place, 
that the curve of periodic oscillations shall have the period of oscillation of the 
sensitive member of the corrector, and an amplitude depending on the amplitude of 
the oscillations of the sensitive organ of the corrector, and on the ratio between 
E and , 

The time after which both these exponents (the principal and the additional 
practically disappear, will be in this case the setting time. It will be exactly | 
the same as the setting time in the absence of oscillations of the correcting mem 
bers. } 

Thus the principal result of the oscillations of the correcting member with a 
proportional characteristic consists in the excitation of undamped oscillations. It 


follows from eq.(8.4) that if the value of the « is sufficiently small by comparison 





with w, then the amplitude of these oscillations may be likewise made rather small. 
In other words, the smaller the efficiency of the action of the corrector is taken, 
the less will be the influence of the disturbances of the sensor of the corrector. 

Physically this result is entirely natural: the value of & mi for a given value 


f] 
of k, which may be selected even from the consideration of reducing the angle of re- 


d 


pose, will according to eq.(7.11) be the smaller, the greater the value of the kine- 
tic moment characterizing the gyroscopic rigidity. In other words, a low value 

of € for a given value of k signifies a high degree of gyroscopic rigidity, which is 
explained by the small influence, in this case, of the disturbances acting on the 
Eyroscope, in connection with the disturbances of the sensor of the corrector. The 
possibilities of reducing «, however, are limited by the requirement that the system 


of correction shall assure the setting of the gyroscope in the assigned direction 





under the action of the moments of friction and the imbalance, and also under tS TAT 
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displacement of the assigned position (for example, due to the earth rotation, to 


ee ee ee ee ee me 


the displacement of the gyroscope base, etc.). 


As an illustration, we shall give an example of the calculation of the selec- 


6} 
” 





tion of the value of «,. 


om ney ea 


Let us assign the value of the recovery time Ty of the order of 100 sec, which 
is rather acceptable from the technical point of view. Putting Ty = an we get, 
E 


starting out from this assignment, 


2004 -!. 


S5@Cc. " 


Assume that the period of oscillation of the sensitive member of the corrector 
equals 1 sec. 
For these data 
* aw 0,64-10-? 


and, consequently, on the basis of eq.(8.4), the amplitude of the undamped oscilla- 





tions of the gyroscope a, will amount to less than 1% of the amplitude of the ampli- 
tude of the oscillation of the correcting member. 

Higher values for the periods of oscillations of the sensing element of the 
corrector are, generally speaking, more dangerous. Thus, if this period is taken as 
30 sec, which corresponds to the order of the periods of the slow vibrations in the 


longitudinal position of: an aircraft, then, with the same values of ¢ we get 
i ~ =0,19 


and in this case a, will already be a quantity amounting to 19% of Ym° ! 
ene the slow oscillations of an aircraft also mean correspondingly smaller | 

values for the accelerations, and consequently also correspondingly smaller values 

of the amplitudes of oscillations of the sensitive member of the corrector. It may 

therefore be expected that the amplitude of the oscillations of the gyro will ulti. 


| @ STAT 


mately remain, even in this case, within acceptable limits. : 
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In estimating the friction in the gimbals, the integral of eq.(8.2) takes the 
os form 
a=m Ae~ +2,, Sin (ef --%) + pg SHEN 3B, (8.8) 
where A -— arbitrary constant; | 
Qn and 5 are quantities to be determined, as when friction in the gimbals is | 
neglected, according to eq. (8.4) and eq.(8.5)- | 
4 
Determinine the arbitrary constant from the initial conditions for t = 0; 7 
i 
a = do, and substituting it in eq.(8.&), we get : 
as: (2,— py sign B)e-" + ps sige p + 
@ 1 ayes £ | wt “i ay (8.9) ‘ 
+ Tm id ey 4 Sin (wf ). 
1+ 1+ 
wo? «ot | 
i 
j 


The influence of the disturbances of the correcting member is represented by 


the last two terms, which is of form sdentical with the terms representing the in- 





fluence of the disturbances of the cor- 
recting member when friction is neglec- 
ted. In other words, here the only 

thing that varies is the principal ex- 


ponent expressing the law of variation 





peop ob tr Pee of gq in the undisturbed state of the 
<o\ pro! <0! fro AsO! £0: 
i correcting members « 


Fir.é.1 - Effect of Friction in Gimbals The change consists in the varia- 
on the Setting State with Proportional tion, under the influence of the fric- 
Characteristic of Correction in the Case tion in the gimbals, of the limit to 

of Periodic Disturbances in the Correc- which the principal exponent approach- 
tion System es; while this limit was formerly the 


zgero-th value of a, it will now 





STAT 
be “= 4 Pos while the sign of pj, upper or lower, will depend on the sign of the 
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velocity of motion of the gyroscope about the axis of the other frame. That is, 
this means that if, in particular, this velocity changes its sign during the varia- 
tion of a, then this limit for the principal exponent of eq.(&.9) will vary accord- 
ingly. As a result, the picture of variations of this exponent will take the form 
indicated in Fig.&.l. It follows from this picture that in the presence of oscilla- 
tions of the gyro about the axis of the first (inner) frame, the motions of the 
gyroscope about the axis of the second (outer) frame which are characterized by the 
principal exponent, will not be damped during the lapse of the setting time, but 
will take the form of sawtooth oscillations in the limitd¢ of the zone of repose. 

On these oscillations are also imposed the periodic aeetation characterized 
by the last term of eq.(8.9). Thus the boundaries of the limiting deviations in the 
process of total oscillations are determined by the sum of the angles of repose Po 
and the amplitude ane 

All that has been said applies equally to the first (inner) frame, that is, 
also where in the case of the oscillations of the correcting member, on one hand, 
and of the oscillations of the gyroscope about the axis of the second frame, on the 
other, oscillations will occur arising as a result of the imposition of periodic 
oscillations on the sawtooth oscillations with the extreme deviations limited to the 
sum of the angle of repose P with the amplitude of the periodic oscillations. 

But this means that, if the correcting members for both frames oscillate, then 
these sawtooth oscillations will also occur with respect to the axes of both frames. 
Consequently, these total oscillations will also occur, in this case, with respect 
to both axes. 

As for the build-up time, i.e., the time after which these oscillations will be 
established, it will practically not vary by comparison with the build-up time for 
the undisturbed state of the correction system, that is, with the period of time in 
which, in the absence of disturbances in the correction system, complete damping of 


the gyro occurs. STAT 
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Section 8.3. Influence of Disturbances in Correction System with Constant 
Characteristic on the Setting of the Gyroscope 


We shall confine ourselves here to the case of the hysteresis-free constant 





characteristic with zone of insensitivity equal to zero. 


The equation of motion of the gyro, Cd. (8.1), will be written in this case in 


the following form: 


Ha=- kesipn(a- yea sin al) ; L.,, sign 9. 
ho 


On dividing by it by H and omitting the numerical subscript in Wen = ao we 


a= - o, Sign(a—ya sin wf) +o,2 Sign 2. (8.10) 
Let us first elucidate the picture of the phenomena without taking account of 
friction in the gimbals, that is, we shall consider, in eq.(8.10):° 
w, =O. 


Let us consider two cases. 


The first case is of slow oscillations of small amplitude for which 


' (8.10a) 


{i We, 





For the steady state, in which the mean value of the angle a equals zero, the 


¢ 
i 
5 
} 
j 
4 
4 
] 
4 
i 
: 


amplitude of oscillation of the gyroscope equals the amplitude of oscillation of the 


sensitive elementy_, and the gytoscope exactly repeats the motion of that element. 
m 


Indeed, introducing the notation 5 = % - < sin wt, eq. (8.10) may be transformed, 
? Ne) 


a Tl I I one BF és 


for w) = Q, to the forn: 
" (8.10b) os 
8) w, sign8=- Yxa@ cos wl, i | 


Under the conditions of eq. (S.10a), & vanishes in the course of time. Indeed, 


if g> 0, then, by eqs.(€.10a) and (8.10b), &§< 0, and § decreases to zero. Ii, 


eee 


however, 5< O, then according to this same relation 5 > O and 6 increases so long 
3 


as it does not vanish. 


Thus in the steady state 
© 8==0, a> Yo sin wf, STAT 
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In this case the gyroscope does not perform its function of Ntaveraging!" the 
readings of the sensitive element; the errors in the direction of the gyro are equal 


to the errors of the sensitive element. But this is observed only at small ampli- 





tudes and small frequencies of oscillation of the sensitive element. Thus, if the 
angular velocity of the corrector amounts to 3° /min = 0.05°/sec, then the frequency 
of the disturbances equals 0.02 cps, and then the relation of eq.(8.10a) is satis- 
fied, if 


im Sn 0,4 degree 


If the amplitude of the oscillations of the sensitive element is over O.4° at 
the same frequency, then the follow-up will be disturbed and the gyroscope will 
oscillate at an amplitude smaller than the amplitude of the oscillations of the sen- 


sitive elements. 





! Fig.8.2 - Influence of Periodic Disturbances in the System of Correction 
| with a Constant Correction Characteristic without Allowing for 


the Friction in the Base 


The second case is more difficult, since the amplitude of the oscillations y 
and the frequency win flight are usually such that y,»>wvy,. 
Let us now consider the second case. 


Obviously, if the conditions: 





< STAT 
[a| > T=, : (S.11) 
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is satisfied, then the oscillations of the correcting member will exert no influence 
whatever on the behavior of the gyroscope, since in this case, for any instant of 


time, the following condition will be valid: 





sign a=sign(a <2 as sin wl). (6.12) 
For 
Jal<ym. (8.13) 
The condition of eq.(&.12) is now replaced by the followings 


1 for a >> y,, sinof 
sign (2 -7q Sin ef) =\ 3 ie ge net 
m 


and the variation of a takes the form given in Fig.8.2. 

Let us now take some cycle of oscillations y (cf. Fig.8.2). Leta, be the 
| value of @ at the beginning of the cycle (time ty); a, the value of « when @ changes 
) its sign (time t,) and Oo the value of a at the end of the cycle, or, what is the 


same thing, at the beginning of the following cycle (time ta). 


Let us write the obvious relations with respect to the reasoning fora, > O: 





Gs—2;— ©, (tg—t;) ® 
Os=a2: We(ts— fs), 


or 


hae eh) =(6 26 (8.14) 


Bearing in mind that 


t,—ti= T + %q, 
shears 


ne 


where 


@ : 


1 arcsin—; (8 .1STAT 


= Ta 


f > 
2, -!-farcsin “+ —arc sin— ); (8.15) 
\ Te la . 
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| eeeere arc sin —. ; 
| ” Ta (8.17) 


| we rewrite eq.(8.14) in the following form 





a, 2, — 20, (* +%4— 2). (8.18) 


It follows from eq.(8.18) that the increment ofa for a single cycle, which we 


shall denote by Av,, is determined by the expression 


1’ 
day— — 2, (144-4). (8.19) 


On the basis of eq.(8.19), as well as of eqs.(8.15), (8.16), and (8.17), the 
following expression can be obtained for eas for the mean value of the correction 


rate over the cycle: 







ba arc sin 8 are nam E+ oe ote tt 
eo ow 2 te =e (8.20) 


— ae ees 


1+¢ 








ca! (arc sin —! — arc sin *) 
zr Tm Ta 


So long as the numerator of eq.(§.20) still retains the positive sign, ie 
av 
will be negative, and, consequently, Wz <q will hold. From this, and from the 


condition of eq.(8.13), we get the chain of inequalities 


(8.21) 







Oa aCe: 
and, consequently 












| no | <a. (8.22) 
that is, the mean rate of correction in connection with the influence of the os-— 
cillation of the correcting element will be less in modulus than the normal rate of 
correction, that is, the rate of correction in the absence of such oscillations, 


while, as a decreases from cycle to cycle, the inequality of eq.(8.22) is corrSTAT 
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spondingly intensified, Since at smalla& << 1 and a decrease in the denominator of 
the right side, eqs.(8.20) may be neglected, and, consequently, with declining gq, 
the mean rate of correction decreases in modulus. 

Thus, under the influence of the oscillations of the correcting element, the 
rate of correction with a constant characteristic is transformed from a constant to 
a variable, which decreases in modulus as the deviations of the gyroscope decrease, 
1.@., it becomes similar to the rate of correction with a proportional characteris-— 
tic. 

This phenomenon was first discovered and investigated by Ye.B.Levental?. It is 
a special case of the manifestation of what is called vibrational linearization 
(Bibl.7). 

To the steady state will correspond, as is obvious, the zero-th value ofa, ae 
The condition of this will be the vanishing of the numerator of eq.(8&.20), i.e., the 


equation 


oS | l f 23 Mg. =—_ 
arc sin cae Beer arc sin +arcsin 0. (8.23) 


ma - Tm 


»|~ 


But for wy ,, = 03 % =%y+ Consequently the condition for eq. (8.23) to be 

satisfied will be that 
Qi=--@: (8.24) 

shall be satisfied. 

The fact that the satisfaction of eq.(S.23) is assured by eq. (8.2/4) means that 
the steady state will in this case be a state of undamped oscillations. 

The analytic expression for the amplitude of these oscillations may be found 
from the following reasoning. 


For the half period of oscillation 


rT i * 
- a (8.25) 


The gyro under the action of the correction system will deflect by the ang aT 


2,6 
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Consequently 


(8.26) 





It follows from eqs.(8.25) and (8.26) that the required amplitudea, is deter- 


| mined by the expression 
«= (8.27) 


We remark that the amplitude we have found for the undamped oscillations of the 
gyro in this case does not depend on the amplitude of the oscillations of the cor- 
recting member, in contrast to the situation in the case we considered earlier, 


where the characteristic was proportional. In particular this means that the 


a ee es 


low-frequency oscillations of the correcting member, having a small amplitude are 
here more dangerous than with a proportional characteristic, while the high fre- 
quency oscillations of great amplitude are, on the contrary, less dangerous. 

The total setting time Ty that is, the time in which the above undamped os- 


cillations are established, is defined by the sum 





T,=TytT wy, (8.28) 


wheres 


TH = time in which a varies from the value a = Xo to the valuea = Vas 
i ae time in which, beginning at the value a = y,, undamped oscillations 
J 


with amplitude according to eq.(8.27) are established; 


Ty jis determined according to the law of establishment for a constant 


characteristic in the absence of disturbances in the correction system, 1.e., 


according to eq.(7.51), by the formula 


T= te (8.29) 
“x 


With respect to Tye we confine ourselves to its approximate determination. 


| At a sufficiently high frequency of oscillation of the correcting member by 


comparison with their s) the mean rate of correction OK ay? representing thes JAT. 


K? 
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‘ive of change of “52 may be treated as the first time derivative of a> that is, 


we may put 


‘ ax, 
~, oo dt : (8.30) 
we 
v om a3 
sce ok . od : 
Under the same condition, the difference between sin a and sin = in 
yt m 
| eq.(8.20) may be neglected, and we may put 
atcsin “! aw arcsin ”. (8.31) 
Ht] oy 


tle remark that, as we approach a state of undamped oscillations, the inaccuracy 
of eq.(8.31) will diminish. 


Making use of eqs.(8.30) and (8.31), we obtain from eq. (€.20) 


ds, 


3 
7). arc sin ) 
ft ‘ 


— i (arc sin 
® ‘ 17m Ym ’ 


j ing j roximation of 
or, expressing & g in terms of Bass and bearing in mind the app 


eq. (8.31); 





ks a - S (a;). (8.32) 

dt x 
where 
! T 
a; A aE 7 (3533) 
=arces arc sin ae elie oe 
SJ (3,) = aresin ee + = 
Since in the process of variation ofa, from a 5 a toa, = 4, 7, + Ty, 


varies within the limits 


} 
>t, t 


and it therefore follows that, during this variation of A), £(4, ) will vary within 
the limits 


filas)~<Fay) falas), (8.34) : 


r 
se where 
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Sf, (2) are sin ea + arc sin — , (8.35) 
ot 
<2 (8.36) 


Sy (4) are sin +arcsin 


It follows from this that, with the accuracy of the assumptions adopted, the 





value of Ty will lie within the following limits: 





elm Tm | 

: aye = dey | 

Os j fi ey) = Tys = Ox Sa (31) (8.37) 
C18 0, tm 


The integrals of the inequalities of eq.(8.37) may, speaking generally, be cal- 
culated, but they lack a sufficiently simple analytic expression. This circumstance 7 
hinders the use of the inequality of eq.(&.37) to determine the time Tyo In order ! 
to obtain a simpler expression for this purpose, let us take recourse to a further | 
X= simplification of eq.(8.33). 


Let us approximate f(a) by the linear relation f(0,); expressed by the 


- ay 
straight line connecting the point (=| ’ f5 (= ] = QO with the point 
Y 


m Yn m 


= “+4sintQ-4 on ) (Fig.8.3). One part of this straight line will lie 
9 





= 1, 


fm) = : 
between the curves f, (a) and fy (o,): and, consequently, the points of this part of 
jt will satisfy the condition for f (a, ) given by eq.(&.34). The other part will lie 
above the curve £.( ay)» and, consequently, the points of this other part will 
satisfy the condition 

fo(ay) (as). (8.38) 

On this basis we may expect the approximation ft(@ D to yield, over a certain 
range of values of G55 an exaggerated value for the mean velocity, and, consequently, 
to yield an exaggerated value for T2° 
qe On the other hand, let us approximate £(0,) by the linear relation £"(q.) STAT 


=> 
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j 


representing the result of expanding f.(a,) into a series, retaining only the first 


| term of that series. It is easy to see that the straight line expressing this 


approximation will lie in part between 


ke, 


the diagrams of f; (a, ) and f(a, ) 


while in part it will lie below £5 (a,)- 


= eee So 6 ee i a ate + 


In other words, the points of one part 


eh tage % 


of the straight line f(a.) will 


the ~ Aa 


satisfy the condition for eq.(&.34), 





but the points of the other part will 


fe ; satisfy the condition 
Fi.¢e.3 - Approximation of Setting Time 


F° (ax) <F (a3). (8.39) 


in the Case of Periodic Disturbances in 


=m meen et : 
AM a a a te chk i HO a gt 
- ~ 


The approximation f' will 
Correction System with Constant Correc- me we 


a therefore yield, over a certain sec- | 
tion Characteristics | 


tion, too low a value for the mean rate 


of correction, and consequently an exaggerated value of Ty2° For these approxima— 





tions, eq.(&.32) may be rewritten in the following general fom: 


da, 


1 40, —4,)=0, (8.40) 


while for the first approximation 


cea Se *, ! ($.41) 


where 








j=. 2 3 

9 ve) a Sopot. (8.42) ’ 

sa > to are sin (1—4 2) 

® Tm ‘ | 

and for the second approximation | : 

i ’ 

{eR ‘. =e. i 7 i re 
=o (8.43) STAT 1+ 
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j the condition that the 
Equations (8.41) and (8.42) may be obtained a 


l 
= a.) = O and 
me line f(a, ) shall pass through the aan — 4, , that f, (a) 








, that = =elfi(y.) = are sin (1 - wae acai (8.43) is obtained from the 
_ ; t to the curve f, (a) at the 
condition that the straight line f(a) an be tangent to 1 
int a “n f.(a_) = 0, where “m is neglected by comparison with unity. 
oe oe 
= Ym Ym 2 " m 


| ‘ i times the value of the time 
Considering the setting time T 2 equal to three 


constant of eq.(8.40), we get 


“3,9 Jae Je <T, ese (8.44) 
Mag 2 
= (8.42) 
a a * 2 ees as e ; “ 
; For — so small by comparison with unity that we may put ; O in eq ; 


m 
| Ym 


: Woe a will be correspondingly greater than unity. It follows from this that the 
- imi bout one and a half 
upper limit of the values of Ty2 exceeds the lower limit by a 


_ ey j i stant cor- 
Since on the basis of eqe (7.51); a is the setting time with a con | 

« rection characteristic, which is necessary to eliminate the initial deviation 
a9 = Ym in the absence of any oscillations of the correcting number, it therefore 
follows from eq.(8.44) that on account of the oscillations of the correcting member 
this time will become 3 - 4 times as long. 

Thus the oscillations of the correcting member with a constant characteristic 
lead, first, to the establishment of undamped oscillations and to the increase of 
the build-up time of these oscillations by comparison with the build-up time in the 


absence of disturbances in the correction system. 


The amplitude of these oscillations, according to eq. (8.27), will be the great— 





f correction 
er, the greater the ratio : , that is, the greater the normal rate O 


w,, is at a given value of the frequency of the oscillation of the correcting mem- | 

K : 

per. Consequently with this in mind it is desirable to select small values of wy. 

OS Exactly like the value of ¢« for the proportional characteristic, the value ; 
= 


f the muShts 
of uy cannot be reduced below a certain limit determined by the value o UULeLe 
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of friction, the imbalance, the rate of displacement of the direction indicated by 


the pyro, etc. 


‘fe shall now perform an illustrative calculation with the object of evaluating 





the possible amplitude of oscillation of the gyro. 
2 ild- in th 
‘Ie shall require that fora disturbance of 10°, the build-up time Ty in the 7 


absence of disturbances in the system of correction shall not exceed 100 sec, which * 


is sufficiently acceptable from the operating standpoint. 


On the basis of eq.(7.51), we get the result that in this case the rate of 


correction w, must equal 


w» = * we (),! degree 
“~ Ty Sec 
Assume that the period of oscillation of the sensitive member of the corrector : = 
2 HO ' 
T =1 sec and Y,, =] 


Consequently 





oO.) 319-4 
ow MA) 


Tas. s 


and the amplitude of the self-oscillations at 


Ca=- 2° : 1072, 


Ts 


En re a * 
ee hel er oeteeee Pe 


a 


that is, a value that is negligibly small. 


= 
5 5 Pig ne 


For the period of oscillation of the correcting member T = 30 sec, correspond— 


ine to the order of the periods of slow oscillations of the aircraft, and for the 


same values of Wy and Y m? We get 


"es = 9.1073, 


'Z 
tw 


Ca 0,8 | - 


that is, a quantity that is already rather large. 


Results that are more favorable in this sense are given by the widely used 


= ixed characteristic of correction according to Fig.6.3, that is, one which 18 oyaT 
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characteristic, the unfavorable influence of a long »eriod of oscillation of the 
sensing member of the corrector is adequately compensated, as already remarked, by 
the favorable influence of the small amplitude of these oscillations. 

For rapid oscillations, on the other hand, the sensing member of the corrector, 
varying sa calanehaks will for the most part be in the zone of the constant charac- 
teristic, that is, in this case, the disturbances of the gyroscope will be determin- 
ed vrimarily by a law corresnonding to the constant characteristic. | 

| But, as we have seen, for ravid oscillation, this law does not lead to signi- 
ficant disturbances of the gyroe 

Let us now elucidate the role of friction in the gyroscope gimbals in the pro- 
cess under investigation. 


e e e ° e uld 
As follows from eq.(8 10), if we allowed for friction in the gimbals, it wo 
S + e e 





ity 4 ‘4. | meaning either a decrease or 
mean a change of the velocity % by the quantity p? g a 
° e O 
‘ncrease of @ in modulus, depending on whether the sign of the angular velocity 
i 
o ° £ 
the diagonally opposite gyroscope frame agrees or not with the sign oO 
(a- yY sinwt)-. 
: the change of sign of y 
Let us take the two limiting cases, the first one when the a 
ie i ase is when the 
4s simultaneous with the change of sign ofwy;, while the second c 
sign of w remains unchanged during the entire setting state. 
: e s . es 
The former case will mean 4 process entirely analogous to the preceding pro 
i tit ‘. 
ess, with only the modulus of Wy being increased or decreased by the quantity w 
cess, | 
The second case will already mean 4 modification of the process in the sense 
1e 
of 
that the resultant velocities sn the process of reduction of gq and in the process 


it eSelt). 
sts increase will differ from each other in modulus by 2Wo (Fig ) 


As. 


‘th reference to this case, 
Let us write out the relations for one cycle wi oe 
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a, =a, — (@,- w,)(t,— t,). (8.45) 
a, 2,t+ (4+ o,)(t, — ¢s)- 








Fic .6.4 - Influence of Periodic Disturbances in the Correction 


ee eee 


Systen with a Constant Correction Characteristic, Allowing for 


. 


—s— oe 


Friction in the Gimbals 


On the basis of eqs. (8.15); ($.16), (8.17) and (2.45), we may write 


= ares arate: 
~ 





aa2,- 20,( tt |) te + 4): (8.46) 


‘ 4‘ 
s 


iod T 
ity s$son with the value of the perio ; 
Let us neglect the quantity 7 3 by compar a 
wich is entirely nermissible. Then we get the following formula for the mea 
which 2 rely ¢ 


icl by w! 
of correction in this case, which we shall denote by K av 


@ 
© av =e, sot , 


i ‘ch the quantity G is neglected by 
or, bearing in mind eq.(S.2€) form, ,,» 4n which q’ 


ee Oe 


comparison with id. 


e 
1 | *: —xit]. 
— @f ! arcsin “4+ | arcsin + arc sin a =. (¢ 47) 


ry Z of * 


: = before, will mean that 
The condition of the steady state Wf cs O, as bb ; 


a 
—— te 


7 437-41. 
ed 
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Whence the condition of the steady state may be written as follows: 


Guy ere aeee 
SERS ke oom 


on 
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9 oo 


arcsin = + arc sin cs ees, (8.42) 


of] To al 


ae 


The left side of this condition is unchanged by comparison with the case when 


: - is 2 
iO dll one ttl cd he dosha gitpiened T 


7 
bce he hy ee 


wet -. 
Hecate tn 


the role of friction in the gimbals was neglected, but in the right side, instead 
to) 

of zero, a quantity pronortional to the ratio aL appears. It is easy to understand 
Wy 

that this circumstance means a shift of the ais of the undamned oscillations of the 


er rete 


gyro from the zero position by the quantity oe determined by the equation. 


eye ES (8.49) 


fe eee wy uta ae Ea Verse te wren net en a ati an PO a fale MLA ott Yatlye 


ae a . eo 
ewe one . z 6 enre eh 
a elm eg Fa a me ee 


wheread, and a, satisfy the condition of eq. (8.48). 
The amplitude of the undamped oscillations about the value of a,» which we 


shall denote by oT will be determined by the expression 


sie 
2 


But, by eq.(&.45), 


— 


As—=a;— (w,—op, (fy —f;). (8.51) 


-— 


Since for the state of undamned oscillations, 0. = a, we therefore obtain from 


eq. (8.45) 


i 
BF 
| 
| 
“4 
‘4 
{ 
‘ 
i 
d 
iH 
{ 
i 
{ 
I 
4 
4 


(8.52) 


On forming, from eq.(8.52), the derivative vroportion, and neglecting a3 by 


comparison with T, we get 


(8.53) 


On substituting in eq.(8.51) t. - ty according to eq. (8.53), we get 


2! 


eee oe “(1 “eh 





d 
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On substituting eq.(8.54) in eq.(&.50), we obtain 
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- « 
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(8.55) 


i 


— 


|e ! | 


| . 
It is clear from a conmarison of eq.(&.55) with eq.(€.27) that, owing to the 


friction in the simbals, the amplitude of the undanned oscillation of the gyro de- 


2, ~t. ~ - - 
<aTuie aa at a taka mou sam bp 


creaseSe 


Usinz now a,,! as a known quantity, and bearing in mind that 


t r 
7 SSE ait bh oe Bac FS , 
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a= a,+ 2, 


Jy Ey — OL, 


a eee 
i i Tag Oe, 


=e Ab Sute 


2 ‘ree 
wee ee ma came 
mene, wear a. 


« 
£ ste hays les 
een tt 


let us rewrite eq.(&48) in the followine form 


+6. ans 
arcsin- "—"-+arcsin '- ™ - (&.56) 


Tm Tm Oy 


(n exnandinz the left side of eq.(&.56) into a series and retaining the first 


two terms of this series, which is entirely sufficient in this case, we obtain, 
a= 

° ° m 3 2 : e e ‘ 

after elementary transformations, and neglecting ——— by comarison with unity: 


(8.57) 


Tt follows from this that 


een 
er 


and for values of a sifficiently small by comnarison witn Ym? 


a, = - Le: (8.58) 


0) 
Let us assume that _? = U.2, which corresvonds to a moment of correction five 


(5), 
\ e s s « LF e e 
gy , times as rreat as the moment of friction, a relation which 1s entirely realistic. 
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that is, a quantity with which one must already reckon. 
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ons “AY 


In this way we find that » With a single-valued rate of motion of the diagonal 
frame, the oscillation of the sensitive member of the corrector of the ae frame 
leads to the displacement of its mean position from the zero value, and at that » by 
a rather perceptible quantity. 

The limiting cases of the change of sign of a, are imorobable in their true 


fom. It is more probable to exnect the mean 20sition of the oscillations to be in 


Sb bn i Tae ete Fide he ee oa cer tr LSE taal ened belted aA CLT CMTS A a ee TE Seat 
= — TA ceat mga atsreeatalt eet x - 
ae eT 


et ed ML ey ek Ret de 


——<—— 


the range un to the values of a determined by eq.(&.57), but to be the greater, the 


W 
greater the value of ©, 
Ww 


Thus, in the see ee of oscillations of the correcting members, friction in the 
gimbals with a constant correction characteristic leads only to nonuniformity of the 
correction. But if such oscillations do occur, then this friction will be able to 
cause indeterminate slipping of the gyroscope axis from zero position, and this 
slipping will be the greater, the greater the moment of this friction by comparison 


with the moment of correction. 
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CHAPTER IX 


DEVIATIONS OF TIZE GYRO HORIZON 


Section 1. Deviations due to the Earth Rotation and to the Displacement 
of the Aircraft with Resvect to the Earth 


By the deviations of a gyro horizon we mean its errors due to the motion of the 
base of the gimbals. 
The starting equations of motion of the gyro in investigating these errors will 
be, as before, the equations of precession: 
Hg=L,; 

—Hp=L,, (9.1) 
where the terms reoresenting the rotations of constraint of the gyroscope must be 
taicen into account in the expressions for p and q, and the terms taking account of 
the action of the corresponding accelerations on the sensitive elements of the cor- 
rector in the expressions for L,. and Le 

In this Section we shall investigate the rotations of constraint in connection 
with the earth rotation and the disvlacements of the aircraft with respect to the 
earth. 

The expressions for p and q corresvonding to this case may be taken in the 
following form when the axis of the outer frame of the gyro horizon is oriented 


e along the longitudinal axis of the aircraft (cf. (2.34) and (2.35) and Fig.2.11) 
= Sa 
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p=—f—e,sink— ’ : (9.2) 


neat, ht, 
re ne ar cell i rcireniateieineene f 


ea oF tie gs AE 


gua +e, cos K, 





where 5 = Wg COS P = horizontal component of the earth rotation; 


K - course of aircraft; 
v - speed of aircraft; 


R- radius of the earth. 









= aie tet ate Ome f a a ‘ - « r ao 
a i eal te Ml a a ll age nn pao ane eer 
” = 


The terms (M9 + - sin kh tan @)4% and wy + ~ sin kh tan @ RB are omitted from 
eqs.(9.2) in comparison with eqs.(2.34) and (2.35), in view of the fact that they 
represent numbers of a higher order of smallness by comparison with the remaining 
summands. 


As for the expression for the moments L, and Li we shall take then for the 





conditions of the undisturbed state of the correcting members. In other words, we 












shall consider that the velocity entering into eqs.(9.2) is constant. The influence 





of inconstancy of velocity will be considered later. 





© 


Proportional Characteristic of Correction 
On substituting in eqs.(9.1), p and q according to eqs.(9.2), and L, and Ly 


= ee ee et ee 


according to the conditions of the proportional characteristic (considering it 


hysteresis-free), we obtain the equations of motions in the following form: 






Af (a +, cos KX) = — haz +L, signh, 
H(B +e,sinK + zo —k,B—L, signa. 


On dividing the right and left sides equations by H and, for simplicity, taking 







k, = kp, we rewrite them in the following form: 


a —sla—py sign’ + wo, cos A 


(9.3) 


“@ 


se ata ; sin K wv 
8 of te, signa + “1 +=). 
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The difference between the equations so obtained and the equations related to 
the behavior of the gyro on a fixed base, consists merely in the change of the 


equilibrium conditions with respect to the axis 03 by the quantity 


pen | (9.4) 


e 
- 


and along the axis Of by the quantity 


EEE eos (9.5) 
= & tR 


: follows from this that the behavior of the gyro horizon, when the influence 
of the earth rotation and the displacements of the aircraft are taken into account, 
will be determined by the same formulas:‘and diagrams that relate to its behavior 
when these factors are not taken into account, merely displacing the origin of the 
coordinate system along the axis OR by the quantity a, and along the axis Of by the 
quantity? ,- These displacements will be the total values of the deviation due to 
the earth rotation and to the displacements of the aircraft. These latter devia- 
tions are also called velocity deviations. 


“te remark that the influence of velocity is reflected only in the displacements 


of the oricin of the coordinates on the OR axis on account of the second term B,- 


iation, 411 be determined 
In this way, the velocity deviation, which we shall denote by O9 vi 


oy the expression 


t=! (9.6) 
eR 


It determines the deviation of the gyroscope axis in the plane passing through 
the axes O% and Of, that is, in the plane On (Fig.9-1), coinciding with the longi- 


tudinal plane of the aircraft. 
ALLL be 
4, and the first term of %,, which denend only on the earth rotation, wi 
the comnonents of the deviation due to the earth rotation, which we shall denote 


iti the following expres- 
by 93+ Geometrical composition of these components fives us gz 
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tye“ (9.7) 

The deviation due to the earth rotation determines the deflection of the gyro 
axis in the vertical plane perpendicular to the geographical meridian (Fig.9.2). 

The deviation of the gyro axis ponte cad Of (which in this case denotes the 
position of the sensing member of the corrector) assures the appearance of a correc- 
tion moment which causes the gyro to precess in the plane of the given deflection of 
the gyro in the sense toward matching with the axis Of. The vector of angular velo- 
city of this precession will accordingly be perpendicular to the plane of deflection 
of the gyro axis. 

Hence the presence of the deviations 6, and 5, will mean the presence of the 
corresponding precessions of the gyro, the vectors of whose angular velocities will 


be perpendicular to the planes of these deviations and will be directed as indicated 


in Figs.9.l and 9.2. 


Fige9.l - Velocity Deviation of Fig.e9.2 — Deviations, Due to Earth 
Gyrohorizons with Proportional Rotations, of a Gyrohorizon with 


Characteristics of Correction Proportional Characteristics of Correction 


Bearing in mind that the theory here developed relates to the longitudinal 


situation of the fyro horizon, that is, to the case when the vector of the ground 
STAT 
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ss 


speed is directed along the axis On, we get the result that the vector of angular 
velocity of precession, WO» due to the rate of deviation 6,9 will be directed per- 
pendicular to the vector of flight velocity v, and in the same sense as the vector 
of ancular velocity of the additional rotation of the plane of the horizon which 
represents the effect of the displacements of the aircraft with respect to the 
earth. The vector of the angular velocity of precession iid 9» however, which is 
caused by the deviations due to the earth rotation 6,; will be found to be directed 
along the meridian, in the same sense as the vector of the horizontal component of 
the earth rotation, W 1 


Accordinr to the condition of the proportional characteristic of correction, we 


a A = —_ . 


may write 


bby 
“ : 
kt, 


ym 


(‘® On substituting here the expressions for 4, and &, according to eqs.(9.6) and (9.7), 


we set 


Thus the rate of precession of the gyro that ss due to the velocity deviation 
coincides identically in magnitude and direction with the rate of rotation of the 
plane of the horizon due to the displacement of the aircraft, while the rate of pre- 
cession of the gyroscope due to the deviation owing to the earth rotation coincides 
identically with the rate of rotation of the plane of the horizon under the influ- 
ence of the horizontal component of the earth rotation. As a result, the axis of 
the gyroscope, deflected from the vertical by the values by and 5. will then 


exactly follow the motion of the vertical. 





bags ae 
what has been set forth above, the nature of the deviation one 
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to the earth rotation may be defined in the following way: by this deviation we 


mean that angle of deflection of the gyroscope axis from the local vertical, at 
which, owing to the action of the correction system, a rate of precession of the 
gyroscope is produced which is exactly cqual in magnitude and direction to the rate 
of rotation of the local vertical due to the earth rotation. 

By analogy to this, the velocity deviation may be defined as that angle of de- 
flection of the gyro axis from the local vertical at which, owing to the moment of 
the correction system, a rate of precession of the gyroscope is produced which is 
exactly equal in magnitude and direction to the rate of rotation of the local verti- 
cal that is due to the displacement of the aircraft with respect to the earth. 

Let us determine the possible order of the numerical value of the deviation due 
to the earth rotation. ‘Taking the value € x 10°* 1/sec, and bearing in mind that 
the maximum value of the horizontal component of the earth rotation, which it 
acquires on the equator, is equal to 

@,= 73-1075 1 sec: 
we obtain, for the maximum value of 6, (for a given e): 
8,=0,07°. 

The velocity deviation will be still smaller. 

Since the value of € taken by us is entirely realistic, it may to that extent 
be considered that the order of the deviations of a gyrohorizon due to the earth 
rotation, and, a fortiori, the order of the velocity deviations, is in general, 
rather small. For this reason, these deviations with a mixed characteristic of 
correction will be determined by the same formulas as for the case of a proportional 
characteristic, now being discussed, since the deviations remain within the limits 
of the zone of proportionality of the mixed characteristic. 

But, for a mixed characteristic, the absolute magnitude of the deviation is 
usually considerably smaller than for a proportional characteristic, since for a 


mixed characteristic the coefficient of the correcting moment in the zone of 
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Constant Characteristic of Correction 
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that in this case; immediately after leavins 
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rection, a rate of precession that is many times the velocity of rotatl1 
vw 3 ] 
rotation and to the displacements of the aircraft 


{ we j rom 
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ig not: rotating at all. 


Consequently the allowance for this rotation can vield nothing neWwe 


Section Jee. Turning Deviations of Gyrohorizon Equations 
of Motion of the Gyroscope durinre a Turn 


j on- 
In this case we need not take into account the role of the rotations of c 


ation of the earth and the Longitudinal velocity of the air- 





straint due to the rot 


—_ , + 


< | ] iti i and will take 
urn My n accordance with this condition, the expressions for p Q | 
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the following form -2 .«-+-' 













p= —p—«,2. 
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In the expression for L, and L, the influence of the centripetal accelerations 


on the pendulums of the correction system must be taken into account. This influ- 


ence reduces down to the displacement of the equilibrium position for the pendulum 
from the true vertical to the apparent vertical, which will be deflected from the 
true vertical in a direction perpendicular to the vector of velocity of flight v, by 


the angle %, equal to the angle of bank of the aircraft in a regular turn, and de- 
: 3 


fined by the expression 


\, 
To B z 


since all our reasoning will relate to a regular turn. With respect to the longitu- 

dinal position of the gyro horizon, this will mean deflection, by this angle, of the 
pendulum correcting the outer frame. 

In the position of the pendulum 

correcting the inner frame, however, 
there will be no changes (cf. Fig. 
9.3). It follows that the action of 
the corrector on the angle a will be , 
determined by the value of the mis- 


match 


Oeana-+ Yn, (9.11) 


Fige9.3 - Position of Axes of while in the angle ®, the action of 


Gyrohorizon during a Turn the correction system will be defined, 


as before, by the value of the 
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mismatch 


(9.12) 


Thus the correction system will tend to bring the pyro axis to the position of 
the apparent vertical. Rut this will not in fact take place, since, together with 
this action of the system of correction, the rotations of constraint of the turn 
will also take effect. The task of the present section will thus be to elucidate 


the behavior of the pyro under these circumstances. 


Turning Deviations of Gyrohorizon with Proportional Characteristic of Correction 


On substituting in eq.(9.1) the expressions for p and q given by eq. (9.8) and 
eq.(9.9) respectively, and the expressions for L, and L, according to the conditions 
of the proportional (hysteresis-free) characteristic, and likewise bearing in mind 
the conditions of eqs.(9.11) and (9.12), and, for simplicity, taking k, = kp =k, we 


obtain the equations of motions in the gyro in the following forn: 


ff (a —- 0,3) me — k(2+4,) +L. sign B, (9.13) 
H(3~ «,2) -- —k3—L, signa, | 


2-—= - t(2— a3 + 5, — a9 sign B), 
S- —:(4+u2-+5, signa), 


(9.15) 


Let us reject at first the terms characterizing the influence of friction in 


the gimbals, and let us this rewrite the equations so obtained in the following 


form: 
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B+ exr—tl p= —ey,, 
§ 4-03 -+ a2 =O. (9.16) 


On eliminating the variable g from the first equation, with the half of the 


second one, we get 
a-2ex—e2(] -at)a= —ety,. (9.17) 


The integral of this equation will be 


a=Ae ‘‘sin (o,f +%) +2,,. (9.18) 


where 
. : (9.19) 


A and 5 are arbitrary constants. 


On substituting the solution so found in the first equation of eqs.(9.16), we 
ws = Ae,e-' cos (o,f + 8) +6 (z,; + Ye) 


3=Ae *'cos(a,f+%4)+3,,, (9.20) 


where 
+ _ 48s | 
oP oe 1+.a? * (9.21) 
After the lapse of a sufficient interval of time, the terms depending on time 
will vanish in the solution so found, after which there will remain 


a(t), pe Jat. 
2(f), we — Por. 


Thus the values of &@__ and Pp] are the coordinates of the equilibrium position 


Bl 
C, of the gyro vertex during a turn. 

We, remark that the coordinate of the equilibrium position along the Og axis, 
Bp,» has a positive sign for both a left and a right turn, since the change of signs 
inY p and a from positive to negative on transition from a left to a right turn are 


mutually compensated, while the coordinate of the equilibrium position along the Og 
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axis, We? has a negative sizn for a left turn, while for a right turn, in connec- 
tion with the change of sign of yy» it has a positive sign. 

Let oe Gea the locus of the points of the possible positions of this equili- 
brium position at different angular velocities of turn w 5, differing in magnitude and 
sien. On squaring the left and right sides of eqs.(9.19) and (9.21), and adding 
them, ‘a get the following equation for this locus: 


ae x ey — BS, = (0), (9.22) 


where 


! . (9.23) 


Equation (9.22) is the equation of the circle with center located on the posi- 


tive semiaxis of 03 at the distance from the point 0. 


— 


Figure 9.4. shows this circle for 
etnias is velocity v = 540 km/hour and e« = 0.06 
©.'55 i, 5€C sect » with the values of the angular 
velocity ">, relating to the given point 
of this circle indicated by fifures. 
If we assume that the full circle 
of turning is covered in the course of 
1 min, that is, if we take a turning 
Fiz.9.4 — Locus of Equilibrium Positions period T, = 1 min. and take, as before, 
of Vertex of Gyrohorizon with Propor- the value « = 0.06 1/sec, then we get 
tional Characteristics of Correction on for as: 
Turns with Various Angular Velocities a=I,7, 
and Constant Speed of Aircraft ie@., a value exceeding unity. 


For a higher rate of turn, the 


values of a will be correspondingly freater. 


® From this it follows, also on the basis of eqs.(1.19) and (9.21) that in 
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relatively deep turns and correspondingly great values of y ? 
| Ber | >| aes. 
will ordinarily hold good. 
For the value a = 1.7 calculated by us, the values of a 51 and Bay will be equal 


er= 0,258». 
2 =0,438 y Be 


27 
To a turn, at the angular velocity a to 1/sec taken in calculating a, there 


will eorresnone for instance, an angle of bank of the order of 57° ata flight 
speed of 540 lan/hr. 

It will be clear from this that for relatively deep turns, a Bl and Bal may 
reach considerable values. | 

For turns at higher angular velocity and correspondingly steeper banks » the 
values of dp) and py) will be smaller. Thus, for the case when a full turning 


circle is made in 20 sec, a = 5. In this case we shall have 


G.:==0,04 Ys. 
25,0. | 9y a. 


To this value of the angular velocity at the same flying speed of 540 ka/hour, 
Oo 
there corresponds a bank of the order of 78°. Thus we get t5) = 3° and Bay Slo 
as againsta BL 7” and & Bie 25° of the preceding case, 
As follows from eqs.(9.18) and (9.20), the vertex of the gyroscope reaches this 


equilibrium position after the lapse of the time 


T=3 7-4 ’ 


t 
that is, if we take e€= 0.06 1/sec, that is, after 50-70 sec. This means that with 
a slower turn, for instance with a turn making a full circle in 1 min, the vertex 
of the gyro practically reaches the equilibrium position already at the end of the 
first turning circle. In slower turns, the vertex of the gyro may be set consider- 


ably before the first whole turning circle is completed. In a tum according LOG TAT 
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second example, three turning circles must be made for this. Let us find the path 
of the ryro vertex to the cquilibrium position. 
For this purpose let us transfer in eqs.(9.18) and (9.20) respectively a p) 


and PR to the left sides, square the right and left sides of the equation so 


obtained, and add them by parts. As a result we get 


(2 —a,,)? + (3 — By)? = Aten? (9424) 


This equation is the equation of a spiral in the coordinates Oa® with its ori- 
ein at the point (tp > Bp)> The magnitude of the radius vector of the spiral de 
creases by an exponential law with the passage of time. 

The angular velocity of rotation of the radius vector of the gyroscope vertex 
will be equal, as is obvious from eqs.(9.1&) and (9.20), to the angular velocity of 
the turnwp. Making use of this fact, in the equations of the path, eq (9.24), the 
time p may be expressed in terms of the angle of rotation of the radius vector of 
the vertex y. Indeed, since this turn is accomplished at constant angular velocity 


Wp » it follows that the time t required for rotation by the angle 9, will be deter- 
mined by the formule 


Making use of this relation and putting » = O for t = 0, we may rewrite the 
equation of path, eq.(9.24), in the following form: 


ze 


(2 —* 2.1)? 5 (3 vs $4)" — Atv 
Or, in polar coordinates, with origin at the equilibrium point a,), Boy! 


. (9.25) 
r= sie 


ry (aay) + B= Ba) (9.26) 


@ On determining the arbitrary constant A from the initial conditions for » = 0, 
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r= Ry» we get 


A=R, 
and, consequently, the equation of the path of the vertex will finally be written in 


the following form: 
° (9.27) 


r=-R,e 

Thus the path of the vertex will be an involutional logarithmic spiral, maine 
in the equilibrium point. 

Let us assume that at the initial instant the gyro axis was at the true 
vertical. 

This means that 

Re=V +B =) Me 

Figure 9.5 gives the paths of the vertex for such initial conditions and the 
value a = 2.0. It will be clear from them that during motion toward the equilibrium 
position, the vertex will pass points with coordinates exceeding in modulus a .5 
and 85> but these latter deviations are in Hienseives so great that the use of a 
gyrohorizon under such conditions during a turn becomes practically impossible. In 
this connection, in those gyro horizons that use a system of correction with propor- 
tional characteristics, the action of the system of correction along the angle a 
during a turn is sometimes cut out. Since the duration of a turn usually does not 
exceed 1-2 min, a syro with the correction system cut off for this time will main- 
tain its position sufficiently well. Although this measure involves certain compli- 
cations in the design of the correction system, it is nevertheless not ay entirely 
rational, but also in this case entirely necessary. This behavior of the gyro may 
be treated as a direct consequence of the composition of the precession due to the 
resultant moment of the correction system and the rotation of the system of co- 
ordinates Oaf, due to the rotation of the aircraft. 


Let us now determine the value of the maximum turning errors. For this it STAT 
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sufficient to find the coordinates of the first points of intersection of A and E 
with the path of the gyro vertex with the straight lines at which @ = 0 and f = 0, 
respectively. The equations of tnese straight lines will be obtained if we put a = 
and 2? = 0 in eq.(9.16). 
2 = 6 on the straight line 


a= az==Q, 


and « = O on the straight Line 


es a Tt 


a a 


These straight lines are mitually perpendicular, 
the straicht line ¢ = 0 forming the angle © with 
the axis % (Fig.9.6), for which the following 
equation 


ee (9.28) 
Fic.9.5 - Fath of Vertex of C09 = ince. de . 


Gyro Horizon during a Turn 


NE eae meee is true, while the straight line 8 = O passes 


teristics of Correction, ena ene ein af eGonini cee: Then the length 
e an) 


wit + wine for Fric- : ; ord-— 
Sega a of the radius vector It, will be determined, acc 


tion in the Gembals ing to eqe (9.27); by the formula 


a) Oe? OG (Left Turn) 


- 


0) ar <0 (tight Turn) R, = Rye oat 


and the lensth of the radius vector Ry by the formula 


t 


R= hye rs 


From evident seometrical considerations we set 


Fonar=— Gai ° R, COs ~, 


4 <n) Ry COS * 


o tha 


- 


“ ? osm, we obtain, as for 
ot eS het ine +he expressions fox “pj PRL? Ih» It and Cc D 9 
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a simnle transf ormations 


F. 


| oe 9.29) 
Amar ie \1 ae 4) -5,,(1 ue 24) ( 
mat +a® 


Pea es lize Veaalire *), (9.30) 


1 - a? 


Let us determine the value of a at 
= } to eqSe 
which a4, B eae According q 
(9.29) and (9.3C), this value of a must be 


determined from the equation 


RK & 


f(a) whee 7), Pa a) 


This transcendental equation has one 


Fige9.6 - Determination of Maximum Jost @ E 1se6.. For a-< 1.26; Max 7 B® max? 


wring irmn for Propor- : 
hrrors during a Th while fora > 1.26, oe 8 » Since 


tional Characteristic of Correction 


- 
oe 


Pia) lee “+ ¢ 


2 


where a > O and f (a) is a continuously increasing function. It follows from the 


f* 


rmined b 
expressions for a... and coe that for the given value of Yp, they are deter y 


a 


the quantity 


Wn 
2 
@ 


Put a = 0, then Pas = 0, whilea,. = Ype 
Put a = & 


we shall haves 
Fora 


— 


_f\ ~ 
i oot) | 


J 
i ge 
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By analory, forp aie 


lim $= lim waltee +) = 0. 


ae & a0 @ 1: a 


(i) y 
0 » e 2 
Thus when a = = varies from 0 to ©, there are limiting values of Bax’ 


Let us determine the value of a at which, for an assigned e€, the limiting 


value Bias will obtain. For this purpose, let us soive the equation 


S3mas eae () 
de 


bs | 


a 


The equation so obtained is now transformed in the following ways: 


(a - V)s Ee 
(a?— l)a 


This equation is satisfied by the root a = 1.05. 
Substituting a = 1,05 in eqs.(9.29) and (9.30), we get 
( Damas) isnn — 0,924 ‘J. 
In this casea takes the value defined by the expression 
Amar -J,598 * S- 
: ee , : 
‘hen a varies from 0 to ~-,ad,,, Varies fromy 3 to O, always remaining +ess in 


modulus than yp; since 


ae 2a 
4 “ie  — at) —22 
ae ae -<0 for O-La<c~r. 
“a CO (1+a?)? 


On the basis of these calculations, let us construct the graphs of the varia— 


a * e ° ’ e 74 . 
tion of —2* and Pimax as a function of a, which are shown in Fig .9e7 
Yp Yp 














‘ 
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From a consideration of these graphs the following conclusion can be drawn: 
for a given bank, the turning errors are less at higher values of the angular velo- 
cities of turning. 

Let us now elucidate the influence of friction in the gimbals. For this pur- 
pose let us rewrite the equations of motion, eq.(9.14), in the following form: 

d+e2— of —ey, 


31 
8 + 08 + «a= — ep, signa, (9.3 ) 


where i 
Yo™ Te — Ps Sign p. 

On eliminating the variable # from the first equation by means of the second 

equation, first considering that the instant of time at which signa and sign B un— 


dergo breaks in continuity are excluded from the operations, we obtain 


a+ 2d +e8(1+at)am —29(5, +up, signe). (9.32) 


The integral of this equation will be 


a as Ac—*! sin (o,f +) + («,,),. (9.33) 


where 


(z,,),= — — (5. + ap, sign i) ; (9.34) 


Substituting ‘the solution eq.(9.30) 
in the first equation of eqs.(9.28), we 


maxX get 


B 
Fig.9.7 - Graphs of = f(a) : 
| YB Bam Ac! cos (@,t +28) + (By). (9-35) 
ang _™2* = f(a) 
Y3 where 


l-a 


é 


(Bah—— "2 (—H signa). (9-36) 


Thus the problem reduces to the change in the values of the coordinates of the 
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eouilitrium position by quantities depending on the friction in the gimbals and on 
the values of @ and 8, 

‘Je remari: that the relative value of these changes under actual conditions will 
be small, since they reduce to the algebraic addition to a quantity of the order of 
2 fer tens of derrees of the quantities Py and Pos which are of the order of a few 
tenths of a desree. In the interests of completeness of this study, however, let us 
carry it to the end. 

Let us find the locus of tne pcints in the coordinate system wnere a and B 


chance their signs. 


To these loci of voints there will correspond, by eq.(9.31), the straight lines 


a=a3—7, +9, sign B, (9.37) 


! . 
qm — s— f% Signa. 
a a (9.3€) 
The chancee of sign of & takes place on the straight line of expression (9.37); 
while the chan-e of sirn of P takes place on the straight line of eq.(9.3@) (left 


turn). 


In Fir.9.€, the straight lines A, and Ao (eq. (9.37) have been plotted for the 


cage UW, >Q. ‘These lines are the loci of points at which % changes its sign. On 


the same fisure the straictht lines P, and B, (eq. (9.38) have also been plotted, be- 
ine the loci of points at which % chances its sign. 
It is clear from egs.(9.37) and (9.3&) that the straight lines A, and A, are 


perpendicular to the straight line iy and Loe This follows from tne fact that the 


product of the angular coefficients for the coordinates of 8in the equations of 
these strairht lines are equal to ~l. In this case, the straicht line AL corre- 


sponds to the conditions 8 >O and sien B = 1; the straight line Aj, to the condi- 


tions 0 <0 and sien p = 1; the straivht line B, to a >0 and sifn d = 1; the 
straight line M5, to a <0 and sipn 4 = -l. 


T+ falleara from this that the chanre of sign of B means a change in the locus 





STAT 


206 














Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 


t 


a 
of points at which the sign of @ can change, and conversely. ‘Je note further that 


_the region of points for which the condition 4 > 0, @ > O will hold, lies below the 
4, 
“<0 p<0 , 


C, 
3 , tos = 0 


Fig.9.& - Paths of Vertex of Gyro Horizon on Left Turn with | 
Proportional Characteristics of Correction, Allowing for 


Fricti.on in tne Gimbals 


| 
A, and Ay - Loci of points where 8 changes sien; By and Bo - loci of 


points where changes sign; Clo - Initial focus of spiral; Ci — Eocus 
of spiral after intersection of vertex by straight line A at point a; 
C,;. - Focus of spiral after intersection of vertex by straight line'B 


at point Ao» etc. 
| 


corresponding locus of points of A and B, and the region of points for which the 
condition « <0, f < O will be satisfied lies above these loci. 

Let at the initial instant of the turn, the vertex of the syro be at the point 
O, 1.e., let the gyro axis coincide with the vertical. For this points, under all 
circumstances, qg < O. Consequently the straight line Ry must be taken as the locus 
of points where g can change its sign. But in that case, for &, at the initial in- 
stant of time, the condition g >0 will be satisfied, and, consequently the straight 
line A, must be taken as the locus of points where ad changes its sign. 

In connection with the signs ofq and8 so established, the expressions for the 


coordinates of the equilibrium position at the initial instant of time may be found 
STAT 
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by simultaneous solution of eqs.(9.37) and (9.38) 


(2..).= — Yr ne (1.—Pa— 4p,), 


ia (9.39) 


(Sey). — (1. ath ). (9.40) 


Thus, at the initial instant, the spiral will be drawn from the point Cro» the 
point of intersection of the straight line Ay and 25, having coordinates in accord- 
ance with eqs.(9.39) and (9.40). Let it be intersected in this case by the straight 
line Ay at the point a,. This will mean a change of sirpn for a, and, in the first 
place, a corresponding chanrse of the expressions for the coordinates of the point 


C5, of the equilibrium position, which now take the form: 


(2,,): ae - 


(t,— Ps + 2p), (9.41) 


l+a? 


eh i 
Treat (To Ps - fs): (9.42) 


(3,5). ™ 
and secondly, the change in the locus of points of change of sirn of 8 from the 
straight line Ry to the straight line Bj. It aan be easily seen that as a result 
of these chanzes, the length of the radius-vector of the spiral decreases 
(cf Fie.9.5). 

During the further tracins of the spiral from the new center, let it intersect 
at the point ay, the straicht line By > which is now the locus of points of the 
chance of sirn of 3. As a result of this change, in the first place, the expres-— 
sions for the coordinates of the point Cio of the equilibrium position will again 


change, and will nov take the form 


(2,,):,-= —— es (~, $F: + 27,). (9.43) 


(3,1), = +5 (tet) (9.44) 


and secondly, the locus of points of change of sisn of a will change from the 
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straight line A, to the straight line Aye As will be clear, the coordinates of the 
equilibrium position, that is, of the focus of the spiral, will already vary in this 
case to such an extent that R will become positive (cf. the dashed sepment in 
Fig.9.8). But after the arrival at the straight line By, the sign of R would have 
to change from positive to negative. 

A contradiction thus arises, from which it follows that a further motion of the 
vertex (i.e., motion after it arrives at the point an) will no longer be possible. 
Consequently the point Ao in this case will be the position of rest of the vertex. 

Thus, in this case of a left turn, the friction in the gimbals favors the more 
rapid arrival of the syro vertex at the equilibrium position, and also favors the 
deformation of its path in the direction of reducing the maximum values of the 


current deviations. 

Let us now consider the case of a right turn. In connection with the change of 
sign of a and Yg» the locus of points where @ and R change their signs are already 
located in the positive quadrant of Ox, as indicated in Fig.9.9. In this case, the 
region of points for which the condition ¢ >O is satisfied, as in the preceding 
case, will lie above the corresponding straight lines A, while the region of points 
for which the condition f < 0 will lie below those straight lines, the region of 
points for which the condition B < 0 is satisfied will lie below the corresponding 
straight line B, and the region of points for which the condition B <0 is satisfied 
will lie above those lines. | 

For the same initial conditions as in the preceding case, we shall in this case 
have for the initial instant of time d > 0, f < QO, the straight lines Ag and By as 
the loci of points of change of sign, and the following expressions for the co- 


ordinates of the equilibrium position of the points Cio 
| 


. ] 
(tard. bo (tah), (9.45) 


(341 ). = —_. (Y, ce . 
a 


" 
(9.46) 
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It will be seen from Fiz.9.9 taat the vertex of the -yvro, after travelins the 


ver; short distance scparatin;; the straignat Jinc iy 3 which is tne locus of points of 





~ 


Fi7.9.3 - Faths of Jerte< of Gyro Horizon on ficht Turn with 


Prosortional Characteristics of Correction, Allowine for 


rrictlon in the Ginhbals 


Aye fin - Loci.s of points of chance of sirn of a; “42 9 - Locus 


of points of chanre of sign of 8; C,.. - Initial focus of spiral; 


J.0 


Ca - Focus of spiral berinning at point a,; C - Focus of spiral 


vecinning at point dn} etc. 


chanve of sien of 4 from its initial position as taken by us, will intersect this 
straizht line, and in connection with this the sizn of 8 will chance from positive 
to necative, which will mean that the locus of points of change of sirn of g will 
chanre from the straicht line Ay to the straisht line A,, and the expressions for 


the coordinates of the equilibrium of the point Cj, will change to the followinr: 


‘ 





(351), 55 + a (— tat h1— a6), (9.47) 
Cg . _ a stop eu : 
». : (3a). = iat & “2 . Pa } (9.48) 
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As a result of this change, the length of the radius vector of the vertex of 
the gyroscone will be increased. 
On intersection wi i i Y 
On with the straight line Aj; a change of sign of d takes place, 
in connection with which the locus of points of change of Sign of 3 will change from 
Vite eueee 2 ; ; 
e straight line B, to the straight line E5, and the expressions for the coordi- 


nates of the equilibriur iti 3 : 
a rium position of the points Cj. will change to the following 


(2.1), = + (— +, + 49,), (9.49) 


oe . 
1+? 
So) eee soe e ete L 

(3, J. l+a@? (+. fg + a pi). (9.50) 


With this change, the length of the radius vector of the vertex will likewise 
increase. Let us assume that there is subsequently intersection with the straight 
line E54, which will mean the change of the locus of points of change of sign from 
the strairht li } 

g ne A, to the strairht line Ay and the change of the expressions for 


the.-coowss aerate « o ines 
inates of the equilibrium position of the point C13 to the following: 


(a),= +7 (— a +a9,), (9.51) 


(8, To (eto + a), 


(9.52) 


as a result of which the length of the radius vector of the vertex is again increas-— 
ed, and so on. 

The motion of the vertex of the gyro in the plane OaB leads to the establish— 
ment of a self-oscillatory closed cycle embracing the rectangle of repose. Let us 
derive the conditions that determine the parameter of the cycle. As the parameter 
of the cycle, let us take the distance from the noint A of the intersection of the 
cycle with the straight line Ay to the vertex C of the rectangle of repose. Let us 
denote this distance by Thpe Let us also denote the sides of the rectangle of re- 


pose as follows: 
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one noe cee es ee ene eee 
ee ae i 
PEAT ENE 


C,,Cy, aes C,,C,.= Iu), — (2,5) -] sett. ae 2p) 8 
2 


an — 21 -m } 
COs » l+a* cose yY lsat ; 


Ci2C,, = C,,C,, = (Par), — (8,3) _| - 2p - - ws 2h — aC, 
of cos, (l- a") cosy yo l+a!? 


then, accomine to what has been set forth and eq-(9.27), we shall have the follow- 


—— 
© 


“nn system of equations describing, the motion of the pyro vertex alons the limit 
a) qu 


cycle: 


BC yy = AC"? = (AC,, + 6); 
" n 


CC,, = BC,,e * == (BC,, + C)e™, 


aS te re he gen ET OY I ne A oe sear, 
< - 


x 
DC,, = CC,,e7" a (CC,, + 5) e°*; 


ms Sued 
AC,, me DC,,e** =(DC,, = C) at 


- SP ee KS cam. ss LL ee i ee Oe em 
« 
as + oF 


Since for a richt tum Yp < O, it follows that pn <0, ® <O and the angles 9 <0. 


From the equations so obtained, we find: 


fap = Ula + 6) = +c] oi + »| ei + cle 


Thus the parameter of the limit cycle is determined from the following condi- 


tion 


(9.53) 


F 2 we Hee o> eid: pie 
seem Nye ERE eget eee oe ae 7s ¢ 
§ 2 a 
7 ake SMe es Ke he Toa x «Sky “he w « - " 
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anne 


—. . 7 
z -=« <= ee ee 
ee Og ee ee ee oe ee I A Ri Fie DO 


(9.54) 


We shall now show that this cycle is stable. Let the vertex of the gyro at the 


initial instant of time be on the straight line A, at the distance = r from the 
point C, which is the point of intersection of the limit cycle with the straight 
line Aj. Then, by analogy to the preceding, we may determine the position of the 


vertex of the gyro on the straight line A, after it has described one loop of the 


spirals: 


tr ® 


|| Bec madiek 
i= (Tap t Srje +cle + bie’ ‘ 


Whence we obtain, taking eq.(9.53) into consideration: 


oT 


myer. tare”, 


mg 


After the second loop of the spiral, the distance from the gyro vertex to the 


limit cycle alonr the straisht line A, will be equal to 


+. 
“ 


aa 


ry™7,, 1 sre 


and, after the n-th loop it will he equal to 


av. 
R - 


= a aa 
Pa=Tap +- Are ; 


27 


n 


Since the quantity Are 


7“Oasn-ce, the vertex of the gyro will approach 


the limit cycles, moving along the spiral. 


We remark that the vertex of the gyro will approach the limit cycle, both when 


it is inside the limit cycle at -Ar, and in the case when it is outside the limit 


cevcele at Ar. 
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It follows from the presence of the limit cycle in a right turn that the ;yro 
vertical will nave a sreater error on a right tuin than on a left turn. The Left 
turn is used more in aviation (in landing, in formation flying; of aircraft). In 
this connection the gyro vertical. should have a kinetic moment directed upward. If 
the Itinetic moment is directed in the opposite way, the expression of error will be 
creator for the more usual left turn. 

Let 1s nor calculate the valie of the maximum deflections of the vertex of the 
eyro on a risht turn when moving alone the linit cycle. The maximum deviation alonr 
the ais will pe at the point A, the point of intersection between the straicht line 


A, and the limit cycle. The coordinate, (4 of this point is determined from 


min ase 


the fomula 


(Feplani = (341), + Pap cos (x a 7). 


where (a,,) pl = coordinate along a axis of point Cj, is determined by eq. (9.47); 
0 ancle between strairht line Ay and Oaaxis, determined from ca. 
(9.28); 


Tap = limiting radius of cycle, determined by eq. (9.53). 


On substituting the value of Gp )p P,prand cos, we ovtain the following 


formulas: 


r oe 


za 
l Pit? 
ae at a ae = 


- (9.55) 
C — | 


— 


The maximin deviation along the ® will ce at point 8, the point of intersection 


of the straisht line B, with the limit cycle. The coordinate (Rap) of this point 


Max 


is determined vy the forma 


Tf. 
” ° ett 
(Sapdonrer lai! aap tle COS F. 


7 i 
‘ : 
x 


“ 


where (%.,) , - coordinate of point C15,» determined by eq. (9.50) 
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2: 
be C,,C.= 7. 


blew 
After substituting the values of (Fo po? Typ? & and cos@, we get 


ie. , " 
“1, ‘mae 1a . (9.56) 


For p) = Py = Ps eq.(9.55) and eq.(9.56) take the following form: 


—j.rp(I—-a)— 
dee (9.57) 


r - | 


(209) moe = ae ay,+¢(1—a)— oe 
(9.58) 


Je 


The quantities (a__) 


np/max ond (3 0 max may be represented as follows: 


( Any! mae Gos i R, (9.59) 
meneame raliecr (9.60) 


where Oo and Boy are the coordinates of the equilibrium position of the gyro vertex 
on a turn in the absence of friction, as determined by egs.(9.19) and (9.21); 
R = maximum deviation of gyro vertex alons thea and & axes from the point 


of equilibrium position with coordinates (a nV? Ry) on motion alons the 
limit cycle 


Ju 


‘ pb. 
aay m4) 


Let us determine how the value of R varies with variation of the angular velo- 


city of a right turn Wp from 0 to -«, that is, on variation of a from0 to -« 


Re . 
limAR=tlim] ° . p— — - ( =p—plim * 
a 


aeO ae 1+ a -0 — — 
ry 


_ R 
ql ary, O22) ¢ 
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We obtain finally 


lim R-- n. 


Rut asa - Q, 4 - O and R ro” O, while the sides of the rectangle of re- 


pose b -~ 2p. In accordance with this, as a -— O, the limit cycle approaches the 


rectansle of repose. 


Let us now determine the value of Rasa-w7- <+ ec: 


limR=lin |!) “p—- —- “4 = = lim 


de —2? wo-® 1+a? @-- 


(I rate "| 


On expandins the indeterminate expression by L'Hospital rule, we get 


~ 


limR= * «. (9.61) 


ae ¥ 
vie may make sure that 


ae a, [ae — 2) (a4 2Hatpe ““EOQl— at). 
_. Vo Men = 2) + (2m4 2) at] =a 


da me (1 - a3)! | n 8 
(4atyet, 74 ) 


4 
as a varies from 0 to.~«, Accordingly, R increases monotone from ep to - pas a 


1 
varies fron 0 to-« For jal >1, R= — 9s Ra > a.,, and the maximum deviation of 


the gyro vertex from the origin of coordinates, when moving alonr the limit cycle, 


is determined according to eq.(9.60) from the following formula: 


(Bape et, + oP. (9.62) 


i, 


On replacing a by and p by 
E 


tw, L. 4eL 
Pai leae = et Te = ° —-' 


uy m € is XK eH 


(9.63) 


Let us determine the value of E, for which (3 pmax takes the minimum value for 


a given ratio —"°. For this purpose, let us set the derivative of (8 ) with 
“= i p’max 
0 


respect to e¢€ equal to 0: 














a eee A 
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For Eg we shall have 


a5 = hy= 
(3. ear = = Hf a : (9.65) 


Let us now determine the value of the maximum deviation of the gyro vertex from 


the origin of coordinates on motion along the limit cycle on of (3) for the 
Y 


selected value of ¢ 0 and the other values of ie - For this purpose, let us substi- 


tute in eq.(9.63) for €) its value as determined adcording from eq.(9.64): 


: 4/ am : 
Caden o 40 rH Yao 
rH ue wo, tf AL, “a0 


After simple transformations we get 


fee -f a = (9.66) 


Y 
Figure 9.10 shows the variation of the value of Bed on variation of w 


an p from O 


to -e«. In fact, as Wi, 7 O, 


—+> € 


pI : 
we take its maximum value A, obtained in the actual range of, 


Yp 
as [up| +o, | = decreases monotone, and approaches O as |w 


If for ‘Bo 


= B and 


Bo 


: ; oes Sake Y 
aircraft speeds V, ati Ono nex will vary with the variation of _? . within thet AT 
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V3 
where B - minis value of a for . ase If, nowever, we take the value B 
* his a? + 


Y, 
0 

for >» vhen 
Ch a O° 


gu f AL a Atk 
2V By/ apy n> bene) mas ” YR yj (9.68 


Takine the inequality a > B into account, we have the following inequalities 


AB ; A. (9.69) 
} 


ACR. y 
, A =I B, (9.70) 
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LOR Ws. nd Vee From the inequalities (9.49), (9.70), 


and (9.71), we obtain 


‘ - 9 Ack 4 
jee re a. ee (9.72) 


Tae conclusion may be drawn on the basis of eqs.(9.67), (9.66) and (9.72) that to 


redice the turnins errors, the value of Ey should be selected for the maximim valine 
j Yr) Vinax 
of the ratio —'%, equal to ahout ° 


Ny) , 


b) 
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To illustrate these conclusions we present an example. Let”. = 0.000314 
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mre me 
ae ee ee ~ - wetle> - 
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1/sec, and let the speed vary from 100 m/sec to 300 m/sec, 


é 


In this case let us assume that ( *B 
Y O83 fai Y 
' lect €, accord: t oe ne Me 
we sel 0 rding to a, _ 39 we shall have, by eq.(9.66): 
min 


YB 
= 10 sec, (| = 30 sec. Then, if 
max 


oem we 


Ne wene om 
Week tee ES ae we te 
© Aa tbat TS ets me 


; &, = 0,0063 I/sec.., 
Tor aM sec. (Bap mar = 0,126 = 7,2 ’ 


a eee 
a eee “ 


for = 30 SEC. (Ban )max = 0,253 me 14,5 , 


+ ace gee oe 
yee oy me 
ee 4 


: ¥ 
If we select EQ according —_ » we shall obtain, analogously: 
max 


Wn 
0.0036 1/sec 


me 


ewe — 


for = = 10 sec. (8,,),,, = 0,139 = 7,9°, 


~ 
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AG RSE ER ole . 
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Since for ~B0 = a imi 
- or ta » by eq.(9.65), P a? = R, it follows that the limit cycle will 
| practically pass through the origin of coordinates (Fig.9.11). If the ratio ue 


decreases on account of the decrease in 


ees 
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Turning Deviations of Gyro Horizon with Constant Characteristic of Correction 





and als Lhe iti 
also Learinr the conditions of eqs-(9.11) and (9.12) in mind, we obtain the 


equations of motion in the following form: 


a was (9.75) 
a 

a om oP — o,, [sign (2 + 7.) — Ag, sign p], 

f = —w,1— 0, [signS +4, sign 4], (9.75a) 
where ns fs 


moment of friction Ly» the first digit the number of the moment of correction K 
Let us for the time being reject the terms characterizing the influence of 


friction, and let u writ - 5 . 
’ is revrive the equations so obtained in the following fomn: 


4 — 0,5 == — a, sign (a + 7,), 
8 + ma — —o,, sign 8. (9.76) 


. 


Assuming, as uszal, that the operation of differentiation does not include 


that is, w + Q j i 
» when a Yp and ? chanee their sigsns, we find it possible to Operate an 


oq (9.76) as on linear equations. 


49 J = a the second dirit of the subscript indicating the number of the 


wm 
those moments of time when sien (v1 4 
ent ¥p) and sien B undergo a break in continuity, 


On substituting in eq.(9.1) the expressions for p and q according to eq.(9 10) 
and tl : ° 
1e expressions for L. and Ly according to the conditions of the constant char- 


+ Bd 


Taking this into « imi : 
g this into account, let us eliminate the variable 3 from the first equa- 


tion by the aid of the second equation. As a result we obtain 


@ + 02a me — ws, sign B, (9677) 


where 


| 
« : 
| by me Tt (9.78) 
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The integral of this equation will be the expression 


(9.79) 


a=A sin(w,f: 5) -+ de, 
where 


Zas -b, Sign of (9.80) 


A and 6 are arbitrary constants, 


On substituting the solution eq.(9.79) in the first of eqs.(9.76), we find 


B= A cos(o,f-+2)4+8 ,, (9.@1) 
where 
Pat = dy Sin (2 +¥,), (9.82) 
b, mes 82 ; 
5 (9.83) 


| Thus both a and B are periodic functions in this case, 
In other words, in contrast to the preceding case of proportional correction 
characteristics, in this case, with constant correction characteristics, there 
exists no position of stable equilibrium for the Eyro axis in the preess of turning 


“ve shall specially dwell on this circumstance somewhat later 





Let us t 
ransfer a5 and ®,, to the left side of eq. (9.79) and eq. (9.81) respec- 
tively, square the equations so ootained, by parts, and add these parts, a 1 
» aS a result 
Of which we obtain 
| 
| (a—Gez)?- (3 epi? AF (9.84) 
T ° ” ° ° 
he equation so obtained will be the equation of the path of the Byro vert 
2 ex in 
| Oa ; 
B coordinates. As will be clear it is the equation of a circle with Q 
41 . | i ~ 
ene coordinates of its center. “e 
However, before making use of this equation to construct the path of th 
e 
vertex, 1 i i 
ex, we must first determine the locus of points passage through which invol 
: nvolves 
a break in the continuity of sign (4 +y_) and sien 
B “Sars 
Let 
et the vertex of the Gyro be located at the initial instant of time at t} 
ne 


e n 





FD SPSS fearemweneyens 
ao AEP teas: 





| this £ 
CASA Am tha Sutas . . 
‘al instant of time, for a left turn Y >0, the condition >/*! 
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sign(a-!-{.)=1 


will obtain, and, consequently, on the basis of eq.(9.76), the condition 





a<0 
and the correspondinz accumulation of the negative value ofa. 

The positive tern (he OF will therefore accumulate in eq.(9.76) for Re Put motion 
alonz the axis Of cannot at first take place, since on appearance of a small posi- 


‘ a yet ; : : 
tive value'of 8, on account of the positive 8, the nesative term 7 will appear 


a I Spas 


with a jump in the expression for ;, and this term will at first exceed in modulus 


the positive termwia. Therefore will vary with a jump from its positive value to 


B 
some nezative value, and on account of this, the positive value of %, which appears 
at first, and is as smail as may be desired, will be eliminated. 


€ 


Things will proceed in this way until the condition 
M2 > Was, 
begins to be satisfied, that is, until @ reaches in modulus a value satisfying the 


: 


condition 





la] ds 
Sy satisfying this condition the existence of the already discontinuous func- 
tion 


2>0, 


will be assured » which will mean the accwnulation of the continuous function 
ane. 
as well. 
In this way, in the rance of values 
0>e>—}, (9.€5) 
the vertex of the ryro will move along; the axis Oa toward the nesative values ofa. 


“efinning with the value 





(@ a-=—b),, (9.86) 
tt ana tt..3 11 nalwaselse tye deternined by CQe (9.&4) £07 STAT 
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Let us find the time that will elapse from the instant the tum begins until 


tHe condition 
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g--= —, 
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is satisfied, 


The motion of the gyro vertex during shis time will obey the law 


f 
a a= — fo, db, 


Or, ovearing in mind the fact thaty 14 is constant, 


«= — @a;f. 


Thence, after replacing a according to eq.(9.86) and introducing the notation t, for 
the required time interval, we obtain | 
f, = - ® 

" ; 


2+@., the required time interval will be equal to the part of the neriod of the 
pies a 
turn. / 
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The initial conditions for determining the arbitrary 


constant for the next part 
of the path will be 


a=6,, 
g=-0, 


whence, bearing in mind eqs.(9.S0) and (9.62), we zet 


A? he, (9.87) 
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which means 0] = 05 = b, and assume that during the motion of 


around the circle, 


the coordinate of this vertex remains in modulus less than ¥ 
B? 


then we get the result that the remaining part of the path will be a circle inscrib 


ed in the quadrant Oa8 with the coordinates (-b, b) for the center, where » is con 
sidered a positive quantity (Fig.9.12a). Fora right turn, the center of the circle 
will have the coordinates (+b, b). 
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If the condition 
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ottains, considerinr that by and by are quantities essentially positive, then the 
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of correction on lotion of the Vertex of the Gyroscope from the Oririn 
of Coordinates 
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As Up decreases, the radius of the circle increases, reachinp, atu, kp? its 


YB 
maximum value, equal to —- (Fig.9.14). Taking account of eqs.(9.78) and (9.83), we 
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For p> Uy kp? the maximum turning errors are determined by the formula 
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The values of Wy taken sy us correspond to the order of this quantity that is 
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ordinarily used in actual practice. As will be clear, with this order Of Wy, the 


maxirmim values of the turing deviation with constant charactéristics of correction 
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same procedure as before, we obtain solutions in the following form: 
wehbe - 


a= Asin(w,t +2) + (a,9);. | 
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Let, for t O. Then, by eq. (9.75); a@ <0, and, consequently, 
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of d@ <O still persists, tnen, consequently, on account of the persisting accumula- 
tion of negative values of a, the appearance of 3 > © can still be possible. 
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it follows that these loci will be respectively the straizht lines A and P 


(Fig.915), defined by the equations 
o) —Mg, sign 9), 
gumbe (sign a-+ Yo) —" , se 
a= —b, (sign 3-+-Age signe }. 


Since, directly after the instant that eq.(9.92) is satisfied, as has been 


shown, the values 
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3>0, 8>0, 
will hold, then, consequently, the coordinates of the initial position of the center 
of the circle, being the point of intersection, C54? of the straight lines Ay and 
Bo» are defined by the expressions 
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(Bee), = b,(1 — &q,), (9.93b) 
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In the seeseunent motion, the path of the gyro vertex intersects the locus of 
points of change of sign of B, the equation of which is defined by the expression 
| a= —-6, (1-5 ase). 
When this intersection takes place, 
then, as a result of the change of sign 
of B, the expression for the coordinate of 


the center of the circle (Bao)P changes to 
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the following 
(Ayy)r. = 02 (1 + M21)- (9.93d) 
As a result of this change of sign 
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Tt follows from Fig.9.15 and eqs.(9.93a, 9.93b, 7-93c, and 9.93d) that the 
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motions will take place along the Oc axis in the positive sense, and then along the 


circle. In this case, the initial expressions for the coordinates of the center of 
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(3..) = - D(1+A8). (9.102b) 


We remark that for a right turn, w B? O and bs =b< 0. The first to be intersect- 
ed, as in the preceding case, will be the locus of points of change of sign ofa, 
defined by an equation of the following form (cf. straight line A,), (Fig.9.16). 
4 h(n), (9.103) 
As a result of this change of sign of ¢, the expression for the coordinate of 
the center of the circle (52) 50 will take the form 
(24), —= —(1—n), (9-L02¢ ) 
which will mean the increase of the component of the radius of the circle along the 


axis Oa by the quantity Aa. 


9 


aes oh he 6 ital nn me -- 


\ 
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| 


Fig.9.16 — Limit Cycle of Motion of Vertex of Gyro Horizon during Right 


L 
: 0 

Turm with Constant Characteristics of Correction and > 0.37 
ly 


When, during the following motion, the path of the vertex intersects the locus 


> OA Ra te eS oe lane Search Eimer ly Soto 4s ot wel « 
7 . — = 


of voints of change of sign of R, whose equation will be of the form (cf. straight 
line Bo) 

a- -bi| ny) (9.104) 
the expression for the coordinate of the center of the circle 6 po)" 52 will now 


change to the following: 
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(3,5), = 4 (1 — a), (9.1024) 
which will mean that the component of the radius of the circle along the axis 07 


will increase by the quantity Af, etc. 


Fig.9.17 — Path of Motion of Vertex of -Gyro Horizon during a 
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Right Turn with Constant Characteristics of Friction 
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oe, 
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Lio 
and > 0.37, 


“fy 


— a oe we 


On continuing this construction further, we may obtain the entire path of 


motion of the gyro vertex as has been done in Figs.9.16 and 9.17. Here, depending 
on the ratio 2 » we may obtain : closed stable cycle (Fig.(9.16), if = < 0.37, or 
a divergent path (Fig.9.17), ify > 0.37 (Bibl .5). | 

The value of the critical ratio Os, = 0.37, at which a stable cycle is still 


rn 


IN 
possible, may be determined by equating the segment ACs 5 and the radius Ps» which 
Wy 
may be expressed in terms of b = and n. 


Wn 
+o) 
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The values of the maximum errors in motion along the limit cycle during a right 


turn may be determined on Fig.9.16: 


~ % ine 
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| _ 2b(1+n), (9.105) 


2 mat 


ga. - -26(1+2n). (9.106) 


: ht 
These formulas will hold until the limit cycle intersects the straigh 


B 


right turn may be determined from Fig.9.18: 
tee Y (9.107) 


Sica: ‘Se : Jhn (9.108) 


I, 
If aS 0.37, then, as has al- 


“h 


ready been stated, the path of the gyro 
vertex will be divergent. Even this 
sain, tani will still tend to its 
limit cycle after a few revolutions. 
The values of the maximum errors here 
will increase by more than in the 


: _ 
ional ae eee ee — The case pace! has not been con- 


L 
: ly. : 
Turn as it Intersects the Straight sidered in detail, since in practice 
I 
Line ¢ +7, * O 0 


ly 


< 0.37 is usually the case. 


\ 
Mixed Characteristic of Correction | 
Fundamental studies of the behavior of a gyro horizon with mixed correction 
characteristic during a turn have been made, and in particular, by S.S.Tikhmenev. 
It is on these studies that the theory given below is based. 
According to the ratios between the deviations of the gyro axes a and B, the 


isti ine four cases may holds 
and Po of the mixed characteristic, the following 


eS O8: a<O,, lst case 
4-2 Yes I>. 2nd case 
STAT 
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ares; BOP. 3rd case 
a-t-Ye> Oe, Bp <M. kth case 
The lst and 2nd cases correspond to the cases already investigated for charac-— 
teristics that are only proportional (lst case) and only constant (2nd case); the 
3rd and 4th cases are now to be investigated. | 
We remarked that the 4th case must be considered the most real of all these 
cases, and we shall therefore initiate our investigation with that case. This means 
that during all the motions of the gyro vertex along the Owes: the law of the 
constant characteristic will hold, and along the 03 axis, the law of the propor- 
tional characteristic. 


The equations of motion for this case are written in the following form 


H (4 —e,3) = —A, sign (a+74,)+ L,, sign 8, (9.109) 
H(B +4,2) = —K,p—L., signa, 
or 
Co) ad = w,3 —w,; [sign (2 + %,) —Mq, sign B}.) (9.110) 
8 = —e(3 + 4,2 +9, sign 4), | 
where 
a=" 


ey 
Let us reject, for simplicity, the terms allowing for friction in the gimbals. 
Equation (9.110) is then rewritten in the following form 
d— 3m — ayy sign(2t 5.) | (9.111) 
B+ u,2-+ 6,3 =U. | 
Assuming as usual that the operations will not include the instants of time at 
which sign (a + yp) changes its sign, and eliminating the variable g from the first 


equation by the aid of the second equation, we get 


by (9.112) 


O aed + opr — a Sign (2+, ° 
; I 
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The integral of this equation will be 


a ; ell 
— Ae ; ‘sin (mw, f + 4) 7° Baas (9 3) 


where A and 5 are arbitrary constants, 


/- ! 
me Ta 


b 
a, = — 2 sign (2+ 7,). 


substituting eq.(9.113) in the first of eqs.(9.11), we obtain 


$= Ae ? : | m cos (mw, f +4) — * sin (me, t+ 6) |+ Soe 
aa} 


Suc == 5g sign (2+ %,). (9.117) 

It follows from eqs.(9.113) and (9.115) that in the fourth case which we are 
studying here there exists an equilibrium position for the gyro vertex, as for the 
case of the proportional characteristics, but with a time constant of the transient 
state twice as long as in the case of the proportional characteristics alone. 

As will be seen fran eae Css) and (9.117), the coordinate of this equili- 
brium position, fp) coincides identically with the expression for the coordinate Bao 
of the center of the circle described by the gyro vertex with constant characteris- 
tics of correction while the coordinate a 5), is less than the coordinate On of this 
center by a factor of ay (here and hereafter we shall put ay > 1). 

As before, the coordinate 6,), will be the same for a left and right turn; while 
the coordinate On will be negative for a left turn and positive for a right turn. 

Let us, find the locus of points of this equilibrium position. For this pur- 
pose, spice inet ie the angular velocity of the term for this purpose, from 


Wo W, 


i3 
eqs.(9.115) and (9.117), and bearing in mind that bo =——, a] = —» we gets 


a= ot 3* sign (a + +) 





"2236 
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or, bearing in mind that Wea = Eno, 


that is, 


a) 
b) 


x 


Fig.9.19 — Locus of Equilibrium 
Position of Vertex of Gyro during Turn 
in the Case of Various Correction 
Characteristics: Locus IV Corresponds 
to Constant Characteristic with Respect 
to Angle @ and to Proportional Charac-— 
teristic with Respect to Angle B; 

Locus III Corresponds to the Opposite 


Case 


a) Case IV; b) Case ITI 


proportional characteristics. 

















a 


In this case, to the points more remote from the vertex of the parabola, 


period of oscillation differs in this case from the period of the turn 
3 
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am —— 2. pt sign (3 +7), 


this locus will be a parabola with its vertex at the point O (Fig.9.19). 


the smaller 
values in modulus of the angular velo- 
cities of tur Wp Will correspond. 

From the equation of the coordi- 
nates of the steady value of the turn 
ing deviations for the case under con- 
sideration, with coordinates of the 
center of the circle described by the 
vertex of the gyro for constant charac-— 
teristics of correction (second case), 
and from the coordinates of the steady 
position of the vertex for proportional 
characteristics (first case) it follows 
that in this case the turning devia- 
tions will be minimum, since 


‘Ry, < ‘Bas asi, 
Pos = Pua < Pete 


As will be seen from the expres— 


sions for ® and B, eqs.(9.113) and 


(9.115), the path of the gyro vertex 


toward the steady position in this case 


| ai | 
will be more complex than the path of the gyro vertex toward the steady state with 


This complexity is due, first, to the Baru that the 


eee 
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longer, and in the second place by the fact that the variation of 8 differs from the 
, mt e e 
variation of « by a phase angle less than — , since the expression for B, eq. (9.116), 


nay easily be transformed to the following forms: 





a 
| sa Ae? cos (mat+? —8,) + bos bee) 


where 


I (9.119) 
tg 8, = 2am : 





For actual turning rates, the value of may be neglected, with a sufficient 


A 7 


ay _ 
degree of accuracy, by comparison with unity in eq. (9.114). Then we may take m = dg 
On then transferring a.) and By), in eqs.(9.113) and (9.116) to the left side, 


squaring the equations so obtained, and adding them by parts, we get 


1 eo 
(2 3a)! + (B—B,,)? = Ate-«| l+o, sin? (o,¢+3)— i" 2 ( t+2))| 


i 
On neglecting, on the same basis as above, the second term in the brackets on 


the right side of the expression so obtained, and going over to polar coordinates 





with origin at the point Cy» we get 


o T (9.120) 
r=Ae “ / ]— - sin2(¢+4%). 
<@j 





where R and 6 are arbitrary constants. 

Thus, the required path is represented by a logarithmic spiral with a damping 
exponent half as great as with a proportional correction characteristic, with addi- 
tional periodic variations of the radius vector superimposed on this spiral, ranging 
: to the value f 1 + —; 


2a] wa] 
quency double the frequency of rotation of the radius vector. 


of its current length, at fre- 








from the value \/l + 


This path is presented in Fig.9.20 for the value a = 2.0, which corresponds , 


for & = 0.05 1/sec, to a value of 1 min for Tpe The dashed curve corresponds to the 





logarithmic spiral. For shorter periods of turning, these additional variations of 
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FPige9e20 - Path of Motion of Vertex of 





a Left Turn in the 





Gyro Horizon during 
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In other words, for the 


from the point 0. 








Oa and OB6 axes, 








equalities 












will hold. 


It follows from this, in particular, 
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sent for practice, 


which we denote respectively by (45 maxdy 2nd (Pease) 


b 
N(@_ maxdal < are : 


\(B, aor) < 26;. 


se we are now considering to be sati 
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ed effect. 


it may be asserted that the 


° 
path of the gyre vertex remains, in the 


case we are studying, the same in form 


as in the case of proportional charac- 


teristics alone, that is, it retains 


the form of a Logarithmic spiral, but 


has a damping exponent half, as great, 


and steady-position coordinates con- 


siderably smaller in modulus. 


4 
It follows from the spiral motion 
of the gyro vertex toward its steady 


position that the maximum values of the 


turning deviations will be less than 
twice the value of the deviation of the 


steady position of the gyro vertex Ch» 


maximum deviations of the tip along the 


the in- 


(9.121) 





that we shall know the conditions corre- 


sfied during all the 
proportionality of the mixed characteris- 


8, satisfies the relation 


(9.122) 


d, > 2bz, 
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and for the correction with respect to angle a, the relation 


eo, <2 (9.123) 
i 





Let us now assume that the condition of eq. (9.123) is satisfied, while the zone 
of proportionality of the mixed characteristic of correction with respect to angle p 
D,>bdy, (9.124) 
but that nevertheless its value does not assure the satisfaction of the conditions 
for the case under examination throughout the entire process of motion of the gyro 


vertex toward the steady position. In this case, within the limits of motion of the 


REE Taal Ga 


wien 
NW cack 


gyro vertex, determined by the relation 
3®,, (9.125) 
motion will be known to take place along a spiral according to eq.(9.120), but 


beyond these limits, that is, for 


roe oa = 
ene atl x als 


s >, (9.126) 


the vertex will pass over to a region corresponding to the conditions of the second 





case, that is, it will pass over into a cycle according to eq.(9.84) with its center 
at the point with coordinates @ R22 h po) defined by eqs.(9.80) and (9.82), of which 
the expression for Ano may be rewritten, in this case, in the following form 


o; (9.127) 


ae Se | 

After the situation becomes such that the inequality of eq.(9.126) is violated, 
and the inequality of eq.(9.125) now holds on any further motion of the gyro vertex, 
the reverse transition from the circular path to the spiral one takes place. If the 
gyro vertex after this again reaches the boundaries of transition from the spiral 
path to the circular one, then this now takes place, this time, ina position corre- 
sponding to a decreased radius of the circle. 


Thus in the last analysis there is still a damping of the motion of the gyro 


vertex with its establishment in a position of rest corresponding to the pure spiral 





motion according to eqs.(9.115) and (9.116). The difference will only be that the 
STAT 
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setting time, on account of the fact that the motion will take place, in part, in 
the absence of damping, will be accordingly lengthened. 

If the zone of proportionality of mixed characteristic is alternately determin- 
ed by the relation 

Dy -Ts, 
then, as will easily be seen from similar reasoning; the total path of the gyro ver- 
tex will necessarily consist of spiral and circular sections, but the motion will 
end, not in the establishment of the gyro vertex at some definite position of rest, 
but in the establishment of motion along a circle of radius 

R md, Ag. 

It follows from this that the inequalities of eq.(9.121) constitute the maximum 
possible turning deviations, not only when the conditions of eq. (9.122) are satis- 
fied, but also when the conditions of eq.(9.124) are satisfied. 

Let us pass now to the study of the third case. 
The equations of motion corresponding to this case are written in the following 


form (friction in the gimbals being neglected as in.the preceding case): 
I 


d+ 0,0 —o,8 mm — eyy,, (9.128) 
6 + wa = —o,, sign B. 


On eliminating the variable g from the first equation by the aid of the second equa- 
tion, we get | 

a-}+e:a-{- w,? a= — w,*, sign 2, (9.129) 
The integral of this equation will be 


_* 


a=Ae? sin (mw,f +2) + ,;, (9.130) 


2.3 — 5, sign3. (9.131) 
On substituting the solution eq.(9.130) in the first equation of eqs. (9.128), 


we get 
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1 
: @ where 











4, . 
B= Ae * Ps sin (mot +2)+ mcos (mat +?)| + By (9.132) 
2 ' 


Bag ei nnee ) (9.133) 


ay 
a,=-*. 
e; 


The locus of the points of the equilibrium positions with coordinates 


(o p32 % 3) will be the curve defined by the equation 
p= —?——" at (9.134) 


q on) 
which is shown in Fig.9.19. It is assumed here that 


O = tan ‘p= = and sign } = 1, since B > O. 

As will be seen from the solution so obtained, the motion of the gyro vertex 
will proceed in this case along a curve of the same form as in the preceding case, 
but with different coordinates of the steady position. 

Let us now ascertain to what turning characteristics each of the four possible 
cases of the location of the gyro vertex in the steady state will correspond. Let 
us confine ourselves here to the case 

D =O,=— 9%, s,=8, = 0. 

From eqs.(9.19) and (9.21) for the coordinates of the steady position with pro- 

portional characteristics, i.e., for the region of the first case, and from the con- 


ditions for the boundaries of this region, there result the following inequalities 


which become equalities on the boundaries of the region (cf.Fig.9.21): 








et’. (9.135) 
She <_&. (9.136) 
Ilsa? 
@ Let us take, here and hereafter: 
STAT 
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View 


“= 


or 


C a Oa: (9.137) 
& 


Rearing this in mind, we obtain from the inequality of eq. (9.135): 


bea? (9.132) 
1° _ @ gg 1° ; 
@ a 


and from the inequality of eq. (9.136): 


yok be. (9.139) 


t a* 
Taking eq.(9.138) as an equality, we obtain from the inequality of eq.(9.139), 


for the boundary of this region along the Oa axis: 


a>! for 2<®. (9.140) 
Taking eq.(9.139) as an equality; 
Vn sec s fog? 
reCd S,(a)= a “a> 







we obtain the inequality of eq. (9.138) 


reg’ 
hia=ot 3) for the boundary of this region along 





or 9 (°@ 
fy(a)=OF | the O8 axis: 
80 ‘ ; 
4(e) %(a) al tra % @ (9.141) 


: J,(a) If, as is usually done, we adopt 


a a an order of 2 - 3° for the value of 6 
ar 020% 35 OA! 


and a value of € = 0.06 1/sec, then we 
~ Di ibutions of Regions of 
Fig.921 Distribut1 g get the result that the vertex of the 
the Various Cases with a Mixed apie wan be ane seaune position in the 


eee weer first region only in the case where the 
aircraft speed is less than 12 - 1& m/SEC 
Thus the first region may be considered practically excluded from the number of 


regions of possible position of the gyro vertex with a mixed correction character- 


( istic. 





From eas.(9.80) and (9.82) for the coordinates of the center of the circle 
STAT 
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described by the vertex of the fyro for constant correction characteristics, i.e 
® *93 


for the region of the second case, and under the conditions for the boundaries of 


this region, the following inequalities result: 


A Se @, (9.142) 
h’-@. 
(9.143) 
Making use of eq. (9.137) and the expression We = eb from the inequality of 
eq. (9.142), we ret | 


rr ee (9.144) 


8 a 


From the inequality of eqe (9.143), putting W, = €? in the expression for b, we 
obtain directly 


af 


(9.145) 
Taking eq.(9.144) as an equality, and eq. (9.145) as an inequality, we get the 
conditions for the boundary of the second region along the Oy axis; taking eq. 
(9.145) ae equality, and eq.(9.144) as an inequality, we get the condition for 
the boundary of this region along the axis OR, 
Thus the displacement of the gyro vertex in the second region is more probable 


than its displacement in the first region, but under the condition that w. <¢ that 


| B 
is, under the condition that the angular velocity of the turn is sufficiently small 


From eqs.(9.115) and (9.117) for the coordinates of the steady position in the 
region of the fourth case, and the conditions for the boundaries of this region, the 
following inequality results: 

oo (9.146) 


b- db. 
(9.147) 


From the inequality of eq.(9.147) it follows directly that: 
| : 
nay. (9.148) 


Halcing use of eq.(9.137), we obtain from the inequality of eq. (9.146): 


| 
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~ 


1 © 
4 


@k bra (9.149) 


a a? 


Taking eq.(9.149) as an equality and eq.(9.148) as an inequality, we obtain the 
condition for the boundary of the fourth region along the axis Oa; taking eq.(9.148) 
as an equality and eq.(9.149) as an inequality, we get the conditions for the boun- 
dary of this region along the Of axis. 

It follows from this that the location of the steady positions of the gyro ver- 
tex in the fourth region is the most logical location. 

From eqs.(9.131) and (9.133) for the coordinates of the steady position in the 
region of the third case, under the conditions of the boundaries for this region, 
there results the following inequalities: | 

1 > b, (9.150) 
~. aD .- b, (9.151) 
From the last two inequalities we obtain, after simple transformations: 
a |. 
Making use further of eq.(9.150), we zet fen the inequality of eq.(9.140): 


Vr. & l+a (9.152) 
a 


aes ® 
a 


and from the inequality of eq.(9.151): | 
|’ (Dp g l-@? (9.153) 
° 2 a ' 
It follows from this that the location of the gyro vertex in the third region, 
speaking generally, is possible, but in relatively narrow regions. 
On the basis of the relations found for,the boundaries of the regions it is 
easy to construct the distribution of these regions in the system of coordinates V 
W) 
and a = e 
€ 
This construction is given in Fig.9.21 for € = 0.06 1/sec and @ = Ol. The 
latter value is taken, generally speaking, exaggerated, in order to make: the con- 


struction graphically clearer. 
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By using the diagram on Fig.9.21 and the expression for the locus of the equil~ 
librium positions in the four cases we are considering, it is easy to construct the 
general locus of steady positions of the gyro vertex with a mixed characteristic 
aSwWp varies from zero to infinity. In this case it is natural to assign definite 
values of the flying speed. 


This locus is presented in Fig.9.22. 


As for the effect of friction in 
the gimbals, as has already been eluci- 
dated, the motion of the gyro vertex in 
the general case consists of motion 
similar to those obtained with constant 
and proportional characteristics; 
therefore the influence of friction in 
the gimbals will be similar. In other 


FPig.9.22 - Locus of Equilibrium Position 
words, with a left turn, the friction 


of Tip of Gyrohorizon with Mixed Correc- 
in the gimbals will encourage the damp- 


tion Characteristics at Various Angular 
ing of the motion of the gyro axis, 


lates of the Angular Velocities of, 
| while with a right turn the damping de— 


Turning and Constant Flight Speed 
creases. In motion in the second 
region, however, it will favor the gradual slipping of the vertex of the gyro from 


the position of the center of the circle that would be described by the tip of the 


gyro in this region, if we neglect the friction in the gimbals. 


Comovensation of Turnine Deviations of Gyrohorizon 


It follows from the ahove that, in all four cases of the relations between the 


deviations of the pyro axes a and 3, the angle of turn YB and the values of the 
zones of proportionality $5 and 45, the motion of the fyro vertex is described by a 
differential equation of the second order. It is well known that, for a system 


decerihed_tar_a_diffarentjal envation, initial conditions may be selected such thesTAT 
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1 
P . 
s i * * e 1s From 
h tem shall remain mostly under the action of certain disturbances on 1 
the syster 
j inite turn- 
this it follows that the turning deviations of the gyro horizon at a defini 
1S) 2 : 
e eo c e e oordi- 
i locity can be compensated by selecting the initial conditions for the c 
ing ve 


s e e * of 
t f the gyro vertex Such a method of compensating the turning deviations 
nates oO . 


Soviet scientist Ya. N.Roytenberg. - 

The essence of this method is as follows: the rotor axis of the gyro is = 
clined by a definite angle Bo with respect to the axis § forward in the direction of 
papal This position of the gyro will correspond to zero mismatch of the a 
tion system along axis OB If the aircraft is making a turn, then the — O : 
ordinates 003 participates in the rotation of constraint of the aircraft; while tne 
vertex of the gyro is displaced, under the action of the correction system, along 
the axis Og, since the sensitive element of the correction along the axis Og is de- 
flected under the action of the centrifugal forces of inertia by the angle Yp° Tz 
the velocity of the gyro vertex coincides with the velocity of amen “ 
point of the coordinate system with which the gyro vertex coincided at = a 
moment, then there will be no displacement of the gyro vertex with respect to : e 
system of coordinates 003, But this will also mean the absence of turning devia- 
tions of the gyre horizon. 

For a proportional characteristic of the system of correction along the Og 
axis, the velocity of the gyro vertex at the snitial instant of the turn is deter- 
mined by the action of the correction system along the axis of a, the sensitive 
element of which is deflected by Yp? 


V 
where tan Yp 7 "BT" 


s e * 9 e th 
The velocity of the point of the system of coordinates Oa® coinciding ae e 
ev 
ryro vertex is determined by the product Wpf os 


On equating these quantities, we get the condition of compensation of the turn- 
ne 


STAT 
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snr deviations with proportional characteristic of the correction system along the 
axis Os 


Aye. } (9.154) 
tp 


For a constant characteristic of the correction system along the axis Oa, the velo- 
city of the gyro vertex at the initial instant of the turn is determined by the 

quantity yo~2 On equating it to the product Wo o» we get the following condition of 
compensating of the turning deviations with a constant characteristic of the correc- 


tion system alonr the O@ axis: 


See (9.155) 


“s 
Let us now determine, for these cases, the values of the residual turning deviations 
obtained in the case of a turn whose parameters do not satisfy the conditions of 
eqs. (9.154) or (9.155). 

For proportional characteristics of correction, the equations of motion of the 
gyro vertex, eqs.(9.16), on the inclination of the gyro rotor axis along the B axis 


vy the quantity Ro» are rewritten in the form 


a-+ex—o3 = —t~,, 


6 +0(3—6,) + o,2=0. (9.156) 


From a comparison of eqs.(9.156) and (9.16) it follows that eqs.(9.156) are 


obtained by replacing * in the second eq.(9.16) by 8 - ho» which expresses the con- 


| _ _ 
dition of equilibrium of the correction system for a = O and f = Bo. 


Performing the necessary operations, we obtain the following expressions for 
the residual turning deviations in connection with incomplete compensation or 


overcompensations 


(9.157) 
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W) 
= zs P ° ° : : 
where Y po Boa eo) and Ypo 25 the angle of bank for which the compensation is 


designed. 

It will be seen from these expressions that the values of the turning devia- 
tions can be reduced by means of compensation, but, in this case, they cannot reach 
great values. 

We remark that the condition of full compensation in the first case may be 
satisfied at various angular rates of turn. It is obvious, of course, that for each 
such angular velocity there will be only one value of the bank, that is, only one 
value for the linear turning velocity at which the condition of eq.(9.154), of full 
compensation of the turning deviation, is satisfied. 

Let us determine the residual turning deviations for constant characteristics 
of the correction system. Let us write the equations of motion of the gyro vertex, 
eqs.(9.37) for the condition of the tilt of the rotor of the gyro rotor axis along 
the OB axis by the quantity B,~', that is, for the condition of equilibrium of the 


correction system at % = 0 and f = Bot: 


d— eo, = —e,, sign («+ 4,), 
(9.158) 


6 + o,2 = —w,, si7n (Bp = B,)- 


If at the initial instant of a turn at angular velocity *R0 the VEreee of the 


Wy 9 
gyro is at the point (0,B,5"), where Bo’? = ne » then the condition of full compensa-— 


b),-, 

tion will be satisfied, and, according to eae eq. (9.158), &¢ =O at the initial in- 
stant of time. From the second eq (9.158) we then get 3 = OQ for this fasta The 
equilibrium positions for the vertex of the gyro by ea.(9.158) are determined by the 
quantities 8 = Bot and a = 0, that is, they coincide with its initial seit aie: It 
follows from this that the vertex of the gyro will remain motionless. 

If the angular velocity of the tum lwp | < |Wgol, then by the first eq.(9.107), 
&@ <Q at the initial instant of time. This is explained by the fact that for 


lwp] < |wao|» the velocity of motion of the eyto vertex under the action of the 





correction system, along the O@ axis, the sensitive element of which is tilted by 
> STAT 
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of the system of coordinates 0x8, which at the initial instant of time coincided 
| 


with the ayo vertex. As a result of the appearance of d < O fora left turn 





and a> Ofora right turn, the vertex of the gyro begins to move along a straight 
line passing through the point Bo’ parallel to the Oa axis, toward lower values of 
the coordinate a with a left turn, and toward higher values of @ with a right turn. 
"le note that the velocity of this motion, equal to 
a=— Oz * 20, 

will be less than the velocity of the motion in the absence of compensation equal to 
“eos and that the smaller this given angular turning velocity is, and the less the 
siven angular rate of turn, differs from the angular rate of tumuypg for which 
the compensation is figured, the smaller will be the velocity of motion of the gyro. 

In connection with the appearance of & < OQ in the equation for®B, obtained from 
the second eouaton of eq. (9.158), 


+= — we sign ( : Be’) 





the positive term 0 will accumulate. However, the appearance of R > O is at first 
impossible, since if 3 = De appears, the negative tem 14 will appear with a jump 
in the expression forf, and this negative term will at first exceed in modulus the 
positive berm —u,%- In connection with this, 2 will change with a jump from a posi- 
tive value to a certain negative value, and on account of this the value A> ht, 
which appears at first and can be made as small as is desired, will be liquidated. 
Things will proceed in this way until the condition 
{ wea] > fear. 

begins to be satisfied. 

‘hen this condition is satisfied the existence of a discontinuous function 
of 5 > 0 will be assured, which will mean the increase of pe Ne 


Besinning at this instant of time, the vertex of the gyro will begin to move 





alone a circle whose equation will be of the form: 
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the angle fp» is greater than the velocity of the motion of constraint of that point 
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ed 
” ean oe 








i 
i ' 
; | 


| (2 —a,,)? + (8—3,)8= AP. (9-159) 


where @ 59 23! 25 are partial solutions of eqs.(9.158), defined by the expressions 





a= — "sign (8—$,) = — “I. 


= = sign (a+ - a | ” (9.160) 
while A = radius of circle. 
: ! 
| p 
? 


Ly, “; 





Fig.9.23 - Path of Motion of the Gyro Vertex during Turn at 
Constant Characteristics of Correction with Compensation 


of Tum [Irrors 


To determine the radius of the circle, let us substitute in eq. (9.159) the ex- 
pressions a0? Bigs and also the values of ® and ® corresponding to the point of the 


beginning of motion around the circles 








Then we get 
AP == (3, — 3,.)* 
or 
— Sng cs ng 
eee (9.161) 
STAT 
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Figure 9.23 shows the path of motion of the Gyro vertex for angular velocity 
"; ~ O for the case of the absence of compensation for the turning deviations, the 
cirele (1), and for the case of incomplete compensation for lw_l < [wp] and > 0 
the circle (2), Froma comparison of these paths it follows that the sia 1 : 
of the turning deviations are decreased. _— 

If the anrular velocity of the turn |wp| > lopols then, according to the first 
eq. (9.158), at the initial instant of time, © > 0 fora left turn and @ <Q fora 
risht turn, since the rate of motion of the gyro vertex under the action of the 
correction system fur the Oa axis is less than the velocity of the motion of con~ 
straint of the point of the system of coordinates np coinciding at the initial in- 
stant of time with the vertex of the ryro, Owing to the appearance of ¢ > Oona 
left turn and d < oO On a right turn, the ByTO vertex will begin to move along the 
straight line passing through the point Bo? parallel to the Oa axis, toward the in 
crease of the coordinate a on a left turn and toward the decrease of a on a right 
turn. On further examination, analorous to the preceding case, it may be shown that 
this motion will continue until the nerative termw ra in eq.(9.158) is greater than 
the positive term w ., -sign (i mats “hen this happens, the existence of a con- 
tinuous function of Bz O will be assured, which will mean the decrease of B <B.Y 

3eginning at this instant of time, the gyro will commence to move along _ 
circle. whose equation will be of the form 


| (2 — 2,,)* + (8 — 9°) ae AP, (9.162) 


where 


ame — Eg G_ &° aia OS 


5 —= 
Bo = ““sign(a+7) = (9.163) 
A= aes " eo = Bs 
3a So = a (9.164) 


alt e 
On Fig.9.15, the circle 3 represents the path of motion of the gyro vert 
ex 
STAT 
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for |w,| < |ogg| with “3 7 0, in the absence of compensation of the turning devia- 
tion, while circle (4) is for the case of its presence. Let us now determine the 


value of the residual deviation for mixed characteristics of the correction system 


under the condition (fourth case): 
at yer, 8%. 
The equations of motion of the vertex of the gyro, eq.(9.16), for this case, 


with a rotor axis inclined to the OB axis by the quantity #," will be written in the 
following forms: 
: (9.165) 
p= —e,2—6, (B — 4): 


Let us find from these equations the equilibrium position of the gyro vertex in 


the case of incomplete compensation: 


ie 
tig 


° ! 
a, \ @ = 


It will be clear from these expressions that the residual turning deviation 


along the axis 08 will be the same as in the absence of compensation, while along 
the Og axis it will be proportional to the degree of undercompensation or overcom- 
pensation. 

By similar reasoning, the residual turning deviation might also be determined 
for the third case. 

Let us now consider a different method of diminishing the turning errors, which 
leads to ,the cutting out of the lateral correction during a turn. We dete that at 
the present time this method is widely used in practice. 

Let us first discuss the case of proportional correction. With the lateral 
correction shut off, the equation of motion of the gyro vertex may be obtained from 


i 
eqs.(9.13) by putting K equal to zero in the first of these equations. 
bi 





STAT 
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Then we shall have 


i sme 3 -+ apy Sign B, 
B = — eB —a,a— ep, signa. (9.167) 


© The change of sign of @ takes place on the straight lines 


= — a ps Sign B, 


while the change of sign of 3 takes place on the straight line 
(9.169) 


3m — a —p, signa. 
e 


On intersecting, these straight Lines form a quadrangle of repose, the four 

vertices of which are in turn the centers of spirals along which the motion of the 
gyro vertex takes place. Figure 9.24 
gives the construction of the path of 
the gyro vertex for a left turn, re- 
sembling what was previously construct- 
ed when we were considering turning 
errors on the disconnection of the 
lateral corrector. The gyro vertex 
arrives at the rectangle of repose. 


If, however, the gyro vertex is at the 


Fie.9.24 -— Path of Motion of Gyro Vertex 
- origin of coordinates at the beginning 


during Left Turn with Proportional 
at the turn, then it will remain there. 


Correction Characteristics and Lateral 
It follows from the above that the 


Corrector Turned Off 
steady values of the turning errors 


with corrector turned off are determined, for Py = Po =P by the formulas 


(9.170) 


Bess ---: 


gee, (9.171) 


@ Comparison of the formulas for the coordinates of the vertices of the quad- 
STAT 
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rangle of repose with the lateral correction turned off, eqs.(9.170) and (9.171), 


and turned on, eqs.(9.39) - (9.44), show that turning off the lateral correction 


during a left turn considerably reduces the turning error. 
Let us consider the behavior of the gyro with lateral correction turned ‘off 


during a right turn. By eliminating o from eqs.(9.167), we get 


8 +eh + wip = —o,ep, sign 6. (94172) 


2 


— 


E 
In practice, usually 7 -0f < O, a > : ° 


- +o 


Under these conditions, the equation will have the solution 


= 


(A sinpt+ AB cos pf), 


where 


a ee ea, we | 
V 4 lL ane (9.174) 


\,= rs sign 4. (9.175) 


Naking use of the second eq.(9.167), we get 


same 2 '[(8s- : A) ain nt — (Ap + : B) cosnt], (9.176) 
where 


! : : 
= — | (+e siend]—=— [sign —ap, signa). (9.177) 


Here a, and R , are the coordinates of the vertices of the quadrangle of repose. 

We shall now show that, even with the correction turned off on a right turn, 
the vertex of the gyro comes into motion along the limit cycle. For this purpose 
let us discuss the case P) = Po = Pe At the initial instant, let the vertex of the 
gyro be located at point A of the straight line CC. (Fig.9.25) at distance r._ to 


np 
the right of the vertex C,. The coordinates of the point A are determined by 


Bae By ay = _; (shea Bb — a signa) + laa a + Fag (9.178) 
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(9.179) 


2 
32 = 3y = — a 
where @,) and Pp) are the coordinates of the points C,. We observe that for a right 


turn a< 0. In motion in the region (1), the coordinates of the vertac Cy should be 


taken for an and Pp? 





(I - ai 
t.. = Z (sign 3 —a yn 3) = . ae é (9.180) 


(9.181) 






= = the integra- 
Then, putting t = 0, t=%,, Ro= Bas v= Bao By =tpos we find the 












tion constants . 
as (9.182) 





B=) Awe — . 












values so found for A and B in the equations eq.(9.173) and 





On substituting the 





eq. (9.176), we set 


“ae (9.183) 
B—3og — 1" up - * ; [4 sinpt +conee |. 





4 @n a =) : 
3-- Bene (Pe — 7 )e ain yf, (9.18h) 





int A to 
Let us determine the time of motion ty of the gyro vertex from the poin 


sntersection with the straight line C2035 whose equation will be: 


S134 a? (9.185) 


v tr 


—— 


| > poi ile i icient equals 
since it passes through the point Uno» B B2? while its anmular coefficient eq 


(~a) according to eq. (9.169). 


On substituting the time t in eqs. (9.183), (9.184), and (9.185), we find the 


equations fox determining the time t, and the coordinates of the point Gp and Bp)s 


(9.186) 


25 — 2,2 = Fay 





| ay Hee 
—* he | . sinyt, + cos pt, |. 
oi 


‘ f 
° ° Wy r _ p e - ' sin af 
3a — 343 — ' up 3 ord 
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From eqs.(9.186) we find 


w, Sin wl, eg 


oL& 
. sin ply ce COs al, (9 7) 


Or, since 


pee (cf.9.174) 
c 


we find 


(gf, = . : (9.188) 


Fige9.25 - Path of Motion of Vertex cOSpl,ss— (9.189) 


of Gyro on Right Turm with the , 
y & sn pl, = — _° (9.190) 


Characteristics of the Correction 
Proportional and the Lateral In eqs.(9.189) and (9.190) the 
Correction Shut Off minus sign has been used, since Up < O, 


while ty > O. 


Making use of eq.(9.189) and eq.(9.180), let us determine the coordinates of 


the point Bs 
iy (9.191) 
a 


+4 = 3yy t+ (Tap 


] 2? age 8 
(Tne — dO 


(9.192) 


a 


On further motion, the gyro vertex now enters region (2). On motion in region 


(2), the following toordinates for the vertex C, must be taken in eqs.(9.173) and 


(9.176): | | 
@ 


-_—_ St eer Comets ieee - 


“a - (a—1), (9.193) 
; | 
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343 = a (9.194) 


fo determine the constants of interration during motion in region (2), let us 
put, in eqs.(9.173) and (9.176): 
fea, 23a FS sas REF 34S 3 


Tnen we obtain 


te —3,,= 8. (9.195) 
39 —2,,— a ; B: wa). 


(9.196) 


On substituting the values of Po» Oy» *B3 and 73 in eqs. (9.195) and (9.196), we zet 
| ce aD 
| B=roe oda i+e - (9.197) 


*s 2s -\ i. ! : 2 
oem ee Ae -- “lite 1g ap! ‘ (9.198) 


@ From eqs.(9.197) and (9.198), we find 


, A= ‘ B. (9.199) 


Gn substituting A and P in eqs.(9.173) and (9.176), we ret the following equations 


of motions of the vertex of the gyro in regions (2): 


6 
2" 


_ “>| l+e : ‘ye : t (., sin pf + cos #f) (9. 200) 
a eM 


S—S.5™= rage 


oh ‘ ecciy 6 3 
amen! eae : -*(i+e 2 )|. ; [ge ) stn ne + 
+rcosyt|. (9. 201) 


The time ty during which the gyro vertex passes from point B to point D, is 


determined from the condition 


3 Beg wl. 


Taking account of eq.(9.200), we get 
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> 
(rly — 
Ey comparing eqs.(9.18€) and (9.202), we get 


typ = -te uly. 
Whence , 
ol, . ule, (9.203) 


It follows from eqs.(9.203), (9.189), and (9.190) that 
(9.204) 


sin ul, = sin pl, = at ° 
*, 


COS Hh, = -- costly — | (9.205) 


% 


On substituting t, in eq.(9.201), we get, after simple transformations, the 


following expression for the coordinate a, of the point D: 
| 


a) (9.206) 


Let us now require that the point D shall be at the distance Tnp from the 
I 


21) 743 _ Pape 


vertex Cy 
ap zi, — SF, 
‘ (9.207) 


Then, by virtue of symmetry, the motion from the third and fourth regions will 
proceed in the same manner as in the first and second regions. Therefore the gyro 


vertex will again travel toward point A, performing a motion along the closed cycle 


of period 


T= 2 (ty +t) = Ser. 


On the basis of eq.(9.206) and eq.(9.207), we shall find the parameter of the 


limit cycle with lateral correction turned off during a right turn 

















Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 








Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 





4 
ws = — : rl . (9.208) 


It can be shown that the limit cycle will be stable. In fact, if the point Ay 


is at the distance Tp = An, from the vertex C,, then, after the first 


half-revolution, the vertex of the gyro will be at the point D,, whose coordinate 


ny is determined by eqe (9.206): 


e@ 
1D, Bygm — (ray ¢ Arye Ph 4? 


= —r,, + sre ie 


After the n-th half-revolution, the distance of the gyro vertex, when the 


straight lines C503 or C20), are intersected by the rectangle of repose C, or C35 


will equal 


{ 


. a 
t= 


an, —2,.™= Tupi +- dre 
Thus 


NH an. — = 
tim ( Dg @si 3) Tap: 


1 ° oe ‘ . é 
Let us now determine the maximun errors > Pinay and Cmays On motion along the 


limit cycle as well. It follows from Fige9.25 that 


Amar AA EA, + ap 


Pass | Ba 7 Pos + (e = ] é : r " 


fy 


ee eee , 
Py substituting the values of tn» BRO and ry we Lind 


1p? 


p 
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In the real range of angular velocities, |a] > 1. Let us determine the limit 


which ao. and 8 ax will approach as qa -+--«,. For this we remark that according to 
1 
eq. (9.174) — =\Pa2 - ae t, ~ Oand tp ~ 0 asa ~~-«, since the period of 


motion along the limit cycle approaches zero when the angular velocity increases 


without limit. 


Then, by making use of the LtHospital rule, we get 


lim Gas = lim Baas pe ~ P. (9.210) 


The values ofa and B ase for ja] > 1 differ little from their values 

On comparing these values of the radii of the limit cycle of a right turn with 
lateral correction turned on (cf. eq.(9.61) and with that correction turned off 
eq. (9.210) we see that turning off the lateral correction of a right turn leads to 
the increase of the radius of the limit cycle. Figure 9.26 shows the limit cycles 
of maximum radius for a given rate of correction which are obtained on a right turn 
with correction turned off (curve 1), and with the lateral correction turned on 
(curve 2). 

This does not mean that turning off the correction for a right turn is imper- 
missible. For small values of the angular velocity on a right turn the ee de-~ 
viations with correction turned off during the time of transition to the ‘ie 


ment of the limit cycle, the deviation will be less than with the corrector turned 


on. Moreover, if the gyro axis at the beginning of a right tum coincides with the 
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vertical (ag =Bg =49 =Bo = 0), then it will remain in this position (ef ved. 


(9.167 ) since there will be no cause that will operate to bring the gyro away from 


@ the vertical. 


Let us now consider the motion of 
the vertex of the gyro during a turn with 
the lateral corrector turned off, in the 
case of a constant correction character- 
istic. The equations of motion for this 
case, with the same correction parameters 
on both axes and the same moments of 
friction in the axes of the gimbals, are 


obtained from eq.(9.75), if we reject the 
Lz Ge - Limit Cycles of Maximum . 
er | term k, sign (1 + >) in the first equa- 
Radius for a Given Rate of Correction 
tion: 
with Proportional Characteristic with 


=O, ‘ ft sign 6, 
Lateral Correction Turned On (Curve 1) a== @o8 RN (9.211) 


| 
sith Lateral Correction Turned Off 
and witn Latera besecee=ulolun 0 signa). (9.222) 
(Curve 2) 


Lay 
where W = —— — rate of correction; 
i! 
IL, . ° e 2” 
eds ratio between moment of friction and moment of correction. 


n=-—_-— 


Ly. . | 
The equation of the path of the gyro vertex during a turn with lateral correct— 


or turned off is the equation of the are of a circle, as when the lateral corrector 


is on (eq. 9.91) Lut with its own values for the centers % po and B po: 


(&— O45)? + (3 — yy)? eRe (9.213) 


wnere 


a.m — —“ [signS +-asignal. 
a 


a? 
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| 
Pes "* sign B. (9.215) 


R - radius of circle determined by the initial position of the gyro vertex. 


/ 
Re 
& 
Z 


Fige9.27 - Path of Motion of Vertex of Gyro during a Left Turn with 


Constant Correction Characteristics and Lateral | 


Correction Turned Off 


Te coordinates of the centers of the circles lie on the corners of the squares 


ABCD and EFGH (Fig.9.27). The loci of the points of change of the centers of the 


circles lie on the straight lines: 


1) B = O, ieee, Wot t+ uy (sien 9+ n sign ¢) = 0 - the straight lines AB, CD, 


EF, and GH; 
2) B = O, i.e., the axis 0a; 


3) a = 0, i-e., W 1p tu, n sign RB = 0 - the straight lines AD, BC. 


Let us first consider the behavior of the vertex of the gyro during a left 


turns: oO, > QO. Let it be situated at the point M on the axis Oa For this point, 


@ wa > Wire For this reason it follows from eq.(9.212) that R < O, but in this case, 
STAT 
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by eq.(9.211) we get the result that @ < 0 as well the vertex of the gyro enters the 
region (1) (Fic.9.27), where B < 0, 8 < O, and @ < 0, for which the center of the 


circle by eqs.(9.214) and (9.215) will be the point A with coordinates 


(2,.)4= mm (1 +), 

“s (9.216) 
(Sam A. 

*, 


On the straight line AB the sign of B changes, since ,% becomes less than ,. 


As a result of this, the coordinate ff, of the center of the circle also changes. 


Thus the center of the circle for the region (2) becomes the point B with the co- 
ordinates 
(2,5)a a (1 +n), 
Ze 


(3.)e—=— "A (9.217) 
ma 
On the straight line BC the sign of 4 changes, and the point C with the coordinates: 


(a,:)c = “"(1—A), 
a 
(S,)cm— “a. 
may 


pecomes the center of the circle for region (3). On the axis Oathe sign of ‘8 


changes and the point E, with the coordinates 


(2.2) =—" (1 +A), 
es 


(Bade — oA 
j 


now becomes the center of the circle for region (4). On the straight line EF, the 


sign of f changes, and the point F, with the coordinates 
I 
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(2,,)7 = — . (1 +8), 
| 


= 
(Bard? = ae R. 


now becomes the center of the circle for region (5). Finally, on the straight line 


AD the sign of a changes, and the point G, with the coordinates 


(a)0 = — (1A), 
Sy 


(3,20 = = A. 


now becomes the center of the circle. 

By constructing the path of the gyro vertex, we satisfy ourselves that, as a 
result of the change in the centers of the circles, the radii of the circles 
diminish by jumps, both on account of the action of the moments of friction in the 
axis, and on account of the action of the longitudinal correcting moment. As a 
result, the vertex of the gyro reaches the square of repose ABCD or EFGH. We 
observe that the points of equilibrium of the gyro vertex will be the segment KL, 
the upper half of the square EFGH, the Lower half of the square ABCD. In fact, 
after the vertex of the gyro reaches the boundaries of these half squares or the 
segment KL, this type of substitution of centers of the circle does take, place, 
which would be expected to lead to a reversal of the sense of rotation of the gyro 
vertex with respect to the center of ‘ie circle, which is impossible. Physically 
this means that, on the appearance of a deviation of the gyro vertex from these 
boundaries, there appears from the halves of the square and from the segnent KL in 
any direction a correcting moment and moments of friction of such sign as to return 
the vertex of the gyro to its previous Deeaen 


; | + i 
Thus on deviations from the segment KL we have |w,-| > [wpe - wyn| and there- 


, : » i! e 
fore 3 and 8 will have different signs, by ee that is, any deviation along 
| a ae a arte i i s 
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| 
+ | | 
* 





the @ axis that appears will be eliminated. On deviation from the side of the 
square FG upward, we will have 


7. -Q, TaK Kik fons] err, 


2-20, TAK KAK - @y2 0 wy 2--wn-7O, 


It follows from the above that the maximum value of the steady errors during a left 


turn with the correction turned off is determined by the formulas 


Sear = ” a, (9,222) 


Omar = (1 +A). (9.223) 


From a comparison of Fiss.9.15 and 9.27 and of eqs.(9.98) — (9.101) and eqs. 
(9.222) - (9.223), it follows that turning off the lateral correction on a left tum 


considerably reduces the turning errors. 


L’ t 
Ql 
i 
! 
fv. 
3 . 5 
| 
Ff DY a 
m wy Mee |)! 
r ez) te n 
ax oy ~. 4. e 
E HW Ci gf 
j 
—1 2540 _ 
I 


uw? 





Pig.9.28 - Limit Cycle on Right Turn with Constant Correction 


Characteristics and Lateral Correction Turned ort 


© With a right turn it may be established by dn analogous method that the cen- 


ters of the circles here will be the vertices A, D, C, E, H, G, in succession, 
| STAT 
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1 
{ 


— 


he gyro vertex (cf .Fige9-28), we may make sure that the 


eve on ee 


constructing the path of t 


| or- 
| passage of the center of the circle from one corner of the square to the other c 


ner leads to an increase to the radius of the circle, while the passage of the cent— 


quare leads 





er of the circle from the corner of one square to the corner of another s 


| | to a decrease in the radius of the circle. The former transition is due to the 


change of signs of the moments of friction in the gimbals, the second transition 1s 


due to the change of sign of the longitudinal correcting moment. The action of 


‘these two opposite factors leads to the establishment of the limit cycle. Let us 


| the limit 
determine the radius of the circle ry with vertex at the point A for 


cycle, at assigned values of W ps w, and n. It is obvious that the limit cycle will 
3 


become established at Ly Lys 


Let us write the obvious geometrical equalities: 





Tm ee Xe 
ram MNT + NE* = aunty neta (V a3 m—27*] + - 


: oe 
ry=late “nar, t+4—" A; 
-,' w,! 
: ae 
nl (or 


simple transformations we obtain the following 
















On equating Tr, and Yr; after 


equation for ry: 


Ty We jan -- 1y-(" = Ae) EAGT a0. 
an ~ 


Whence we finds: 


“3at — | 
— . | 20+ a, 
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Fie.9.29 — Relation between Radius of Fig.9.30 -— Path of Motion of Gyro 


Limit Cycle r,; and n = — Vertex during Right Turn with Lateral 
L 
1, 
Correction for - = 0.48 
“hh 


Fig.9.31 - Paths of llotion of Vertex of Gyro during Right Turn 


L 
with Lateral Correction Off for - < 0.48 
ly 
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L 
On Fig.9.29, ry has been plotted against the ratio n -—. For n = 0.48, the 


radius of the limit cycle equals half the side of the squarewk. In this case the 
limit cycle is the boundary cycle (Fig.9.30): all the paths eeet are inside it, are 


closed in the rectangles of repose for the segment KL, all the paths located outside 


the limit cycle, wind about that limit cycle. For O<n< 0.48 ry < aK » the limit 
5) 
B 


cycle does not exist, since, for the closure of the cycle, it is necessary that 
W) 


ry = ry ens In this case all the paths are closed in the rectangle of repose 
(Fig.9.31). when n increases from 0.48 to 0.5, the radius of the limit cycle in- 
creases from zero to infinity. For n = 0.5, the limit cycle does not exist, and 
there is a small region of the plane in which the paths meet aes are closed in the 
zone of repose, while in the rest of the area, the paths are divergent. It follows 
from what has been said that when n = 0.48 is selected, the value of the steady 
turning errors with the lateral correction turned off on a right turn will be the 
same as for a left turn, and will be determined by the formulas eqs.(9.222) and 
(9.223). On comparing these quantities with the values of the maximum turning 
errors on a right turn with operating lateral correction, the conclusion may be 
drawn that turning off the correction when its characteristic is constant decreases 
the turning errors. All that need be done is to assure a ratio between moment of 


friction and moment of correction of not more than 0.48. In practice this ratio 


usually does not exceed 0.1 - 0.2. 


Section 9.3. Ballistic Deviations 
General Remarks 

By ballistic deviations we shall mean here the displacements of the gyro axis 
due to the action of longitudinal accelerations on it. By the positional correction 
of vallistic deviations we shall mean deviations due to the action of accelerations 
on the pendulum serving as the sensitive member of the corrector of the frame whose 


axis of rotation is perpendicular to the direction of flight. 


P 
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With oscillatory accelerations, oscillations of this pendulum will also take 
place. Sinbe the influence of the sedation of the sensitive member of the cor- 
rector has already been elucidated in Chapter 4, we shall confine ourselves here 
merely to elucidating the influences of the constant accelerations to which the air-— 
craft is subjected during the course of some finite interval of time. We shall here 
consider that the pendulum of the corrector for the other frame is not subjected to 
disturbance. 


In view of the foregoing, the expressions for the mismatches in the trans- 


‘mitters of the correction system, in the case of the longitudinal arrangement of the 


axis of the outer frame, may be written in the following form 


fe=3, 


4.= 9—yY V, 


voe(v 
~, sarcig --=- 
£ & 


"fe shall not take into account the moments of friction in the gimbals, since 
their influence in this case is not manifested in any new effect. 

Let us also take into account, in the equations of motion of the gyroscope, the 
influence of the displacement of the aircraft with respect to the earth. Then the 


equations of motion of the gyroscope will take the form 


fia = f (2); 


' ; (9.224) 
Ha + pala = )- 


Pallistic Deviations with a Proportional Characteristic 


In this case, the equations of motion eqs.(9.224) may be rewritten in the 


followine form (putting, for simplicity, k, = kg =k): 


270 
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a -+- 02 = (), 
S+per—s( VY) 


Reg 
| 


The partial solutions of eq.(9.225) for V = const, which represent the steady 
deviation in the case under study, are written in the following form: 
., me Q; 
(9.226) 


that is, with a variable a there will be no deviation, but with a variable 6 there 
will be, and it will consist of the velocity deviation oe = ons » with which we are 
LYE 


| 
already familiar, and the new ballistic deviation: 


(9.227) 


equal to the angle of deviations of deflection of a pendulum from the true vertical 


under the influence of the acceleration V. 
Let us confine ourselves in our further investigation to the equation with re— 


spect to the variable R. Its total integral is written in the form 
p= Be" —(4,,— 4, ). (9.228) 
Let, for t = 0, B = -5. 6 Then, for the arbitrary constant B we obtain 
By 8, (9.229) 


Let us now introduce the variable Ao. = 6B + 6 which we shall call the current 


value of the ballistic deviation. Using this variable and the value found for the 


arbitrary constant, let us rewrite eq.(9.228) in the following forn: 
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Momo (1 ecg? fy. (9.230) 


Thus the current value of the ballistic deviation Sy tends here to its steady 
value according to a law of increasing exponent with a time constant inverse in mag- 
nitude to the single velocity of precession e€, and consequently, the increase of de- 
viation will be particularly intense at the initial instant of time, after which it 
will slow dowm. A value practically equal to 5), that is, equal to the deflection 


of the pendulum, is reached by .\o) after the lapse of the time 


Fors = 0.06 1/sec, Ty = 50 sec. 

Under actual flying conditions, however, so prolonged a state of acceleration 
34s improbable, or in other words, under actual flight conditions, the ballistic de- 
viation will not reach its full value. It is therefore interesting to elucidate the 
ability of the gyroscope to accumulate ballistic deviations over the given time of 
action of the accelerationt + or in connection with the given increment of flight 
speed \V. 

Tt is clear that, other conditions being equal, this ability will be less, the 
smaller the value of the unit rate of precession €. On the other hand, at constant 


acceleration, the time of action of the acceleration will be determined by the ex- 


pression 


(9.231) 


that is, will be inversely proportional to the acceleration. 


At the same time, the limiting value to which the ballistic deviation tends 
will increase with increasing acceleration. 
In order to elucidate the ultimate result of this contradictory influence of 


acceleration of the current value of the ballistic deviation in the case under 
STAT 
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1 


study, let us substitute in the solution eq. (9.230) the time t» according to eq- 
(9.231), and let us then expand this right side of eqe(9.230) into a series and 


transform the solution eq.(9.230) to the following form 





eave 1 ave 2. 


Vs sv 1 
48, = (eo aa ae (9.232) 


It will be seen from the expression so obtained that the ballistic deviation 
increases in modulus with the increase in modulus of the increment of velocity AV, 
and that for a given AV it will be the larger, the larger in modulus the accelera- 


tion V is, since in this case the terms in parenthesis in the right side of eq. 





AV 
(9.232) will be the closer to the quantity © — - 
For the compensation of the ballistic error on account of the increment of the 


velocity deviation, the condition 





| must be satisfied. | 


| Integration of this equation gives the following law of variation of velocity 


at which this compensation is observed: 


-_ £ f 
VaVvye ™. : 
I 


Taking ¢ = 0.06 1/sec, we find that the compensation of the ballistic error is 





possible only with an exponential law of increase of velocity with a time constant 

| equal to 10 hrs. Thus the practical accomplishment of this compensation is unreal, 
owing to the different orders of magnitude of the ballistic and velocity deviations. 
For a numerical evaluation of the ballistic deviation, let us take the case of 
the increment of velocity AV = 30 m/sec with accelerations of 3 he 6 m/ sec®, taking 


@ e = 0.06 1/sec. We now obtain, by eq.(9.230), taking t = Te = a 
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43 wa 7,6 M 


om 88°, 


i= trfsec® 
ay 


v - & m/sec? 


Tt will be clear that the errors ootained 3n this case will be rather consider-— 


able. 


The Constant of the Correction Characteristic 


As in the preceding case, it will be sufficient to consider only the equation 


of moment with respect to the variable ?. In this case it will be rewritten in the 


following form: 


3 sign (3 —%,.) — : ; (9.233) 
According to this equation, at 2 = 0, precession of the inner frame occurs in 
the sense of matching the gyro axis with the position of the apparent vertical. 
Tre influence of the flight speed ¥ is manifested in this case in the slowing 
or acceleration of this precession to an insubstantial extent, and we shall there- 
fore not take it into account. 


he current value of the ballistic deviation is determined in this case by the 


expresso 
> ao 
Gy =wity sign Vs 


where t* is the time of action of the acceleration. 
1er = 


Or, taling V = const and expressing 


we set 


rd 


(9.234) 
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As will be clear, in this case the ballistic deviation will be proportional to 
the increment of velocity AV, and inversely proportional to the acceleration v » that 
is, in contrast to the preceding case, it will be the smaller, the greater the 
acceleration with which the accumulation of the velocity increment AV takes place. 


Let us take for V those same data of the numerical example that were used 


above, and let us take wy, = 6°/min, AV = 30 m/sec. In this case we get 


a 


O, 
%y Lam/sece = | , 


aes. 


“Ua m/se 


As will be clear, with a constant characteristic, the ballistic deviations will 
be considerably smaller than with a proportional characteristic. 
Let us determine the value of the constant acceleration Vip? for which the 


ballistic deviation for an assigned \V reaches its maximum value Prats equal to the 


angle of inclination of the apparent verti.cal APs 


-m 


AV 
Pao ™* 
mat a Vey 


From this we finds: 


e SV _ Vp 
Me (9.235) 
V., a V «ga V’, 


Bees _ fom : (9 0236) 
g£ 


® For v > hy) the gyro axis will not succeed in getting as far as the position 


of the apparent vertical 

















Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 


‘ = ay = @ ay (9.237 
pe S Pan ey | 


For V s Vie? the axis of the pyro will succeed in reaching, the position of the 


apparent vertical 


ae i. 
p -: fg “~ Bags i : : 


Thus, for an assioned value of AV, there is a critical value of the constant 
acceleration "Kp at which the ballistic deviation is maximun. 

With a variable acceleration, the maximum ballistic deviation for an assigned 
\V is obtained in the case when the velocity of rotation of the apparent vertical is 


equal to the velocity of precession of the gyro. In this case the axis of the gyro 


will follow the apparent vertical as it is displaced. For this case, the equality 


will hold, since 


f f 
av ==\\' dt =( go tdt, 
6 6 


MV |. gut, 
then the time of increment of velocity is determined from the formula 


2av 


{ =: - . 
K@s 


Then the maximum value of the ballistic deviation is determined from the formula 
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Ve, 
Swat —t a! es Vy cg : 


that is, it is 12 times as great as at constant acceleration. 


Mixed Correction Characteristic 

If the acceleration v is considerable, then the deflection of the apparent 
vertical from the true vertical on account of the action of the acceleration will be 
considerably greater than the zone of proportionality of the mixed characteristic. 


Consequently the behavior of the gyro will be determined mainly by the constant part 


of the mixed characteristic, that is, it will be about the same as for constant 


correction characteristics. 


At low accelerations, when 


the behavior of the gyro will be the same as with a proportional characteristic. 
But, as already established, with a propor cional characteristic, fora given accel- 
eration, the ballistic deviation will be smaller the smaller the acceleration is. 

Thus with a mixed characteristic the favorable aspects of both the proportional 
and constant characteristics of the correction are to a certain extent both used 


with respect to the ballistic deviation. 


t 


Section 9.4. Gyro Horizons with Electric Drive 

At the present time gyro horizons with an electrically driven gyroscope rotor 
are widely used. Gyro horizons with a pneumatic drive, in view of the worsening of 
their characteristics in flight at high altitudes, are employed very rarely. 

The indication system of the instrument is made in two versions: 1) in the 


form of a motionless aircraft silhouette, connected with the body of the instrument, 


and a movable line imitating the horizon, which is connected with the gyro; a ae 





’ 
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3 nd 
) 


a fixed horizon line. 


The AGK-47B Gyro Horizon 


af 
> f 
= ! ent LS 


| usually a special PAG-1F transformer. 


a) b) 


Fi7e.9e32 Parts of Gyro lotor of Gyro Horizon 
Ne e os 


it, an 
a correcting unit, 
norizon consists directly of a gyroscopic unit, 
The syro ; 
arrester, and an sndicating system. | a 
j is located para 
+s of rotation of tne outer frame of the gimbals 1s 
The axis © -_— a 
whose axis 1S para 
rse axis of the aircraft. The gyre motor casing, * 
the transvers 


a) . 


The $. Tro -* 


a, tx 2 
e 2 - 





218 


es 4 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 








Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 
























i 


} ‘i e cm 


] liquid level electrolytic 
The instrument uses a corrector consisting of a liq 


Chapter 6. 


S 


1 


e ® ® t + | t e 


frames of the 

device through brushes and contact rings placed on the axes of the 
j ; 7 1% 
The indicating system of the gyro horizon consists of a "horizon line 
jimbals. el | 
| and of an aircraft silhouette, corinected with 


connected with the instrument casing; 


the gyro unit. 
For the bank readings on the instrument to corres 


h the inner frame of the gimbals through a gear 


pond to the actual bank, the 


aircraft silhouette is connected wit 


e s LJ e ition b 
ted with the snstrument case, rotates relatively to the initial posit1 y 
connec Ww | : : os 
ular bank of the aircraft. The outer frame of the gyroscopic gimbals is 
the angular 


h 
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‘ine 3 ‘th the axis of the inner frame 
ings, but since the aircraft outline is connected with th 


of the gimbals through the above mentioned transmission, it would therefore turn 








Fic.9.33 - Indicating System of Fig.9.34 - Outer View of Gyro Horizon 


Gyro Horizon 1- Handle for moving index of horizon; 





| silhouette; 3 - Inner frame of gimbals 


1 - Horizon line; 2 - Aircraft 2 — Arrester 


(Casing of gyro motor); 4 - Outer 
frame of gimbals; 5 - Gear drive; 


6 - Solenoids 


when the aircraft banks with respect to the "horizon linet’ by the angle of bank, in 
the direction corresponding to the actual bank of the aircraft. This is illustrated 
by Fig.9.33- 

In addition, a scale of longitudinal inclinations and a scale of banks are 
attached to the gyro unit. For convenient use of the instrument, the line of the 
horizon may be shifted witn respect to the instrument case by means of a crank 


mechanism, whose handle is brought out on the face side of the instrument 





(Pic .9.3h), 
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j e maximum time 
A special mechanical device is used to arrest the gyro-unit. Th 


rceed 15 seCe 
necessary for arresting an operating instrument does not & 


AGB-1 Bomber Gyro Horizon | | 
The AGB-1 type electric gyro horizon is another example of the gyro horizon 


} i ‘ the face 
with radial correction (Fig.9.35), which is used on heavy aircraft. On 


part of the gyro horizon, a side-slip indicator is placed. 


rigs #8 ae 


oe : ee 


ott 
Fig.9.35 - a) External View of Type aGB-l Gyro Horizon; b) Face View 
| 


1 - Front flange; 2 - Aircraft outline; 3 - Vertical pressure; 4 - Horizon line; 
i 9 
5 — Spherical screen; 6 -—- Bank scale; 7 - Ball of side-slip indicator; 6 - Scale 


division of side-slip indicator; 9 — Handle for blocking corrector switch; 


j 
| | 
10 — Handle of angle-of-attack mechanism i 


The gyro horizon consists of a gyroscopic unit, a correcting mechanism, an in- 
dicating system, a starting system, and a system for starting the corrector, and 
cutting out the corrector during turns. 

Figure 9.36 gives a schematic diagram showing the arrangement of the gimbals on 
the aircraft. The axis of rotation of the outer frame of the gyroscope a is 


located parallel to the longitudinal axis of the aircraft, while the axis of the 
STAT 
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inner frame (the syro motor casinr) is parallel to the lateral axis of the aircraft. 
This arrangement of the gimbal axes allows measurenent of the true ansle of pitch 
(dive or climb) during a bank, that is, 
it allows measurement of the angle be- 
tween the longitudinal axis of the air- 
craft and the plane of the horizon, and 
measurement of the true angle of bank, 
the angle of rotation of the aircraft 
about its longitudinal axis when the 
angle of pitch is not zero. The range 
of measurement of the angles is =007 an 
Fir.9.36 -~ Schematic Diagram of bank and ~60° in pitch. The principal 
feature of the syro horizon is the high 


Arrancement of Gyro Horizon on 


Aircraft accuracy of its readings during a turn, 


which is obtained by cutting out the 


ised easurement of angle of 
a) Axis of m 7 lateral correction of the gyroscope. 


sue 4 urement of angle , 
bank; b) Axis of measureme P The gyro unit of the instrument (Fig. 


: Z irecti f longitudinal 
of pitch; c) Direction 0 g 9.37) contains the gyro motor (Figs. 


: 2 nO fo 
axis of aircraft; d) Trace of gyz 9.38 and 9.39) which is placed inside a 


—39c se ° . 
scope dite casing. The casing is also the inner 


frame of the gimbals. The stator of the gyro motor (2) (Fig.9.38) is attached to 
the cover of the casing. The rotor (1) is a massive steel flywheel with the block 
(6) of electrotechnical steel and a short circuited winding, embracing the stator on 
the outside, pressed into it. The moment of inertia of the rotor is 1.9 g - cm - 


sec~. The speed of the rotor is 21,000 - 23,000 rpm. The kinetic moment of the 


s7yroscope amounts to avout 4000 g - cm — Sec. The motor of the rotor is triphase 


and synchronous, with one pair of poles and star-connected windings. It is fed by 
wy 


a triphase 36 volt 400 cycle alternating current. The line current of the motor 
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a - View from above : 


l - Junction box; 2 - Lock nut; 3 - Disc; 

Lh - Pin: 5 - Fut; 6 - Shaft of gyro unit: 

7 - Screw; €& - Body of gyro motor; 9 - Gyro 
notor; 10 - Cover of gyro motor; 11 - Busn~ 
ing: 12 - Lead balancing weignt; 13 - Brack- 
et: i; -— Balancing screw; 15 - Rotor of 
electric mctor of lateral corrector; 

16 - Screw: 17 - Pressure reading; 

18 - Stand; 19 - Contact groun: 20 —- Nut 


b — Side view 


1 - Cover of gvro motor; 2 - Axis of gyro 
unit; 3 - Body of gyro motor; 4 - Liquid 
switch; 5 - Screw; 6 - Rotor of electric 
motor; 7 - Balancing screw; 8 -— Bracket; 

9 - Bushing; 10 - Nut; J1 - Pin; 12 - Nut; 
13 - Disc: ly - Gyro motor 


Fig.9.37 - Gyro Unit of Gyro Horizon 
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Fig.9.38 -— Gyro Motor 


1 -— Gyroscope rotor; 2 - Stator of electric motor; 3 — Bushing; 


4, —~ Cover of gyro motor; 5 - Screw; 6 — Electrotechnical steel block 


with short circuited winding; 7 - Cover of gyro motor; 8 ~ Bushing; 


9 - Shaft of gyro motor; 10 - Bearing; 11 — Nut 


Fige9e39 — Outside View of Gyro Motor 
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phase is about 0.35 amn. The time taken by the gyroscope to reach full speed is 


2 y2in. Durinr operation the gyro motor may be heated to not over 45° C. In the 


@ 


(ad 


(hn oP 
——— a, \ Ps 
U7 ~ - | WA 


@ 69 Nn 


Fig.9.4CG -— Kinematic Scheme of Gyro Horizon 


1 = Gyro unit; 2 - Gimbal frame; 3 - Rotor of lateral corrector electric 
motor; 4 - Stator of electric motor; 5 - Spherical screen; 6 - Handle of 
angle-of-attack mechanism; 7 - Vertical scale division; © - Side-slip 
indicator; 9 - Aircraft outline; 10 - Bank scale; 11 ~ Signal flag; 

12 — Handle for blocking corrector switch; 13 - Front flange; 14 - Strip- 
horizon line; 15 - Current leads; 16 - Casing; 17 - Carrier; 16 - Lever; 
19 - Bracket; 20 - Stator of electric motor of longitudinal corrector; 

21 - Rotor of electric motor; 22 - Brushes of switch of lateral corrector; 
23 ~ Leads; 24 -— Cutout disc for lateral corrector; 25 - Eimetallic relay 


a) Direction of flight 


lower part of the syro unit a pendulum switch is attached, forming the sensitive 
@ element of the corrector. In design and characteristics it does not differ from the 


sensitive element of the corrector of the AGK-47B gyro horizon (cf.Fig.6.14). The aT 
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gyro-unit (1) (Fig.9.40) is suspended on bearings in the gimbal frame (2). The 
se of the electric motor of the lateral corrector (3) is rigidly connected to it. 

The stator of the electric motor is attached to the gimbal frame (2), which is 
suspended on bearings in the body (16) of the instrument. In addition, the rotor of 
the longitudinal correction electric. motor (21), the disc (24) for cutting out the 
lateral correction during a turn, the spherical screen (5) with vertical scale (7) 
for reading off the lateral bank, and three horizontal scales for reading off the 
angle of pitch (0 and ~ 10°) are all rigidly attached to the frame (2). 

‘The electric current is supplied to the gyro motor and the correction system by 
means of the moment-free power inputs (15) and (23). The moments of friction of 
these inputs are negligibly small, since the pointed contacts are located on the 
axis of rotation on the gimbals. The strip (14) with lever (18) reproduces the line 
of the horizon. The lever (18) is suspended in the brackets (19) attached to the 
frame (2). The tang (17), attached on the casing of the gyro unit enters the slot 
of the lever (18). In the horizontal position of the aircraft, the lever (18) with 
the strip (14) are perpendicular to the axis of the rotor to the rotor shaft of the 
gyro motor, and are consequently also in the horizontal plane. The aircraft outline 
(8) is connected with the instrument case (16) through a gear drive which is con- 
trolled by the lever (6) for setting the angle of attack. When the aircraft is in- 
clined, the body and outer frame of the gimbals are also inclined with respect to 
the vertical shaft of the rotor of the gyro motor. These inclinations are reproduc- 
ed by the strip-horizon (14) with respect to the aircraft outline (9). Figure 9.41 
shows the readings of the gyro horizon during various maneuvers of the aircraft. 

The electric motors of the longitudinal and lateral correctors consist of 
asynchronous biphase electric motors (Fig.9.42). The operation of the correction 
system is described in Chapter 6 on pages 74-76. Three windings are placed in the 


rotor grooves: one excitation,winding and two control windings with the windings in 


® opposite senses. The reversal of the correcting moment is effected by switching on 
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one control winding or the other. The stator consists of a block of electrotechni- 
cal steel with grooves cast in aluminum alloy and forming a short-circuited stator 


winding. 


Fie.9.42 - Outer View of Electric Correction Motor 
1 - Rotor; 2 -— Stator 


The maximum torque developed by the electric motor is 7-9g- cm, and the 
diameter of its rotor is 61 m. The resistance of the excitation winding is 
Bek : 0.5 ohms and that of each of the control windings is 420 : 50 ohms. 

Figure 9.43 gives the electrical circuit of the gyro horizon. The current is 
supplied to the gyro motor (1) from the series converter PAG-lF through the termi- 
nals ARC of the plug connector of the gyro horizon. The central contact of the 
liquid switch (2) is connected to phase A of the gyro motor. The excitation wind- 
ings of the electric motors (3) and (4) of the correction are connected in series 
with the phase windings B and C of the electric motor of the gyroscope. This method 
of connecting the windings increases the torques of the correcting motors on start— 


ing the instrument by 2 - 2.5 times as a result of the starting currents of the gyro 


© motor flowing through them. This considerably shortens the time required for the 
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gyroscope to reach the vertical operating position on starting. 


The lateral correcting motor (4) is turmed off, during a bank, by the contact 


disc (5), located on the shaft of the outer frame of the gimbals. When the aircraft 





banks by more than 7 —- 9°, the lateral correction is cut out. Two current-carrying 
sectors on this disc, with angles up to 18°, are electrically connected with the 
common lead-out (8) of the electric correcting motor (4). In horizontal 
flight, the brushes (9), connected with the body of the instrument, are located in 
the middle of the sectors of the disc (5). In this case, the control winding and 
the motor (4) are connected with phase P and develop the normal correcting moments. 
If the bank of the aircraft exceeds 9°, then the brushes (9) break contact with the 
current carrying sectors of the disc (5), and the motor (4) is switched off. 

The corrector cutoff is blocked during the period of starting the instrument by 
means of the bimetallic relay (7) and the mechanism (6), which are connected with 
the object of duplication. 


At the instant of starting the instrument, the bimetallic relay is in the 





closed state and the control windings of the electric motor (4) are connected to the 
contact of this relay to phase B. In this case the lateral corrector of the gyro- 
scope operates at any lateral inclinations of the gyroscope. At the same time the 
starting mechanism (6), whose closed contacts duplicate the bimetallic relay (7), is 
turned on. This duplication allows the instrument to be started even if the bi- 
metallic relay should fail for some reason, or if the pilot should forget to turn on 
the starter mechanism (6). 

The winding on the bimetallic relay, with a resistance of 1500 = 50 ohms, be- 
comes heated, and in 45 - 180 sec after the current is turned on, it breaks the cir- 
cuit connecting the phase B with the terminal G of the snap connector. During this 
time the gyro spindle is able to establish itself in the vertical position, owing to 


the forced operation of the correction mechanism. 





@ To assure stability of the operating time of the bimetallic relay in an ambient 
| 
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temperature range from +50° to -60° C, two bimetallic plates are installed in it. 
‘Inen the. temperature of the air varies, both plates are flexed parallel to each 
other, maintaining the contact feiss constant at 25 to 30 ge ‘When the heating wind- 
ing is switched onto one of the bimetallic plates, this plate becomes heated and de- 
formed. , The contact pressure continuously weakens, and after 40 — 150 sec, the con- 


tacts are separated. 


Fig.9.43 - Electrical Circuit of Gyro Horizon 


a - Gyro motor winding; 2 — Liquid pendulum switch; 3 - Electric motor for 

lonritudinal corrector; 4 - Electric motor for lateral corrector; 5 - Disc 
t> 

for cutting out corrector; 6 ~ Mechanism for blocking corrector cutout; 


7 —~ Bimetallic relay; 6 - Common leadout of control winding; 9 -— Prushes; 


Ry» I» Ry - Resistors 


The sipnal flag (11), connected with the handle (12), appears in the zone of 


visibility of the front part of the instrument (Fig.9.44,a) when the cutoff of the 
lateral correction is blocked. when the block is removed, that is, when the switch 
ig in a neutral position, the signal. flag disappears (Fig.9A4,b). 

The resistors R, = 500 ohms and Rp = 240 ohms serve to produce the necessary 


tawuin characteristics for the correction motors. The resistor Rg —- 5.1 ohms is a 
STAT 
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spark arrester in the circuit of the brushes (9) and the disc sectors (5). The ter- 
minal G of the snap connector serves to test the operating time of the relay (7) and 
the angle of cutoff of the lateral corrector. With this object a voltmeter is con- 
nected between the terminals B and G. If the brushes (9) are on the current carry- 
ing sectors of the dise (5), then the voltmeter will show a ltané drop of about 
18 volts across resistor Rye When the brushes are displaced away from sectors » the 
voltmeter shows the full phase voltage of about 36 — 40 volts. 


Figure 9.45 shows the design of the instrument. 


Fige9.44 — Front View of Gyro Horizon before Starting (a) 


and After Establishment of the Gyro (b) 


The technical characteristics of the gyro horizon are as follows: 

1. Errors in determining bank and pitch in rectilinear flight, not over 1°, 

2. Irror in readings due to turns lasting un to 6 min and with banks from 10 to 
60°, amount to 1 - 2°, 

3. Errors in readings arising on additional turns of aircraft by 30 - 60° with 
banks of 5 - 7°, reach 4°, 

4. Direct current used by instruments when supplied by the PAG-1F converter, 


2e5 amp. 


® 5. Alternating current used by each phase not more than 0.4 AMD e- 
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Fige945 - General View of AGB-1 Gyro Horizon 


a — Top view; b - Side view 


1 — Bearing; 2 - Special disc; 3 - Nut; 4, - Body plug; 5 - Glass; 6 - Ring; 


7 — Stator of longitudinal corrector electric motor; 8 ~ Stand; 9 - Screw; 


10 - Pin; 11 - Disc; 12 — Plug; 13 - Plug yoke; 14 - Washer; 15 - Rear cover; 


16 - Casing; 17 - Gimbal connection; 18 - Body; 19 - Gasket; 20 - Gasket 
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6. Time to prepare instrument for use: at ambient temperatures of +20 ~ +50%, 
not nore than.3 min, and at -60°C not more than 6 min. (An aircraft with a gyro 
horizon is allowed to take off only after the lapse of this period of preparation of 
the instrument, ) 

7+ Maximum altitude of instrument » up to 20,000 m, 

8. Weight of instrument, not over 2 kg. 

?e Instrument is vibration proof for horizontal vibration with accelerations up 
to 0.6 g, and for vertical vibration with accelerations up to 1.5 g in the frequency 
range of 10 to 80 cycles. 

The mechanism of the gyro horizon‘is covered by the casing (16) (Fig.9.45) with 
the rubber washer (19), keeping the instrument dustproof. With this same object, 
gaskets are placed between the casing (16) and the socket yoke (13). The gyro unit 
is balanced by means of lead weights and balancing screws. The axial play of the 
gimbal connection (17) is accomplished by gaskets inserted between the plug (4) and 
the body (18) of the instrument. The face side of the instrument is covered by the 
glass (5) attached to the front cover by the split ring (6). 

The installed diameter of the gyro horizon is 110 mn, the length of the body is 
156 mm. The attachment to the instrument boar jis accomplished by four M5 x 15 


screws screwed into locking nuts of the, front flange. 


The AGI-1 Fighter Gyro Horizon ! 
| | 


In stunt flying, the shaft of the gyro rotor may coincide with the shaft of the 
outer frame. In this case the gyro will lose one degree of freedom and ics there- 
fore lose its stability and will be blocked thereby interfering with the normal 
operation of the gyro horizon. Various devices are used to prevent the coincidence 
of these axes. 


Figure 9.46 shows another version of this device in a gyro vertical with stop 


On the casing (5) of the gyro rotor is installed the rod (2) with the disc (3) 


at the end. Through the outer axis of the gimbals is passed the stop (1) which, STAT 
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when the axis of the gyroscope rotor dangerously approaches the shaft of the inner 


frame, will make contact’ with the disc (3). The force acting on the disc will pro- 


duce a moment whose vector is directed along the axis of the inner frame of the 


C) 
a Se 


Fig.9.46 -— Gyro Vertical with Stop 


1 = Stop; 2 ~ Rod; 3 — Disc; 4 ~ Hollow gimbal shaft; 5 - Casing; 
6 ~ Outer frame 


a) Axis of gyroscope rotor; b) Longitudinal axis of aircraft 


gimbals. The precession due to this moment is directed in such a way that the disc 
(3) slides along the surface of the rest of the stop (1) and runs around it, thus 
eliminating the coincidence between the gyroscope spindle and the outer frame of the 
gimbals. Obviously the stop (1) will force the| gyroscope spindle to deflect from 
the vertical by a certain angle, which is a saeeeecning of this device. 

Another example of a device that eliminates the superimposition of the axes, is 
the gyro horizon in which the axis of the gyroscope rotor does not lie in the plane 
perpendicular to the axis of the inner frame of the gimbals and of the outer frame 
passing through its axis, but is inclined by angle of 3° with respect to this plane. 

The type AGI-1 gyro horizon for a fighter aircraft is an improved example of 


such designs (Fige9.47). 
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In this gyro horizon, the angle between the axis of the gimbals and the axis of 


the gyroscope rotor is automatically held at 90° during any maneuvers of the air- 


craft, as a result of which the gyroscope maintains its maximum stability constant. 
For this purpose, the gyro unit (1) (Fig.9.48) and the gimbals (2) are suspended on 
bearings in the servo frame (3), which is automatically maintained by the electric 
motor (6) in a position such that the axis II-II shall be perpendicular to the prin- 
cipal axis of rotation of the gyro. The sensitive element registering any disturb- 
ance in the mutually perpendicular position of the axes, and which switches on the 
actuating electric motor (6) to restore the mutually perpendicular position of the 
axes, consists of the switch (4) attached to the outer gimbals (2), and the sliding 
contact (5), connected with the gyro unit. The rate of actuation of the servo frame 
is taken considerably greater than the maximum angular velocity of the banking 
maneuvers of the aircraft, thanks to which the mutually perpendicular position of 
the axes and the maximum stability of the gyro are maintained during any maneuvers 
of the aircraft whatsoever. 

The readings of bank and pitch of the aircraft are measured from the position 
of the aircraft outline (7), which is connected with the body of the instrument, 
with respect to the enteral scale (S) connected with the gyro unit. Consequently, 
the scale (8) for reading off the longitudinal and lateral banks does not vary its 
position with respect to the ground. The angle of pitch is measured about the hori- 
zontal. axis II-II, the angle of bank is measured about the axis I-I located parallel 
to the longitudinal axis of the aircraft. This position of the axes of the gyro 
system allows measurements of the true angles of pitch and bank. The spherical 
scale (€) is painted in colors: the upper hemisphere is colored brown, the lower 
slue. When the aircraft dives, the aircraft outline enters the uover hemisphere: 
this hemisphere has numbered scale divisions for reading off the angles of pitch 
from 0 to 360°. The accuracy of the reading of the angles of bank decreases as the 


angle of pitch increases. 
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-b) 


Fige947 - a) Outer View of Gyro Horizon, 


Type AGI-1, for Fighter Aircraft; b) Face 


View 

1 - Body; 2 — Aircraft outline; 

3 ~ Spherical scale; 4 — Index-horizon; 
5 — Pitch scale; 6 - Bank scale; 

7 - Sideslip indicator; & - Index of 


sideslip indicator; 9 - Handle for shift- 
ing aircraft outline; 10 - Starting 


button 
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Thus, for instance, with an 
angle of pitch up to 70°, the error 
in bank does not exceed 3°; with an 
angle of pitch of 75° the error 
amounts to 3 ~ 4°; with an angle of 
pitch of 80° the error reaches 6°, 

In a vertical dive or climb (angle of 
pitch £90°), the longitudinal axis of 
the aircraft coincides with the 
direction of the principal axis of 
the gyro, and the gyro horizon loses 
its sensitivity to the angle of bank. 
Consequently, in diving or climbing 
at angles of around 80 - 90°, the 
bank cannot be followed with the gyro 
horizon. 

To eliminate the turning errors, 
the AGI-1 gyro horizon, like the 
AGB-1 gyro horizon, is provided with 
a stout for the corrector, on turns 
with an angle of bank of more than 
13°. Gywing to this oe the error 
after a turn does not exceed a 

The electrical circuit as given 
by Fig.9.49 for the AGI-1l gyro hori- 
zon has mich in common with the cir- 
cuit of Fig.9.43. The electric motor 


(1) of the gyroscope, the liquid 
| STAT] 
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in the AGP-l rmyro horizon. The power supply for the electric circuit of the gyro 


Fis.94& - Schematic Kinematic Diagram . 


of AGI-1l 


1 - Gyro unit; 2 - Gimbals; 3 - Servo 
frame; 4 - Switch for electric motor; 
5 - Contact of switch; 6 - Electric 

actuating motor; 7 -— Aircraft outline; 


€ —- Spherical scale 


a) Direction of flight 


horizon is through the terminals ABC 
from a type PAG-l1F converter. The 
excitation windings of the correction 
motors (3) and (4) are connected in 
series with the phases of the elec- 
tric motor of the gyroscope, which 
provides for the forced state of 
operation of these motors on starting 
the instrument. The operation of the’ 
correction system of the syroscopes 
is the same in AGI-1 and AGB-1. The 
excitation winding of the actuating 
motor of the servo frame (frame (3) 
in Fig.9.48) is connected between 
phases A and B. The middle point of 
the control windings is connected to 
phase A. The ends of the control 


windings are brought out to the 


switch (5). The contact of the switch, connected with the case of the gyro motor, 


is connected to the phase B and feeds this phase to the first or second control 


winding of the motor (6), depending on the side to which the outer gimbal axis of 


the gyroscope deflects from the perpendicular position to the shaft of the rotor of 


the gyro horizon. The electric motor (6) actuates the servo frame and restores the 


perpendicular position between the axes. The switch (7), located on the outer shaft 


of the gimbal, switches the ends of the control windings of the electric motor (6) 


and provides the correct sense of rotation of the eclectric motor iin the case of the 
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1 | 
actuation of the serv) frame when making a Nesterov loop. ! 


The ballast resistor 10 limits the rate of precession of the gyroscope in the 


{ 
longitudinal direction to 3 - 5.5 °/min. At one below —35°C this resistor 





dl ap 


pt 
z 
2 eat : 


\ 
7 


j 

{ 

LBs 
4 
#J0 





Fig.9e49 - Schematic Electrical Diagram of AGI-1 





1 - Electric motor of gyroscopes; 2 — Liquid pendulum switch; 3 — Longitudinal 
correction electric motor; 4 - Electric motor of lateral correction; 5 7 Switch 
of electric motor of actuation of servo frame; 6 - Electric motor of actuation 
of servo frame; 7 -— Switch; & and 9 - Spark arresting resistors of 3300 ohms 
(0.25 w); 10 - Ballast resistor, 300-430 ohms (0.5 w); 11 - Bimetallic switch; 
12 ~ Cutout of corrector on turns; 13 = Spark arrestor resistor, 5100 ohms 


(0.25 w); 14 - Bimetallic relay; 15 - Heating element; 16 - Ballast resistor, 


100 ohms (1 w) 


4s closed by the bimetallic switch (11), thus accelerating the starting of the in- 
strument under low temperature conditions. 
The cutoff switch for the lateral corrector (12), operates when the aircraft 


banks more than 13°. The ballast resistor (16) limits the current in the control 





windings of the electric motor and of the lateral corrector. The rate of prec n7on 
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of the gyroscope in the lateral direction is as high as 3.5 - 7 °/min. 

In starting the instrument, the corrector cutoff switch (12) is blocked by the 
bimetallic time relay (14), and the control windings of the electric motor (4) of 
the lateral corrector are connected to the terminal B through the closed contacts of 
relay (14), regardless of the initial position of the gyro unit or the magnitude of 
the angle of vank. In 40 - 150 sec after the heating element (15) is turned on, it 
causes deformation of one of the bimetallic plates of relay (14), thus separating 
the contacts, unblocking the corrector cutoff switch, and bringing the gyro horizon 
from the starting into the operating state. The heating element is always energized 
after that, and a clearance of the order of 0.4 - 0.8 mm is established between the 
contacts of relay (14). 

The terminal G in the snap connector is used, as in the gyro horizon AGB-1, for 
testing the operating time of the relay (14) and the angle of bank at which the cor 
rection is switched cfl. 

Figure 9.50 gives a structural diagram of the AGI-1 gyro horizon. The gyro 
motor (1), with liquid pendulum switch, is suspended on bearings in the gimbal i 
On the shaft of the gyro unit is attached the spherical scale (6), the cut-in switch 
(5) for the mitually perpendicular position of the axes, and the rotor of the elec- 
tric motor (2) for the longitudinal correction. The stator of this electric motor 
3s located on the frame (4). 

Tie frame (4) is suspended on pearings attached in the servo frame var 

The stator of the electric motor (3) of the lateral corrector is mounted in the 
servo frame (7), while the rotor is attached to the frame (4). The servo frame sus- 
pended in the body rests on its front part on the three supporting eon (S) and 
in the rear part on one radial ball bearing. The electric actuating motor is 
attached to the instrument case and +s'‘connected with the servo frame through 2 
reducer with a gear ratio of 1: 16.3. On the rear part of the instrument, on the 


oO : ry i 5 } ector 
na 
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during turns. 


To shorten the starting time of the snstrument the push-button mechanism (10) 


is employed to switch on the power supply of the gyro horizon. 


Fig.9.50 — Structural Diagram of AGI-1 


1 - Gyro motor with liquid pendulum switch; 2 - Electric motor for longitudinal 
corrector; 3 — Electric motor for lateral corrector; 4 - Gimbal frame; 5 '—~ Switch 
for setting axes in mutually perpendicular position; 6 - Spherical scale; 

7 — Servo frame; & - Support bearings of servo frame; 9 - Cam surface of servo 
frame; 10 - Push-button mechanism; 11 ~ Electric motor operating servo frame; 

12 — Aircraft outline; 13 - Mechanism for shifting aircraft outline; 14 - Lateral 


banking scale; 15 - Cutout switch for corrector on turns; 16 — Side slip ‘indicator 


When the button (10) is pressed, the force is transmitted through a bearing on 
the face side of the servo frame, made in the form of the cam (9). The profile of 
the face cam is so selected as to assure the setting of the servo frame from any 


& arbitrary position to its normal horizontal position. The displacement of the air- 





vertical plane is effected by means of the mechanism (13) op aT 
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whose handle is located in the left part of the front flange of the body. 

The aneles of bank are read off on scale (14), the angles of pitch on the 
spherical scale (4). The side-slip indicator (16) is vlaced at the bottom of the 
front flange of the case. 

Ficures 9.51, 9.52 and 9.53 show the structure of fyro horizon AGI-1. 

The technical data of the gyro motor and pendulum liquid switch are the same as 
those of the analorous units of the AGB-1. The longitudinal corrector motor 
develops a torque of not less than 7 5 - cn. The DC resistance of its excitation 
winding is 5 olms ~ 0.5 ohm; the DC resistance of each control winding, is 160 ohms = 
L¢ ohms. The clectric motor for the lateral corrector develops a torque of about 
5.5 & - cy the direct current resistance of these windings is: excitation winding, 
12.5 onms nag ohm; and for each control winding, 300 ohms - 30 ohuas. 

The heating element of the bimetallic time relay has a pC resistance of 
1500 ohms : 50 ohns. ‘The electric motor operating the servo frame is standard, of 
type DID-C.5. Its maximum static torque is about 5.5 ¢ - cm. Its idling speed is 
not Less than 13,CCO xpm. The direct current resistance of the excitation winding 


is 70 ohms — 7 ohms. The resistance of each control winding is 260 ohms = 26 ohms. 


Frincipal Characteristics of AGI-l Gyro Horizon 
l. Error of readings of angles of pitch and-bank in state of horizontal. 
fieht, 1° 
2. Errors of instrument: 
a) after turn with bank of over 15°, not over 3°; 
b) after stunt flying, not over 5°. 


3. Rance of neasnrement of angles of pitch and bank, unlimited. 


hk. Power supply of instrament, triphase, 36 v, 400 cycle alternating current. 


Alternatine current (line) drawn, not over 0.6 am). 


5, Altitude ».erformance of instrument to 20,000 nm. 


6 O 
4 Mamnanstune range of operation from +50°C to =60"C. 
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7, Weight of instrument not over 2.6 kg. 
G6. Time when instrument ready for operation after switching on; 
at temneratures from +50° to ~30°C 2 min 


at temperatures from ~30° to -40°C 3 min 


Fig.9.53 - Plate Unit (Rear View) 


1 - Bearing; 2 - Electric actuating motor with reducer; 3 - Bimetallic relay; 
4,— Yoke of plug connector; 5, 6, 7 - Spark-suppressor resistors; & ~'Ballast 


resistor, 100 ohms (1 w); 9 - Assembly boxes 


- The instrument allows supervision of the state of horizontal flight, bringing 


! the aircraft into horizontal flight on loss of spatial orientation in bank and 


@ _ pitch, and allows supervision of the accuracy of execution of all maneuvers by an 


fe + = > = @ t 


junt maneuvers. 7 STAT 
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Diring nicht flishts, the colored luminescent coatine of the indicatins 


« 2 e ei * 2 * « e e2 
elements cf the cyro horizon provides easily perceived orientation in bank and pitch. 


Fir.9.54 — Readines of AGI~1 Gyro Horizon in Performing a Nesterov Loop 


Firures 9.54, 9.55, and 9.56 give examples of the readings of the gyro horizon 
during execution of various maneuvers. 

The AGI-1 gyro horizon is installed on a shock absorbing mounting with an 
allowable load factor of 1.3 g. The instrument board should be located perpendicu- 
lar to the longitudinal axis of the aircraft with an accuracy of =~ 1°, The gyro 


horizon is attached to the instrument board by four M5 x 15 screws with half-—round 
STAT 
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ings of AGI-1 Gyro Horizon during a Nesterov Half Loop STAT 
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The PAG-lF converter supplying the gyro horizon with power should have a 15 amp 


4 
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fuse for the starting current and a 3 amp fuse for the operating current. 
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CHAPTER 10 
DEVIATIONS OF COURSE GYROSCOPES 
Section 10.1. The Directional G GPK 


General Remarks 

A course gyroscope whose outer frame has a constant precession designed to com- 
pensate the effect of the earth rotation, while the inner frame has a radial correc- 
tion with one characteristic or another, accomplished either with a pendulum or by 
the position with respect to the outer frame, is called a directional gyro. Usually 
the outer frame, that is, the frame which is not corrected, is used as the working 
frame in the directional gyro, that is, th: frame used to attach the gampaes card, 
or for comnection with the corresponding transmitter of the autopilot. Its position 
4s oriented before it is turned on by rotating the arrested gyroscope by means of 
the corresponding handle until the readings of the directional gyro card agree with 
the readings of the magnetic compass card. After this has been accomplished, the 
arrester is released. By virtue of the properties of gyroscopic rigidity, for a 
limited period of time, of the order of 10 - 15 min, the directional ETO will in- 
dicate, with a certain degree of accuracy, the course of the aircraft, that is, it 
will serve as a compass. When this period of time has elapsed, the readings of the 
directional gyro are again verified from the readings of the magnetic compass and 
the appropriate corrections made in its position on the basis of these readings. 


This principle of utilization of the directional gyro is connected with the 
STAT 
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fact that the exact holding of the aircraft course still does not mean the exact 
holding of the assigned route line, owing to the influence of drift, which is always 
known only approximately. This circumstance forces periodic checks, every 10 ~ 15 
min, of the actual maintenance of the assigned route, followed by the appropriate 
corrections to the assigned course. When this is done the position of the direc- 
tional gyro is incidentally corrected. 

We shall consider that, at the initial instant, the corresponding correction 
has been made, and that in connection with this correction the spin axis is located, 
at the initial instant, sufficiently close to the plane of the meridian. Its non- 
coincidence with this plane and its subsequent deflection from it by the angle of 


shift of the outer frame will be what will characterize the deviation of the direc- 


tional gyro. 


Deviation of Directional Gyro in Rectilinear Flight 


The starting equations of motion will, as before, be the equations of preces-— 


sion 


Aig=L,, 
—Hp=L,. (10.1) 
For p and q we have, respectively' (cf. eq.(2.36) and eq. (2.37): 
ieee, ae : v 
P 8 ( “17, sin A) 2+ p 68 A, (10.2) 
VV’ \- Vv sind 
. Yuma—(usp- sind}; w < 
a RR: }a+( it R ove ) SF. 
where 4) = horizontal component of angular velocity of earth rotation, Wy = We 
COS 9s 
ie = angular velocity of earth rotation; 
V = flight speed; | 
K = course of aircraft; STAT 
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= latitude of place; 
= radius of earth. 


expressions for the moments L, and Ly, will be taken in the following form: 


L,=k,+L,, sign (3 —»,), 


. (10.3) 
L,=- f(8)- Lystgn(a— +.) 


where ky - the moment, constant in magnitude and direction, designed to compensate 


the effect of the earth rotation; 
lin ~ Component of angular velocity of rotation of aircraft about the axis of 
the outer frame, i.e., along the normal axis of the aircraft; since the 
axis of the outer frame of the directional gyro is located parallel to 
the normal axis of the aircraft, then, for horizontal flight, , will 
represent the angular velocity of yawing of the aircraft; 
f(?) -— moment of correction of inner frame; 
ie — component of angular velocity of rotation of aircraft about the axis of 
& the inner frame Ox. 

The form of the expression selected for L, and L thus take into account the 
influence of friction in the suspension, not only in connection with the rotation of 
the gyro about the axes of the gimbals, but also in connection with the rotation of 
the aircraft about these axes. The actual picture of the origin of the moments of 
friction in the axes is precisely what is connected with the sign of the resultant 
velocity of rotation of the corresponding bearing and the spindle lying in it, with 
respect i each other. | : 


On substituting eqs.(10.2) and (10.3) in (10.1), we get 


V sink 

R cos¢ 
=k, +L, sign (B— 9,): 

H|B+[m ty sink }a— Vek | a, s@)y— | 


H}a—(et : sin A } 3 + sag 


on 


R (10.4) 


— L. sign (a ---,). 
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We shall consider in the future that the characteristic of correction f(f}) is 


proportional. Then eq.(10.4) may be rewritten in the following form: 


ds fet 7 sink}B +4, 


Q m= 1 i. ; sin A) x— 63 + Q,, 


_ k. oe Vv sin A L,. _¢ 
Q, (e3+ fae )sing + pe sign (B %,). (10.6) 


Oe Vcos A 


-° -M sign (4 — 4,). (10.7) 


Let us confine ourselves to a qualitative analysis of the paths of the vertex 
of the gyro, by constructing the field of tangents to these paths. 


On dividing one of eqs.(10.5) by the other, we get 


(ony 3 : sink’ ) 3 - Wy 


fd 


! ink } as 
' oR : 


The equation so obtained is the equation of the slopes with respect to the axis 
Of of the tangents to the paths of the vertex of the gyro. 


Let us find the locus of points at which the tangents to the paths have one and 


the same inclination v. As already mentioned, such loci are called isoclinic. For 


this purpose it is sufficient to equate the right side of eq.(10.8) to the quan- 


tity ye. On doing this, and solving the equation so obtained with respect to a, we 


get the required equation of the isoclines in the following form: 


a= 


. vt p+ 


I 
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o aww, + : sinA. 


It follows from this equation that the isoclines will be straight lines. 

Let us find further the coordinates of the intersection of the isoclines for 
tangents of two different slopes, v, and vo. For this purpose it is sufficient to 
solve simultaneously the two equations obtained after substituting in the equation 


of isocline eq.(10.9) av equal respectively to v, and vo, i.e., the equations 


Whence the coordinates of the intersections of the required intersection of the 


isoclines X6 and Bg are determined by the expressions 


(10.11) 


(10.12) 


It follows from these expressions that the coordinates of the points of the 
intersection of isoclines do not depend on the slope of the tangents to which these 
isoclines refer, and, in particular, that with unvaried values Of Si49 Qo, Hy, ande, 
all the isoclines will intersect in a single point. 

This circumstance very greatly simplifies the problem of constructing the field 
of tangents to the paths of the vertex of the gyro; in order to determine the slope 
of the tangents to a path at a given point, it is sufficient to draw a straight 


line connecting this point with the point of intersection of the isocline, prolong 


the straight line to the intersection with the OS axis, and determine the tangent 


of the angle between this line and the Og axis. STAT 
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Let us assume that this tangent is equal to ls Then, in order to determine 
the angle between the Oe axis and the tangents to the paths V,, to which the 


isocline so drawn relates, we have, by eq.(10.9), the following equation: 


sae “| : ii (10.13) 
wee 


whence, by solving this equation with respect tov., we obtain 


“; 
"~~ prerte . (10.14) 


Let us now return to the expressions for the coordinates of the point of inter- 


section of the isoclines. 


Equation (10.11) for a consists of two terms, of which the second is of an 
nN 


E 
» are 


times higher than the order of the second, since tL and 
Ww 


order which is . 
W.5 


‘y) l l 
5 2 
of about the same order. The quantity —.— is of the order of one thousand, if we 


I) 
have in mind for ¢« the usual order of oss to 0.10 1/sec. It follows from this that 
in the expression for do, the first term can, with a high degree of accuracy, be 
neglected by comparison with the second term. Moreover, the coordinate 36 will be 
so much greater in modulus than the coordinate a5, that, in the neighborhood of 
small values % and 8, to which the theory here developed relates exclusively, the 
slopes of the isoclines will be relatively greater in modulus. 

For isoclines I (Fig.10.1) / = "og, the inclination to the Of axis equals 90°, 
and, consequently, according to eq.(10.13), the angle between the OR axis and the 
tangent to, the path will be equal to 0° (cf.Fig.10.1). 

‘ith increasing angle between the positive semiaxis Of and the isocline, Ls 


takes a negative value, which gradually diminishes in modulus as this angle in- 


creases. In connection with this, the inclinations of the tangent to the Og will 


increase.: 





«th. -- —_— 
set tee 
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I 
t 


At points with isoclines having an inclination equal to tan tyr, where 


(10.15) 


the inclinations of the tangents to the path will be equal to 90°. It is easy to 
see that there will only be one such isocline, namely the one that is obtained by 
joining the point of intersection of the isoclines to the Origin of coordinates (if 
in eq.10.11 we neglect the first summand). 

We shall call this isocline the boundary isocline (isocline 3 in Fig.10.1). 

We remark that it follows, from what has been said of the order of magnitude of 
a that the boundary isocline will in practice coincide with the axis Oa. 

In this way the motion of the vertex of the gyroscope from the points lying 
above the boundary isocline with which we have been dealing up to now, — be char- 
acterized as motion toward the boundary isocline, or, practically, motion toward the 


Oa axis. 


At the points lying below the boundary isocline, the inequality 


lu, > ce : (10.16) 


will obviously hold, and therefore the slopes of the tangents to the path of these 
points will be less than 90°. In other words, the motion of the gyro from these 
points will also be directed toward the boundary isocline, that is, practically to- 
ward the Og axis. It follows that, under any initial conditions, the motion of the 
gyro vertex along the boundary isocline will ultimately be established. 

We remark that it follows from what has been said on the relation peice 
and «45 and from the form of eq.(10.14), that at all points, except for the imme- 
diate neighborhood of the boundary isoclines, the tangents to the paths, and con- 
sequently the paths themselves will be close to lines parallel to the 08 axis. 


For the velocity of the motion of the gyroscope vertex, U, in this case, we 
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get, by eq.(10.5): 


Uns) (oP $2,)'+ (Boe APF 


Fig.l0.1 - Paths of Motion of Top of Directional Gyro without Allowing 





for Friction in the Gimbals, with Proportional Characteristic 


By the condition of eq.(10.15), on motion along the boundary isocline, 


(10.18) 


On substituting this value of 8 in eq.(10.17), and bearing eq.(10.15) in mind, 


we ootain 






— ae ee 


= " - . 3 3 —— © 
© | va (2 ; :) ar (10.19) 
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a Gap 


= ST ge Kee 


Ux y 2 + Q?, (10.20) 





In this case, the components of the velocity along the Og and Of} axes will be 


respectively: 


U, 2 Q,, (10.21) 
U, az Q,. (10.22) 


In the subsequent argument we shall assume friction in the gimbals to be 


absent. 


t 


Then the projections of the velocity U on the Oa axis will be determined, 
according to eqs.(10.6) and (10.21), by the expressions 


U=" — (w+ 


\ sing. ‘ 
tf aa R cosy ; t (10 23) 





that is, it will be determined by the difference between the precession of the gyro 
owing to the action of the moment of compensation, and the precession due to the 
vertical component of the earth rotation. 

If, in particular, 


k, 


ales ne ) sin». | (10.24) 


Rc 


then we get 


U.=0 


Consequently, if in this case, at the initial instant of time, the gyro axis 





@ was brought into the plane of the meridian, then it will remain in that plane, that 


is. the directional evro will perform its function for an indefinitely long time. 
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\ Obviously such a condition, for a given value of ko, will be satisfied only for 


some definite latitude at which eq. (10.24) will hold. At other latitudes however, 
Uy # 0, will already hold, and with the passage of time the gyro vertex will depart 
3 


from the position originally given it with respect to the earth. 





i iginall 
In particular, if Ko = G, then the gyro vertex will depart from the orig y 


assigned position at the rate 


V sind 
U,- —-— ( @ , + i 


| sing 
cm™| Ss , 


Let us now elucidate the role of friction in the gimbals. 


Let us do this at first, assuming the absence of compensation of the earth ro- 


tation, and not taking snto account the role of the aircraft rotation. 


In this case the expressions for, and {5 will take the following form: 





L. . Vos d ¢ (10 25) 
= $ om: . <in = 
“1 if IER ( Ro cose x 
L Vaoedk (10 26) 
Y.=- “signa : 
s MH gna + ‘ 
Since, usually 
t. ~ 2: 1’ stn WN L.. fens 
WOCe «ee a RF 


j 0 le Wi j i of the angu- 
it follows that the signs of ty and Mo will be determined by the signs fu. 


lar velocities f and ¢ respectively. 


In connection with this, the point of the intersection of the isoclines will 


be, according to eqs.(10.11) and (10.12), for 3 > 0, in quadrant IV of the plane 


Oap (Fig 10.2), and for 8 < 0, in quadrant II. We have the following rules based 


on eq.(10.5) to determine the signs of B anda: 
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6-0 for BO, if p>! &!, 


(10.27) 
é=-0 for AO it P< jot}. 
*, , 





jor §>-0, if pa — = 
«=-0 : 
b<0, i Be |B, 


for 





Fig.10.2 - Path of Motion of Vertex of Directional Gyro, Allowing for 
Friction in Gimbals, with Proportional Characteristic of Correction 


of Inner Frame 


Under all these conditions, ¢, and {ip are determined by eqs.(10.25) and 








(10.26). 


Thus the coordinate plane Oa fis divided, with respect to the determination of 





the sign of @, into the regions (1), (2), and (3) (cf.Fig.l0.2). The sign of g in 
STAT 
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j by the 
region (1) will be determined by the sign of ff, and in regions (2) and (3), by 


j e 
With respect to the determination of the sign of 8, the coordinate plan 


In the region (4), the sign of B 


sign of B 


is divided into the regions (4), (5), and (6). 
by the sign of B * 





will be determined by the sign of ¢, in the regions (5) and (6), 


: from points located in the region (5), 


a. In this case, the motion of the vertex, 





e 
l 
will be directed toward the boundary of this region, 


srected toward the boundary of this 


to the right; the motion from 


points located in the region (6), will bed 


region to the left. 


We remark that both these boundaries will move parallel to the boundary 


the Of axis. 
jsocline and will be separated from it by a distance equal to —— along B 


For V = O, this distance will be exactly equal to the angle of repose of the inner 
3 





frame. 


“4 
Let us assume that the vertex of the gyroscope moves in the region (6) a 


sf we assume that that motion con- 


point the motion of the vertex will stop. For, 


tinues to exist under th 


re this 





e same condition with respect to a as it did befo 


that @ < 0, this will mean that g will change its sign 


point was attained, that is, 
8B >O. But 


jn the region (4), since, by hypothesis, in the region (4), for a <0, 













to the 
the change of sign of 3 will mean the change of sign of a as well, according 


ons for 
: condition of region (1), and, consequently, the restoration of the conditi 


the maintenance of 8 <Q. Thus the assumption that the conditions of motion in 
e ! : 
ned leads to a contradiction, which means that such motion 


region (4) are maintai 


cannot take place. 


ro 
We reach analogous results by analysing the motion of the venue of the gy 


from points located in region (5). 
a @ s ° e d not 
Thus, instead of moving along the boundary isocline, as it did when we dai. 
? 
in at 
allow for friction in the gimbals, the vertex of the gyroscope will now rema 


ther (depending on the initial conditions) with respect to 





@ one fixed position or ano 
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? tely to the 
the given direction, and separated from it by a quantity equal approximately 


angle of repose of the inner frame. et 
: , . 44 4 ‘ 
It is easy to understand the physical origin of this fact: itis a resu 


gyro owing to friction in the axes of the inner 





the fact that the precession of the 


LON. this case 
frame exceeds in modulus the vertical component of the earth rotation. In 
| : tion of the 
the general picture of the phenomena may be treated as follows: the rota 


j j t of 
espect to the body of the aircraft, owing to the vertical componen 


gyro with r - 
pearance of a moment of friction about the axis oO 


the earth rotation, lead to the ap 


This moment will lead to precession 0 




















f the inner frame, which will 
the outer frame. 


e. The 
mean the appearance of a moment of friction about the axis of that fram 


inner frame causes precession of the outer 


moment of friction about the axis of the 


‘oad : ne 
frame in the same sense as the rotation of the plane of the meridian owing to 


rtical component of the earth rotation. Since the rate of this latter precession 
verti 


. : , ; ‘ 
the gyro will overtake the plane of the horizon, iee., that it will, in the las 





analysis, follow this plane. 


Thus there will be no visible drift of the gyro with respect to the plane of 






the horizon. 


This behavior of the gyroscope is fully maintained even when the action of the 


: ne 
moment of compensation for the influence of the earth rotation is taken into acco 


To speak strictly, this compensation in the case described completely loses its 


practical meaning, since even without it a gyroscope, affected py friction in the 


bearings, would follow the plane of the meridian. 


Let us assume now that an oscillatory rotation of the aircraft is observed, 


yielding an oscillatory component on the axis of the inner frame y,, which is so 


great in modulus that we may put, for any instant of time: 


sign ( B - Ws. ) = -sign wy 
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Under this assumption, (% and M5 are represented in the following forn: 


¥ 
EN 


L V sind 10.29 
2,= a. sign.¢, — (*: 7 R ae) ain 7 ( 
AK 


\ 
1 
e 


(10.30) 


t,. . V cos 
; 2a —- 7 sign (& — WwW) + - aah 


Under the same condition 


L / Y sink 


yo (et R cosy 


= sing 
H 


we get the result that the sign of ity» and consequently, also the position of the 
point of intersection of the jsoclines, is determined by the sign of Woe Since the 
latter, by hypothesis, varies periodically, the direction of motion of the vertex of 
the gyro will also vary periodically. In this case the component of velocity of 
this motion along the Oa axis, which is, according to eq.(10.21), practically equal 
to G4, will be greater in modulus on motion to the left than on motion to the right. 
Thus, while the conditions of motion are maintained, the vertex of the syro will 
advance with each cycle of oscillations w, in the direction in which it would 
advance in absence of friction in the gimbals. 
In order to find the path of the vertex of the gyro, let us substitute Ww for p 
in the conditions of eq.(10.27), and change the signs of the inequalities, as a 
result of which we get the conditions of motion for the given case. So long as the 
vertex of the gyroscope does not reach the boundaries of the region (4), the condi- 
tions of motion will under all circumstances be maintained. Let the vertex of the 
gyroscope descend on this boundary under the condition w,> 0 (cf.Fig.10.2,b, heavy 
lines of path). Consequently, it will have ad <0 inthis case. Thus it will pass 
into region (4). In this case, so long as the sign of yw, does not change, nothing 
else will change, that is, the same conditions of motion that existed on the boun- 
é dary will be maintained even after it is crossed. Asa result, the vertex of the 


fh e 


gyroscope will approach the upper boundary of region (4) and will travel along STAT 
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—- 2. —— 


boundary until the sign of W, changes, since this would have happened in the total 


absence of friction in the suspension. 


If, under the same condition, Wy, > 0, then the vertex of the gyro will move up- 





ward on the boundary of region (4), after which, so Long as the sign of y, does not 
change, it will also travel along the upper boundary of region (4). With a change 
of sign of Woes the sign of a will change, accordingly; in this case the motion will 
take place along the dashed path lines and along the lower boundary of region (4). 

Under the conditions described, the practical meaning of using a compensation 
for the influence of the earth rotation is already restored. 

We remark that this reasoning remains about the same under any assumptions with 
respect to the components of the aircraft rotation on the axis of rotation of the 
outer frame Wn Only the sign of 8 will depend on this component when the vertex of 
the gyroscope moves in the region (4). The law of this relation is determined by 
substituting a - w, for a in the conditions of eq.(10.28). 


In this case the character of the motion in region (4) is somewhat modified 





with respect to the angle 8, but the character of the motion still remains as before 
with respect to angle 4, 

Under practical flight conditions, there will always be oscillations of the 
aircraft. The effect of the influence of these oscillations on the wets of friction 
in the gyroscope gimbals that has here been described will therefore, in general, 
manifest itself rather markedly in actuality. However, owing to the fact that the 
oscillations of the aircraft are not strictly cyclical, this effect is to some ex— 
tent disturbed, so that ultimately the friction in the gimbals leads to the accumu- 
lation of a certain error with the passage of time. In the aggregate, this error, 
“taken together with the error due to undercompensation or overcompensation of the 


effect of the earth rotation, does lead to the necessity of systematically correct— 





ing the position of the directional gyro. 


If, in the relations obtained for the case umer study, of a proportional 
STAT 
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characteristic [(8), we puts: 


c= 
hy , , VooskK L, a 
Q [oa Bn R - H sign(a- 4) for Bl > Sa5, 


| tank. 2, _ P (10.321) 
R- _— Mt Sign (& — %.) for 11 << G:, 


then all these relations will be found to be suitable for the case of the constant 


characteristic as well. 


TTT OTT 


@ Fig.10.3 - Path of Motion of Vertex of Directional Gyro, without Allowing 
for Friction in the Suspension, with a Constant Hysteresis Characteristic 


of Inner Frame Correction 


Thus we obtains 


for the coordinate of the point of intersection of the isoclines 
(10.32) 


(10.33) 


for the relation between the slope of the isocline and that of the tangents 


related to this isocline 


(10.34) 
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It follows from this last relation that the tangents to the paths will here 
always be directed perpendicular to the isoclines, i.e., the paths will be parts of 
circles drawn from the point with the coordinates (a), By). Thus if friction is 
neglected, the field of paths will have the form given in Fig.10.3 and ultimately 
the motion of the gyro vertex will be established parallel to the Oa axis along the 
boundary of the zone of insensitivity of the correction system of the inner frame at 


the velocity: 


U,="". (a+ ene)” 9. (10.35) 

The picture will be roughly sintiar even when the friction is taken into 
account. The vertex of the gyro will stop at the boundary of the zone of insensi- 
tivity of the inner frame correction system, if we consider that there are no oscil- 
lations of the aircraft. If, however, we consider that oscillations of the aircraft 
yielding the component Wy do occur, then a resultant motion along the Of axis will 
appear. 

If the characteristic f($) is constant, but there is a hysteresis state, then 


we must put: 


@ ={) 


k L oe oa 
: . sign § + + - sign (a — ‘y.) npe pi 48a, 


ay. VesK iL og ae 
2 sign fp + R aes yy stan (S -- ¥) npm (Bl << Ga). 


Q, = - (10.36) 


In this case, the motion of the vertex of the gyro from points corresponding to 
positive values of 8 exceeding in modulus the zone of hysteresis, will continue 
through the zone of hysteresis without change until the boundary of the condition of 


hysteresis on the side of the negative values of 8 is reached (Fig.10.4). On this 


boundary, the sign of 8 will change owing to the change of sign of the moment of 


correction. 
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Thus in the zone of hysteresis the vertex of the gyro will perform oscilla- 


tions. These oscillations will be rather strictly cyclical. It follows that in 


this case, even without the participa- 
tion of aircraft oscillations, the con- 
ditions will still be assured under 
which friction in the gimbals is no 
longer capable of preventing the 


apparent drift of the gyro at the rate 





given by eq.(10.35). Thus the useful 


Fig.10.4 - Path of Motion of Vertex of 
role of friction in this case is 


Directional Gyro, Allowing for Friction. 
paralyzed. 


in the Gimbals, with a Constant 
This fact was first noted in the 


Hysteresis Characteristic of Correction 
works of A.M.Letov. 


of Inner Frame 
Under actual aircraft flight con~ 


ditions the oscillations of the aircraft will be superimposed on these oscillations 





of the gyro. 


We must consider those cases as most real where the frequency of the aircraft 
Oscillations considerably exceeds the frequency of the natural oscillations of the 
Byroe It would be expected in this connection that the behavior of the gyroscope 
with respect to the variation of the variable « would on the whole be determined by 


the aircraft oscillations, that is, that they would be roughly the same as with a 


constant hysteresis-free characteristic. 


The Deviations of the Directional Gyro in a Tum 


Since the axis of the inner frame of the directional gyro is parallel to the 

normal axis of the aircraft, it follows that in a turn this axis will describe a 

cone about the local veRvatet having a vertex angle double the angle of bank or 

@ turn. In this connection the plane of the card attached to the outer frame will 


also rotate about the vertical. As a result of the rotation, the plane of the card 
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$11 bank differently toward the plane of the horizon, which will lead, for purely 
Ww 


geometrical reasons, to the appearance of the special error in reading off the 


course, which is termed the Cardan error. 


7 


Let us determine this errors using the constructions proposed by Geen eens 


for this purpose (Bibl .15). ’ 
Let us take the instant of time of the turm when the aircraft had the instanta- 


neous value of the course, defined by the arc, equal toy (Fig.10.5)- 


Figel0.5 - Cardan Error of Directional Gyro: are AC =¥Y - Actual 
Course; AB =V, - Course Reading; Onz - Plane of Meridian; 


aOb, aOc and abe are All Right Triangles 


Let the bank of the aircraft ‘corresponding to the given turn be equal to ye 
Under the influence of this bank, the axis of the outer frame takes the posshaon 
On} » and the plane of the card the position AD. The arc AB on the card, connecting 
the course mark A with the plane passing through the axis of the inner frame On, and 
the axis of the rotor Q,, will determine the course reading y,- 

We remark that the point. B on the card corresponds to the zero course marke 


In the absence of bank, and with the rotor axis in the horizontal position, this 
n 





. i iSe the rotor axis also lies 
“Ye prolongation of the rotor axis If th ao 
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in the meridian in addition to this, then the point B will also lie in the meridian. 
Let us now give our attention to the fact that a banking of the card by the angle Y; 
with the course corresponding to Fig.10.5, will lead to a departure of the zero 
course mark from the plane of the meridian, and that therefore the course reading yw 
will differ from the actual course y. Now let us produce through the point C a 
plane perpendicular to the longitudinal axis of the aircraft. This plane will 
intersect sia esis OA and OB at the points a and b. It is easy enough to see that 
the angle aOb will be equal to the arc AB =‘y; and the angle a0C to the are AC = y. 
Since, by construction, ab L aO and aC 1 a0, then, consequently, we have from 


the right triangles a0b and a0C: 


(10.37) 


ty oy as ah 
wy aC 
Let us now give our attention to the triangle abC. Its angle b is a right 
angle, like the angle between the plane of the card DD, and the plane passing 
through the axis of the outer frame Om and the rotor axis Oz, while the angle a is 
equal to the angle of bank y, as the angle between the plane of the card and the 
plane of the horizon. 


Consequently, we have, from the triangle abC: 
= COS x. 


Making use of this relation, let us rewrite eq. (10.37) in the following form: 


tg @,=ecos y tg 4%. (10.38) 





STAT 
328 











Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 


Whence, for the value of the Cardan error 


Aomeo-—%, 


tg ¥ (1 — cosy) 


CO ar bens 


Figure 10.5¢ is a diagram of the Cardan error as a function of the value of the 
instantaneous course. 

The absence of the Cardan error on the cardinal directions (0, 90, 180 and 
270°) is explained by the fact that on these directions, as shown in Fig.10.5,c, the 
zero course mark remains in the plane of the meridian. 

As already indicated, the inner frame correction most often used is for the 
mutually perpendicular positions of the rotor axis and the outer frame axis. This 
correction tends, during a turn, to match the rotor axis with the position of the 
zero course mark. Since this position, on all courses except the four cardinal 
directions, will leave the meridian plane on account of banking, the rotor axis 
will, to the same extent, owing to the action of the correction system for mtually 
perpendicular frames, likewise tend to leave the meridian plane. 

As a result of this, an error of the directional gyro, now no longer merely a 
reading error, but an actual one, will accumulate. We shall term this the shift 
error. S.S.Tikhmenev, as well as P.V.Bromberg and D.S.Pel'por have studied this 
error and have shown that with intense correction this error may become substantial. 
G.0.Fridlemier subsequently studied it and showed that for the standard directional 
gyro, with a low rate of correction, this error is small and does not go beyond the 


limits of instrumental error. 


Section 10.2. Remote Gyro Magnetic Compass 


@ The remote gyro magnetic compass is one of the directional gyroscopic instru- 
STAT 
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| ments in which, for the purpose of correcting the readings, remote magnetic com- 


" passes are used. It must be remarked at once, however, that in contrast to other 
types of remote gyro magnetic compasses, the magnetic compass is here used, not for 
correcting the gyro in azimuth, but to correct the device from which the signal 
transmitted to the indicators is taken. The gyroscope itself is not corrected in 
azimuth, that is, it is a free gyroscope. Consequently, the gyroscope used is in 
principle no different from the gyroscopes employed in directional gyros. 

Let us consider in greater detail the arrangement and operation of the units 
entering into the set. The set includes: a magnetic compass-transmitter, a gyro 
unit, an amplifier, indicators (one or two), a converter, a matching button, a rec- 
tifier, and a junction box, 

The gyro unit (Fig.10.6) consists of a directional gyro not corrected in 
azimuth. On the shaft of the outer frame of the gimbals is rigidly attached the 
circle potentiometer (1). A 27-v direct current is fed to the potentiometer at two 
diametrically opposite points through the contact rings (2). Ona special 
brush-holder (3), placed on a bracket in the upper part of the gyro unit, are rigidly ° 
attached the three brushes (4) contacting the ring potentiometer. The brushes are 
120° apart. It is obvious that the potential of each brush is determined by its 
position with respect to the points of the current lead-in. 

The voltages taken by the brushes from the potentiometer of the gyro unit are 
fed to the indicators of the instrument and are responsible for their readings. 

If we consider the operation only of the gyro unit with the indicators, (with- 
out the magnetic transmitter), then it will be easily seen that in this case the 
instrument constitutes a remote directional gyro. In fact, on the gyro, uncorrected 
in azimuth, is attached a potentiometer (in the ordinary directional gyro its scale 
is attached to the gyro), while on the instrument case are attached brushes making 
contact with the potentiometer (in the ordinary directional gyro, the course mark is 


& placed on the glass of the face side of the instrument). A variation of the course 
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of the aircraft leads to a displacement of the brushe 


ment case with the aircraft, with respect to the pote 








Fig.l0.6 - Gyro Unit of Remote 


the shaft of the outer frame of the gyroscopic suspe 





brushes relative to the potentiometer in turn causes 
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: th h the instru- ‘ 
ted throug stru the indicators, But the departure of the gyroscope in azimuth, as will be clear, 


ich is attached to ‘ 
F3 WALCh 28. 8 leads to the displacement of the position of the brushes on the potentiometer, and, 


consequently, to the variation of the instrument readings. This variation of the 





readings represents the ordinary error of the directional gyro due to the drift of 
the gyroscope, 

Thus on prolonged use of the instrument, it would be necessary to correct its 
readings periodically. This could be accomplished, either by rotating the entire 
gyroscopic unit (and with it the potentiometer), as is usually done in directional 
Gyros, or by rotating the brushes with respect to the potentiometer. But since the 
instrument we are considering is not a directional gyro but a gyro magnetic compass, 
it must indicate the aircraft course without human intervention for the periodic 
liquidation of the errors due to the gyroscope drift. 

In order to have the readings‘ of the indicators correspond to the course of the 
aircraft, a one-one relation between the voltages taken off by the brushes and the 
course is necessary. In other words, the position of the brushes with respect to 
the points of the current lead-in must be completely determinate for each course. 
Thus arises the necessity for correcting the position of the brushes on the poten- 
tiometer of the gyro unit by means of a magnetic compass. 

A magnetic transmitter (Fig.10.7) is used to correct the position of the brush- 
es of the potentiometer of the gyro unit. 


On the axis of the magnetic system (1) of the compass transmitter are rigidly 


attached three brushes (2), sliding along the ring potentiometer (3). The angles 


between these brushes are equal to 120°. The potentiometer is attached to the body 





of the transmitter. The potentiometers of the gyro unit and the magnetic trans- 
mitter are the same. 

The potentiometer has its output leads at two diametrically opposite points. 
The displacement of the The brushes of the potentiometer of the magnetic transmitter are connected 


e in the readings of electrically with the brushes of the potentiometer of the gyro unit, and as a result 
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the potentials taken off by the brushes of the potentiometer of the gyro unit are 


transmitted to the potentiometer of the magnetic transmitter. The voltage between 
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Fig.l0.7 — Electrical Circuit of Remote Gyro Magnetic Compass 


the points of the output (4) of the potentiometer of the magnetic transmitter is 


obviously determined by the position of the brushes on the given potentiometer with 





respect to the output points, that is, by the aircraft course, and by the poten- 
tials taken off from the potentiometer of the gyro unit, that is, by the position 


of the brushes and the potentiometer of the gyro unit. 





Fig.10.8 - Distribution of Potential on Potentiometers of 


Distant Transmission 





a) 27 v3 b) Feed, 27 v 
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The voltage from the points of lead-out of the potentiometer of the magnetic 
transmitter is fed to the amplifier (5), and from the amplifier output to the 
actuating motor (6) located in the upper part of the gyro system. If this voltage 
is not equal to zero, then the actuating motor of the gyro unit is brought into ro- 
tation, and its rotation is transmitted to the brushholder through a reducer with a 
high gear ratio. The sense of the rotation depends on the sign of the voltage fed 
to the amplifier. 

Thus, in rotating, the actuating motor displaces the brushes on the potentio- 
meter of the gyro unit, which leads to a change in their potentials, and, conse- 
quently, to variations in the readings of the indicators. The displacement of the 
brushes of the gyro unit will continue’ until the voltage between the lead-out points 
of the potentiometer of the magnetic transmitter becomes equal to zero. Froma 


consideration of the distribution of the potentials on the potentiometers of the 





gyro units and the magnetic transmitter (Fig.10.€), it will be clear that for a 


given position of the brushes on the potentiometer of the magnetic transmitter, 





that is, on a given course, the voltage between the lead-cut points will be equal to 
zero at a completely determinate position of the brushes on the potentiometer of the 
gyro unit. To put it more precisely, the position of the brushes on the potentio- 
meter of the gyro unit with respect to the lead—out points differs in this case from 
the position of the brushes on the potentiometer of the magnetic transmitter with 
respect to the lead-out points by a constant angle equal to 90°, 

Since the position of the brushes on the potentiometer of the magnetic trans-— 
mitter is determined by the course of the aircraft, it follows from what has been 
said above that the position of the brushes on the potentiometer of the gyro unit 
will also be determined by the course of the aircraft. Consequently, the voltages 
taken from the potentiometer of the gyro unit and fed to the indicators will like- 


wise be determined by the caqurse of the aircraft. 








In this way, it may be stated, in short, that the brushes of the potentiometer 
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of the gyro unit follow the position of the brushes on the potentiometer of the 
magnetic transmitter. 
“hen the aircraft makes a turn, (we assume that before the tum the brushes 


¢ 


were in the matched state) the brushes in the gyro unit will rotate with respect to 


the potentiometer by an angle equal to the angle of turn of the aircraft, and the 


indicators will show, without a lag, the new course and the angle by which the air- 
craft has turned. 

If the magnetic system of the transmitter during a turn were not entrained, 
and there were no turning error, then the brushes in the transmitter would rotate 
with respect to the potentiometer by the same angle of turn, and the system of the 
brushes would still remain in the matched state. But the entrainment and turning 
error of the magnetic system of the transmitter lead to mismatching in the position 
of the brushes, and the brushes of the gyro unit will begin to be displaced along 
the potentiometer, tending once more to reach the matched state. This leads to the 
appearance of error in the instrument readings. It will be easily seen that this 
error will be determined by the rate of displacement of the brushes along the poten- 
tlometer of the gyro unit and by the duration of the tum. This rate is low and 
amounts on the average to 2 - 3° a minute. Consequently, during a minute of turn, 
the instrument can accumulate an error not exceeding 3°, while the entrainment of 
the magnetic system may have the value of several tens of degrees. 

It is well known that in rectilinear flight the magnetic system of a compass 
undergoes oscillation. In view of the low rate of matching of the brushes of the 
gyro unit, these oscillations will not be able to be transmitted to the indicators, 
and the indicators will therefore show the mean compass course. 

The drift of the gyroscope in azimuth does not lead to the appearance of sub- 
stantial errors in the instrument readings. The rate of drift of the gyroscope in 
azimuth does not exceed 1° a minute, and, consequently, the mismatching in the 


position of the brushes due to the drift of the gyroscope (to the rotation of the 
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potentiometer of the gyro unit) will be liquidated by the rotation of the brushes 


of the gyro unit, whose rate of displacement is greater than the rate of drift of 


the gyro. The brushes of the gyro unit tovertake!t the potentiometer, which drifts 





together with the gyro. 


For the rapid matching of the brushes, for example in starting up the instru- 
ment, when the angle of mismatch may reach 180°, the gear ratio in the reducer is 
O 
changed, thus providing a rate of matching of the brushes equal to 20° a second. 


The gear ratio of the reducer is varied by means of the electromagnet (7) (cf.Fig. 


10.7), mounted in the upper part of the gyro unit. The electromagnet is turned on 


by pressing the matching button (8) (cf.Fig.10.7). 


The gyroscope used in the remote gyro magnetic compass has a correction system 


based on the mutually perpendicular position of the rotor axis and the axis of the 





outer frame. The operation of this correction system is described in Chapter 6 on 






page 101. 


The gyro motor is a triphase asynchronous motor with short circuited rotor. 





The rotor speed is about 22,000 rpm. The case of the gyro unit is air-tight. Its 


inner cavity is filled with nitrogen. This protects the parts of the instrument 


from corrosion and assures normal operation of the gyroscope correction system at 







any altitude. 
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CHAPTER XI 
VELOCITY AND ACCELERATION VELOCITY GYROSCOPES 


Section ll.l. Principle of eration 


By velocity gyros we mean gyros intended to detect and measure the angular 


velocity of rotation. 


Fig.ll.l - Diagram of Turn Indicator 


I —- Axis of inner frame 


1 - Counteracting (centering) spring; 2 - Damper; 3 - Indicating system 


for W g» vector of angular velocity being measured s L, ~ Applied gyroscopic 


moment; L 


np ~ Counteracting moment 


These instruments are also often called "precession gyroscopes", and certain 





types of these instruments are termed turn indicators or damping gyroscopes. 


oT 
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One of the most widely used types of velocity gyros is the turn indicator, 
\ which indicates the angular velocity of an aircraft turn, and is a part of the set of 


piloting-navigational instruments. It consists of a gyro with two degrees of free- 


1 dom: one of rotation of the rotor and the other rotation of the suspension, with the 


(Figll.l). 





Fig.11.2 - Diagram of Acceleration-Velocity 





Gyroscope 


IT and II - Axis of suspension 


1 - Counteracting spring of inner frame; 
2 - Damper; 3 - Counteracting spring of 
outer frame; 4 - Indicating systen; 

H - Kinetic moment; U, - Vector of angular 
velocity being measured; Lay - Acting 
(zyroscopic) moment about axis of inner 
frame, Lyp1 - Counteracting moment about 
axis of inner frame; Lio and Lot ~ Effec-— 


tive moments about axis of outer frame; 


6... - Counteracting moment about axis of 
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degree of freedom of the suspension limited by the centering spring and damper 


It may also be treated as a 
gyro with three degrees of freedom, 
whose outer frame is the case of 


the instrument, which is connected 


with the aircraft. In the litera- 


ture, the following explanation of 
the principle of action of the turn 
indicator is usually given. 

Its action is based on the 
utilization of the gyroscopic 
moment. The direction of the axis 
of the lacking degree of freedom is 
matched with the axis about which 
the angular velocity is to be 
measured. Thus rotation about this 
axis will be imparted by constraint 
to the rotor. Under the action of 
the moment of gyroscopic reaction 
so arising, the frame of the sus- 
pension will rotate until the act- 
ing gyroscopic moment is balanced 


by the counteracting moment of the 
STAT 
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spring. This takes place at a completely determinate angle of shift of the frame of 
the suspension, which is a measure of the gyroscopic moment as well, and conse- 
quently, also of the angular velocity of rotation of the rotor due to the appearance 


of this gyroscopic moment. 


The damper, as usual, is intended to extinguish the oscillations of the frame. 


This method of explaining the principle of operation of the turn indicator has 
the shortcoming that here the moment of gyroscopic reaction, constituting the moment 
of the forces of inertia, appears as the cause of the rotational motion of the frame, 

Another method of explaining the operation of the turn indicator is as follows. 

When the case rotates at the angular velocity w, (cf.Fig.11.1), a moment whose 
vector coincides with the vector W, acts on the gyro through the bearings of the 
frame. This moment causes precession of the gyro, tending to match the vector of 
kinetic moment with the vector of external moment. As a result the frame rotates 
about the axis. The tension of the spring due to the rotation of the frame produces 
a moment causing precession of the gyroscope in the sense of rotation of the ain 
craft. In the steady state, the moment of the spring produces a rate of precession 
equal to the rate of rotation of the aircraft. In this case the moment of pressure 
from the bearings on the gyroscopes disappears. In the quantitative aspect, both 
these treatments of the principle of operation of the velocity gyroscope are 
naturally analogous. 

The acceleration-velocity gyroscope (cf.diagram on Fig.11.2) is intended to 
measure both angular velocity and angular acceleration. This is accomplished, in 
contrast to the velocity gyroscope, by not completely depriving the 
acceleration-velocity gyroscope of its freedom of rotation about the axis of 
measurement, since the connection with the casing is not rigid but elastic. 

At constant rate of rotation of the aircraft about the measurement axis, this 
connection assures the establishment of precisely the same constant rate of rotation 


of the gyro about the same measurement axis. The inner frame of the gyro will react 
STAT 
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to this velocity in exactly the same way as in the ordinary velocity gyro, by rota- 


tion by an angle corresponding to the given value of the angular velocity of rota- 


tion of the aircraft. 





In this case, in the steady state, the spring of the outer frame will not be 
deformed, but the moment of the spring of the inner frame produces a precession of 
the gyroscope, in the sense of rotation of the aircraft, at an angular velocity 
equal to the angular rate of turn. A peculiarity of this device is that the moment 
of the spring of the inner frame and the gyroscopic moment balancing it are the in- 
ternal moments for the unit outer frame—inner frame-rotor. They therefore do not 
produce deformations of the spring of the outer frame, which is connected with the 
instrument casing, and consequently also with the aircraft. 

When the angular rate of turn varies, the angle of deflection of the inner frame 
must obviously also vary, since it is precisely this angle that is the measure of 
the angular rate of turn. The more rapidly the angular rate of turn varies, the more 


rapidly will the inner frame rotate about its axis, 1.€., the rate of rotation of 





the inner frame will be proportional to the angular acceleration of the aircraft 
when the angular rate of turn varies. In this rotation the gyroscopic moment mani- 
fests itself. Its vector is directed along the axis of the outer frame. The modu- 
lus of this gyroscopic moment, however, will be proportional to the rate of rotation 
of the inner frame, that is, proportional to the angular acceleration of the air-— 
craft. Obviously this gyroscopic moment will modify the motion of the gyroscope 
about the axis of the outer frame with respect to the aircraft until the moment from 
the spring of the outer frame balances it. In this case the outer frame will de- 
flect from its normal position with respect to the casing (the aircraft) by an angle 
proportional to the gyroscopic moment, and consequently, to the angular acceleration 
of the aircraft. 


If we use, instead of two springs, as in the acceleration-velocity gyro (cf. 





@ Fig.11.2), only one spring (Fig.11.3), which is able to produce moments both about 
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the axis of the inner frame and about the axis of the outer frame, then the deflec- 
tion of the outer frame will now be proportional not only to the angular accelera- 
tion, but will also be a function of the angular rate of turn. 

For this purpose the spring must 
be attached at one end to the inner 
frame, and at the other end to the in- 
strument casing. Let us have a steady 
turn; then the inner frame will rotate 
about its axis. In this case the 
spring will be stretched. The tension 

. of the spring will produce a moment not 

Fig.11.3 - Diagram of only about the axis of the inner frame, 
Acceleration-Velocity Gyroscope with One but also about the axis of the outer 

Counteracting Spring frame. This will produce a deflection 


of the outer frame by an angle which is 


a function of the angle of deflection of the inner frame, that is, a function of the 


angular rate of turn. 

Naturally, when the aircraft rotates at an angular acceleration, the angle of 
deflection of the inner frame will vary. In this case a gyroscopic moment will 
arise, thereby producing an additional deflection of the outer frame with respect to 
the aircraft by an angle such that this gyroscopic moment will be balanced by the 
spring. 

Thus the angle of deflection of the outer frame will be proportional both to 
the angular velocity, and to the angular acceleration, in a definite ratio between 
then. This ratio depends on the ratio of the ams Yr and rp, that is, on the design 


parameters of the device. 
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ectio o2e Moti 
| nlil.2. Motion of Frame of Velocity Gyroscope 


| Equations of Motion 


In thi 
n this case we shall start out from the complete equations of motion of the 





gyroscope i 
pe ard shall reject in then only the terns characterizing the influence of 


the centripetal a i ++ . 
3 Pp ccelerations, rewriting them in the following form: 
dp 
ee dt +Hq=—L.. 
1,,“4 —Hp = Omen 
me oH pP=L,. 


where I i 
eq x and Teg y are the equatorial moments of inertia of the gyro with respect 
to the Ox and Oy axes respectively. 
As ° e " 
already pointed out, a velocity gyro may be treated as a &yro with three 
de 
grees of freedom, the outer frame of which is the casing of the instrument. For 
turn e ° e 
indicators and velocity Bytoscopes of autopilots, the casings are rigidly con 


Heck ; : an, te 
ed with the aircraft. In essence, it is the aircraft that performs the role of 





the outer frame for these instruments, 

It follows from this that, in eq-(11.1), q is determined by the projection of 
the angular velocity of the aircraft about the axis of measurement won the axi 
Oy; the equatorial moment of inertia I is determined by th . . 
the aircraft itself with respect to oe / veibicuedacune, 

€ axis of measurement; and Ly is determined by 

the moments acting on the aircraft about that same axis. In other words, the second 
of the eqs.(11.1) will relate practically to the rotations of the aircraft, that is 
to what is, essentially, the assigned object of measurement and does not need any | 
investigation in this case. In this case the second term of the left side of this 


sats . : 
, equation, representing the Gyroscopic moment which arises in connection with the 





EY 


lu : : 
ence, in view of the smallness of the value of this gyroscopic moment by com- 
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parison with the moment of inertia of the aircraft itself, will be negligibly small. 


Consequently, the second of eqs.(11.1) may be simply rejected. 


Let us take the original system of earth-bound coordinate axes Ofné; which we 





shall orient in the following manner (Fig.11.4): we match the axis 0% with the axis 
of measurement, the axis 0) with the axis of rotation of the gyro frame, and there- 
by, with one of the axes of the aircraft. ’ This latter procedure means that the 
system of axes Ofné will rotate about the axis of measurement, that is, about the 
axis OC, at the angular rate of turn of the aircraft w. 

Let the other two axes of the aircraft, which we shall denote by 0¢, amd 02, 
deviate from the 0C and Of axes respectively by the angle of bank y. According to 
the arrangement of the instrument (cf.Fig.11.1), to the neutral position of the 
gyroscope frame, and, accordingly, to the zero reading, will correspond the position 
in which the system of gyroscope axes Oxyz will coincide with the system of aircraft 
axes, 0o,né © respectively. We shall denote by the letter B the angle of deviation 


of the gyroscope from this position owing to rotation about the axis of the frame 





and shall consider that sense to be positive that brings the rotor axis of the gyro- 
scope Oz closer to the axis 0&. It is this angle 8 that, in this case, will be the 
measure of the angular velocity Wee 

The moments acting on the gyroscope will consist of the moments produced by the 
deformation of the spring and the resistance of the damper, as well as the moment 
produced by the friction in the bearings of the shaft of the frame. 

We shall consider for simplicity that rotation at the angular velocity w, about 
the vertical is the only rotation of the aircraft, that is, that the aircraft is 
performing a turn in the horizontal plane. 


Then, on the basis of the above, we may write the following expressions 











q = @, cos (7 — f). (11.2) 
L =k 3+ mb +L, sign. (11.3) 
p= —p. (11.4) 
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where 


Kap - coefficient of rigidity of the spring, which we shall take as constant; 


my - coefficient of damping; 





Loi - moment of friction acting about the axis of the frame. 


I 





\s 


\ 


q\ . 


“@, 





¢ 








&- 





Figell.4 — Position of Axes of Velocity Gyro 


Consequently, omitting hereafter the second subscript in the symbol for the 
equatorial moment of inertia, the equation of motion of the gyroscope frame is now 


written in the following forms 


gs myS  kyS=H w cos (y—4) -L.y sign 2 (11.5) 


or, replacing sin 8 by the value of B in radians, and replacing cos £8 by unity, 


which is permissible, since 8 usually does not exceed 10 - 20°: 


lis : mae ‘ Le How. sin Y)3=:H We COS yl sign 2. (11.6) 


Influence of Damping and of Rigidity of Centering Spring 


@ We shall consider 





@,.=cons! 
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and shall omit, in the right side, the term characterizing the influence of fric tion, 
2 


having in mind a subsequent return to the consideration of the influence of the de- 


pemence of w, on the time and the influence of friction. 





Let us rewrite eq.(11.6), under these assumptions, in the following form 


8 + 2Degh +03 9 — ot B°, (11.7) 
where 

Ms (11 8) 

WT (Usp Here 807) | 
a Rs» - Fle, sim y (11.9) 

e l, . 
Mag COSY 

poe hsp — Hae sin 7 : (11.10) 


If we assume that the condition 


D<! 


ts satisfied (on the bases stated below, which are in fact usually satisfied), then 





the solution of eq.(11.7) will be a function of the following form: 


$= Be 4 sin (4 £ +6) +3°, (11.11) 


where 


o,=-«,V1—D*, (11.12) 


B and 6 are arbitrary constants. 
After a sufficient interval of time has passed, the term depending on the time 
in this solution, and expressing the influence of the inertia of the frame, will 


vanish, and then: 


B= 3°. (11.13) 


© In this way, the value of g* is the steady value of the angle of shift of the 


| ee Oia 
gyroscope frame, which also results directly from eq.(11.7) if we put B = 6 ae 
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it. 


If we put y = O, then we get 


(11.14) 


that is, at a constant value of H and Kgps the steady value of 8 will be directly 


proportional to the angular velocity being measured. 

The variation of the value of Ksp » speaking generally, takes place in connec— 
tion with the influence of the temperature on the modulus of elasticity of the 
material of which the spring is made. This variation, however, is so insignificant 
that it may be neglected in practice. 

It is easier to hold the value of .H constant, or, in other words, to hold the 
rate of rotation of the rotor constant, if electric energy is used to maintain this 
rotation, and more difficult when the energy of an air jet is used for this purpose, 
mainly owing to the effect of the flight altitude on the rate of flow of the source 
of this energy. 

We remark that the dependence of the angle of shift of the frame on the measur— 
ed angular velocity by eq.(11.14) is obtained under the assumption that this angle 
is small. For large angles this relation loses its linear character. Thus, in 
those cases where it is essential to maintain the linearity of 8(w,) (for example 
for the velocity gyros used in autopilots), the range of possible angles of shift of 
the gyroscope frame on account of the corresponding selection of the rigidity of the 
frame is limited to a few degrees (of the order of 5 - 6°). 

The velocity gyro most widely used in aviation is the so-called "turn indica- 
tor, designed to measure the angular velocity of a turn. In this gyro the range of 
possible angles of shift of the frame is of the order of 30°, in other words, the 
condition that the angles § shall be small is here deliberately abandoned, and, con- 
sequently this instrument cannot be used as a real measuring instrument for angular 


velocity. It is not, in fact, so used as a rule, and even lacks a numbered scale 
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for this purpose, but is used as an indicator making it possible to estimate the 
approximate intensity of a turn from the amount of deflection of the pointer. 


As follows from eq.(11.10), Bg” also depends on the angle of bank y, am, for 





Y# O, B* depends nonlinearly on w,. Although the turn, indicator is also an indi- 
cator instrument, it is still desirable to have, as far as possible, a linear rela- 
tion between the angle of deflection of tne pointer and the angular velocity of the 
turn. For regular turns, this relation will be close to linear where H > 0, i.e., 

when the vector of the kinetic moment of the rotor of the tum indicator is directed 


along the left wing. As a matter of fact, for a right turn: 
o V 
ty y= ‘ 
gy £ 


Figure 11.4 shows the position of the axes of the gyro for a right turn. With 
a bank by the angle y the aircraft axis will be tilted by the angle y. Owing to the 
banking of the aircraft, the gyroscope axis will rotate by the angle y, and then, 


under the action of the moment L, coinciding with the vector w q» the rotor axis will 


‘ 





then turn in the opposite sense by the angle 8, if the kinetic moment is directed 
along the left ring. 


For a static state it follows from eq.(11.5) (for Lo = 0): 


\- rik , cos (y — B). (11.15) 

For H> O, y and are subtracted, for H < 0, they are added. For this reason, 
for H> O the factor cos (y~§) in eq.(11.15) is close to unity and the relation 
B(w,) is close to linear. 

Let us now dwell on the characteristics of the transient state. 

Let us take the initial conditions corresponding to the state of rest: for 


t = 0, B= 0,8 = 0. 





© The arbitrary constants for these initial conditions are defined as follows: 
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siat 
giao. 






From the latter relation, in particular, the following relations result: 


sint=} 1 DF, (11.16) 
cos¢= D. 


Making use of the relations so found, we obtain the following form for the 


solution eq.(11.11): 


I : 
mhS* | J — — _ e- 's' sin (mf - 6)]. (11.17) 
oe | Y1—D em ree oe) 

Let us find the time t after which the deviation B from the steady value B* 


shall not exceed a certain sufficiently small and assigned quantity AB, that is, the 


time after which the following condition 





@ (B°— 2) <y RB. (11.18) 


will be satisfied, 
We shall call this time the damping time. 


On substituting the value of B by eq.(11.18) in eq-(11.17), and putting the 


damping time t which is being sought, instead of t, we obtain 


§° 
- 7 © sin (ms +28) << AB. 
V1--D ser (11.19) 


Obviously the condition eq.(11.19) will be known to be satisfied if the condi- 
tion 


— Des a 
sh ope Mm, (11.20) 


suit A 
1s satisfied, where m = & = assigned ratio between the deviation of @ from the 





Steady value and this steady value itself. 
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From eq.(11.20), we have 


r= In - iy ; (11.21) 

Thus the damping time t is a function of two parameters, , and D (considering 
that the value of m is assigned), while it depends monotone on Wo, that is, with in- 
creasing Wo» tT decreases over the entire range of measurement of Vos while its de- 
pendence of D is of extremal character, that is, with increasing D, beginning with 
zero, tT at first decreases, but then, beginning at a certain value less than unity, 
again increases. 

The former circumstance expresses ‘the well known fact that the higher the fre- 
quency of the natural oscillations of the moving system of a measuring instrument, 
the smaller will be the distortions of its readings due to the natural inertia of 
this moving system. 

The second circumstance expresses the role of the damping of the oscillations 
of the moving system in the distortions of the readings of the measuring instrument: 
this damping plays a favorable role only within certain limits, and over—damping is 
in this sense as unfavorable as insufficient damping. In particular, we get the 
result that it is most favorable in this sense to use a damping such that aperiodic 
damping is not yet reached, but that the moving system still retains a certain de- 
gree of oscillation, since the condition D <1, corresponding to the shortest damp-— 
ing time, is the condition that the roots of the characteristic equation, eq.(11.6) ; 
shall remain complex. 

On finding the derivative of t with respect to D, and setting it equal to zero, 


we obtain the following equation for determining the external value of D: 
(11.22) 


Figure 11.5 shows the graph of: 
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! on (11.23) 


ce ~ y !— p 


from which it will be seen that, for example, for m = 0.03, which is entirely suffi- 


cient for us to consider the damping of the gyroscope frame to have already taken 


e 
\ 


place, the extremal value of D will be approximately 0.90. 


: On substituting the value of m accor- 





as 
e 
ing to eq.(11.22) in eq. (11.21), we get the 
“ > e e 
following expression for the minimum damp- 
06 
| ing time (for a given Xo) which we shall 
00 
denote by Than 
a2 
0 az ae) =O 6 CN ‘ — |! Ow (11.24) 
ain a 1—D?, e 
Fig.11.5 - Determination of Optimum 
Value of Damping Parameter where D.,, is a root of eq. (11.22) for the 
given m. 
In particular, for m = 0.03, we get 
: ce (11.25) 
(Tein) oo a1 ; 


Bearing eq.(11.12) in mind, eq.(11.24) may be rewritten in the following form: 


- = Don 
“min oy Vy i D?. 





or 
D 
oe = To. . 
min dey) a D?, e (11 26) 
, eo Tl. = a = period of natural oscillations of gyroscope frame in the presence 
ws) - 
—— ; oe ine the "period™ of oscillations in this case to mean the 
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LS 


snterval of time between two successive passages of the function through zero. 
ini j j is usually less than T 
It is easy to see that 7 ane the minimum damping time, 18 y | e? 
the "period't of the natural oscillations of the frame in the presence of damping. 


¢ 


In particular 
(Smindon 000,337). 
Let us find the relation between Tryin and the instant of time t, when the frame 
of the gyro first passes through the position corresponding to the value 


g=—%° 
s od ° 


To determine the instant of time t,, we have, on the basis of eq.(11.17), the 


equation 
ood 3°: s=r. 
From this we obtains 
*\r (11:427) 
Thus 
+ emit . “h, saat. Jeceeey Dea a — 


, Vi- Dix) (11.28) 
x V1 bs p:, (0.5— ie arctg — D 


ext 


where the root of eq. (11.22) for the given value of m should be substituted for 
D ext’ 
In particular, form * 0.03 


2 ae a=e 077, 
ty 


that is, the damping in this case may be considered to be practically completes y AT 
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i i ition 
somewhat before the gyroscope frame passes for the first time through the post 
psig 
corresponding to 8 = g*, But this means that it will pass through this positio 


sane : nae 
practically no more than once. It is precisely on this condition, the maintena 





of the oscillatory motion of the frame only to such an extent that the frame shall 
only pass the necessary position once, that the damping is regulated. 

From the relation so derived it is easy to obtain the condition for selection 
of the coefficient of rigidity of the spring Kgp and the coefficient of damping m, 
that shall assure an assigned damping time. 

On the basis of eq. (11.24); and bearing in mind eq.(11.9) as well, after put- 
ting y = 0 in it, we obtain the condition for the selection of the coefficient of 


rigidity of the spring, K Sp? 


I, D%., 


Rae feet (11.29) 
. wy ( i— bD3.)? 


On the basis of eq.(11.8), likewise putting Y ~ O in it, and making use of eq. 





(11.29), we get 


2 Dext 
mam, = Bie ss 


(11.30) 
¢ T2ad : 1— Dias 





= a -sec* D = 0.90, corre- 
In particular, for t,.4 * 0.3 sec, I, = 0.5 g-cm-sec”~ and D,,+ ’ 


sponding to the value m = 0.03, we get 


k= 125 gem, 
Mm = 14.2 9 cm se, 





3 ; 2 oes 
These relations are not hard to attain in a design, and it consequently beco 
possible to assure a sufficiently short damping time. 

Let us dwell in conclusion on the questions of the influence of w, on the 


icti j e. As 
6 variation and influence of the moment of friction about the axis of the fram 
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has been shown, it is not hard to make the damping time of the moving system of the 
order of 0.1 - 0.3 sec. At the same time, the minimum order of the period of possi- 
ble oscillations of the angular velocity of the aircraft may be taken at 1 to 5 SOC. 
It is obvious that, with such ratios between the damping time of the moving system 
and the period of variation of the measured quantity, the distortions in the instru- 
ment readings due to the natural oscillations of the instrument can be neglected, 
with an accuracy sufficient for practical purposes. 

On the other hand, as we have also shown, the damping of a moving system is 
accomplished in a time equal approximately to one half-period of oscillations of 
this moving system. Consequently, with a high degree of accuracy, we may neglect 
the effect of the moment of friction about the axis of the frame during the tran- 
sient state, and confine ourselves only to the elucidation of this influence on the 
state of the readings of the instrument. 

It follows from eq.(11.5) that, allowing for friction, the steady value of the 
angle of shift of the frame g* is determined by the following expression (consider- 


ing that the angle of bank y = 0): 


g* = B* — a8, sign, (11.31) 


here AG _ “el 
wnere p i 


Sp 


If we take Lo = 1 g-cm and Ksp = 100 g-cm, then we get 





- angle of repose. 


58, = 0,5". 


Let us now convert this error into the error of the readings of angular velo- 
city. 

Considering that the rotation of the frame can commence only after the gyro- 
scopic moment begins to exceed the moment of friction about the axis of the frame, 
we get to determine the threshold of sensitivity of the gyroscope with respect to 


the angular velocity Weps the following expression: 
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\ 
+ 
4 


Putting Lo = 1 g-cm and H = 500 g-cm-sec, we get 
a, ,=QO1°/sec. 


Its value corresponds roughly to the threshold of sensitivity of the turn in- 
dicator. 
With increasing kinetic moment, this threshold may be lowered correspondingly 


and it is, in fact, lower in velocity gyros with an electrically actuated rotor. 


section 11.3. Motion of Acceleration-Velocity Gyro 


S.5.Tikhmenev and A.M.Letov have investigated the motions of the 


acceleration-rate gyro. 


Of the published works devoted to this question, we may cite the paper by D.S. 
Peltpor (Bibl.12). 

Let us take the system of coordinate 
axes Ofné (Fig.11.6) rotating together 
with the aircraft at the angular veloci- 
ties wy and Wns of which we are to mea~ 
sure wy and its first derivative We. Let 
us orient the axis of the outer frame with 
respect to the 0m axis, which deviates 
from the 0% axis in the plane Ofn by the 
constant angle A. The purpose of this de- 

oP viation will be explained later. The 
Fig.11.6 — Position of Axes of axis On), lying in the same plane Ofn, at 
@ Acceleration-Velocity Gyro during the angle A to the On axis, characterizes 


Turns of Aircraft that position of the axis of the inner 
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frame at which there will be no deformation of the spring of the outer frame. The 
deviation of the Ox axis from On, axis and the corresponding deformation of the 
spring centering the outer frame, is determined by rotating the gyro about the axis 
of the outer frame by the angle a. It will be this angle « that will, on the other 
hand, be the measure of the total effect of the action of the measured angular velo- 
city W- and of the first derivative Wye The deviation of the rotor axis 0z in the 
plane O2zf, and; correspondingly, of the axis Oy from the axis Of by the angle 6, 
determines the impairment of the equilibrium of moments with respect to the axis of 
the inner frame Ox. | 

Let us confine ourselves to the study of the motion of the gyroscope, neglect~ 
ing the influence of the ordinary moments of inertia on these motions, that is, tak- 
ing account only of the action of the gyroscopic moments of inertia. This is 
entirely satisfactory for our purpose, since the influence of the ordinary inertial 
moments is manifested only when rapidly varying quantities are being measured. 

Accordingly, as the starting equations of motion, let us take the ordinary 
equations of precession: 


Hg = L,. 
—Hp=L,. (11.33) 


As follows from the design of the instrument (cf.Fig.11.2) and from its orien 
tation, according to Fig.l1.5, the moments L, and Ly are represented by the follow- 
ing expressions (if we neglect the moment of friction about the axis of the inner 


frame and assume, as usual, that the angles a and ® are small): 


Le==h, 9-ma8, 


L,= —k,a—k, 2, (11.34) 


where the constants ks» My ke are positive, and the constant k3 may be either posi- 


® tive or negative, depending on whether the point of attachment of the spring of the 
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inner frame is below or above the axis of this frame. We remark that k, = ik, » 


where i - is the gear ratio. 

In eq. (11.34) the moment of deformation of the spring of the inner frame due to 
the rotation of the gyro about the axis of the outer frame is not taken into 
account, in view of the smallness of this deformation by comparison with the defor 
mation due to the rotation of the gyro about the axis of the inner frame. 


The projections of the angular velocities p and q are expressed in the follow- 


ing way (under the same condition that the angles a and 6 shall be small): 


pee —p+e,cos A- ©; sind, (11.35) 
y=a+w- cos i+e, sind, 


Thus eqs.(11.33) are rewritten in the form: 


H (a+: cos i+w, sind) = kB +m. 
H (3 —e, cos 4+: sin 4) ae — kya — 2,8, 


a3 73 — M3 = eo oe | 
8 1. esa + e586 mw, COS 3 —u; SIN A, 


M => ma 


He 
Eliminating the variable g, we get 


a@ + (8, + Me,)é+6,,8 == —e (cos i+ Msin 5) — @ (¢,cos i+ 
+e, sin 3) +e, (Afcos &— sin 3) +, (#,cus A- &sin 4). (12.37) 
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As will be seen, the right side of the equation so obtained depends not only on 
the angular velocity wt and its first derivative wt, which are to be measured, but 
also on the angular velocity and angular acceleration about the axis On. 

If, in particular, we put 4 = 0, as a result of which the equilibrium position 
of the axis of the inner frame will coincide with the axis On, then eq.(11.37) is 


rewritten in the following form: 


@ + (ty-+ Mey) 6 + 00,2 — a; Og, + Mey + 1,05, (11.38) 


The quantities ey and Eg are of about the same order of magnitude, since both 
of them depend on the coefficient of elasticity of one and the same spring of the 
inner frame, and differ from each other afag on account of the difference in the 
kinematic linkages between this spring and the inner and outer frames. It follows 
from this that the influence of w, and wn on the right side of eq.(11.38) will be of 
the same order. As for the compatibility of the influences of we and wn » this will 
be determined by the commensurability of the constant M with unity. 


If we put 
| ed 
er ae (11.39) 


then the coefficients of Op and w,, on the right hand side of eq.(11.37) will be 
equal to zero, the coefficients of we and wy are simplified, and eq.(11.37) is re- 


written in the following form: 


ar (y+ Mey) + tytgaem —- ° — (oe + tyme). (11.40) 


Thus, on satisfying the condition of eq.(11.39), we obtain the right side of 
the equations of motion of the outer frame depending only on we and Ure 

We shall henceforth consider that the condition of eq.(11.39) is satisfied. 

Let us find the solution of eq.(11.40) for the special case corresponding to 


constant angular acceleration 3%, equal to 
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w= CONSE me al. (11.41) 

| weeiute 8 
@ On substituting in eq.(11.40), the value of “ according to eq. (11.41), we now 
‘rewrite it in the following form: 


\ 


| 


i 


' a - 2De,¢ + oh a omn B + 12,8, 


where 


ait. 


—cos A 


at, 
— cos i 


ty+ Mt, 
2 V eyee 


OO, = V eye, - 


The integral of eq.(11.42) will be the function 


aa Ap ON gin (= f+) +—7[ 6-7 + at], 
®o @y 


where w,=u, W1 - D*. 


With a sufficiently high value of the frequency of the undamped natural oscil- 
lations %,) and a value of D close to unity, the first term of the solution eq. 


(11.43) may be neglected, in which case we obtain 


ent [028 + at] (11.44) 


For a sufficiently large value of W> and the value of D sufficient to assure 
damping in the course of one or two oscillations, the angle of deviation of the 
@ outer frame may be considered proportional to the total effect of the action of the 


measured angular velocity and of its first derivatives. 
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It is clear from the expressions for W that on account of the rather great 
coefficients of elasticity of the spring centering the outer frame, the value of Wy 
May be made rather great. In this case, the selection of the necessary value of D 
may be assured by selecting an appropriate value for the coefficient of damping of 


the oscillation of the inner frame M. ’ 
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CHAPTER XII 


FUNDAMENTAL CONCEPTS IN THE THEORY OF GYROSCOPIC POWER 
STABILIZATION 


Section 12.1. Principles of Power Gyroscopic Stabilization 


If, as is usually done, we neglect the nutational motions of the gyroscope, 
then we may consider that the application of an external disturbing moment to any 
frame of a gyroscope with three degrees of freedom will not lead to any rotation of 
the gyroscope about the axis of this frame, but will lead to bi eanesecnce of pre- 
cession about the axis of the other frame, that is, about the axis crossing the 
direction of the vector of the disturbing moment (Fig.12.1). Both these two pheno- 
mena are interrelated: . precession about the axis intersecting the action of the 
disturbing moment leads to the appearance of a moment of gyroscopic reaction, 
balancing the applied disturbing moment. By virtue of this balancing, there will be 
no cause for the appearance of motion about the axis of action of the disturbing 
moment. 

Thus we obtain a rather peculiar picture of the phenomena inherent only in the 
gyroscope: owing to the dynamic effect of the precessional motion about one of the 
axes of the gyro (sites the phenomenon of gyroscopic reaction is indeed a dynamic 
phenomenon) a resistance to the disturbing factor about its other axis is produced. 


The action of these disturbing factors in this way is completely balanced. 


Let us now assume that the precessing frame of the gyroscope is corrected. In 


this case, already on account of the kinematic effect of this precessional motion, 
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that is, owing to the appearance of the corresponding mismatch in the signal trans- 
mitter of the corrector, a moment of correction is applied to the gyroscope. 
According to the principle of correction, this moment will be applied, not to the 
frame whose position is disturbed, but 
" to the other frame, or in other words, 
precisely to the frame to which the 
disturbing moment is applied. This 
correcting will obviously be directed 
opposite to the moment of disturbance, 
since it must produce the opposite mo- 
tion of the disturbed frame (Fig.12.2). 


Fig.12.1 - Action of Disturbing Moment 
As a result of this, the disturbed 


on the Gyroscope 

frame itself is relieved of load, the 
I, II - Axis of suspension; L ~ accumulation of disturbance of the 
Disturbing moment; W , ~ Precession due other frame stops, and the liquidation 
to disturbing moment; Ls, - Gyroscopic of its already accumulated disturbance 
moment begins, of course, only in the case 

where the moment of correction is ade- 
quate, or exceeds the moment of disturbance. We remark that, while this liquidation 
is taking place, the moment of gyroscopic reaction connected with it will already 
balance the excess of the moment of correction over the moment of disturbance. 

Thus a system of correction of positional gyros may be treated as a system of 
balancing the disturbing moments, at first by means of the dynamic effect of the 
precession about the axis diagonal to the direction of the disturbing moment, that 
is, on account of the gyroscopic reaction from this precession, and then, on account 
of the appearance of a moment of correction in connection with this precession. 

If both frames of the gyro are working, or in other words, if the axis of both 


frames are used as the measurement axes for the angular deviations of the object, 
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then, naturally, disturbances of both frames are equally undesirable. As has been 


established above, one of the methods of reducing these disturbances is to limit the 


maximum allowable rates of correcting precession to quantities of the order of de- 


grees per minute. But a reduction of the rate of precession means: a corresponding, 
reduction of dynamic effect as well, 
since the moment of the gyroscopic re- 
action is determined from the magnitude 
of the product of the kinetic moment by 
the angular velocity of precession, 
while the magnitude of the kinetic 
moment may be considered as assigned by 
dimensional considerations. It is this 
reduction that also means a reduction 


Fig.el2.2 - Relieving Action of Moment 
in the correction moments. It is clear 


= that, on the whole, this means also a 

I, II - Axis of suspension; corresponding reduction in the magni- 
L, - Disturbing moment; I, -— Correcting tude of the disturbing moments which 
moment included on account of the kine- could be balanced. It is precisely 
matic effect of precession; AL, = this circumstance that is expressed in 
Residual moment of correction; a the usual requirement that must be met 
Correcting precession by gyroscopic systems with two axes of 

measurement, which is that the reac- 

tions on the gyroscope on the part of its couplings with the indicating system and 
the automatic control system shall be limited to the maximum extent. 

The situation will be different if only one gyro frame is a working frame, that 
is, if the gyro is designed to measure the angular deviations of the object about 
the axis of only one of its frames. Thus, this is the case, for example, in direc- 


tional gyros, where it is only the outer frame of the gimbals that serves as a work- 
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ing frame, and it is on this frame that the card is attached. The position of the 
inner frame, however, is not used directly for measurement purposes, and in this 
sense the inner frame may be considered as nonworking. The only demand that it must 
meet is to assure the maintenance of the rotor axis in the most favorable position, 
which is a position sufficiently close to perpendicularity of this axis with respect 
to the axis of the outer frame, that is, the working frame. It is precisely this 
object that is served by the correction of the inner frame. It is clear that in 
this case the boundaries of the allowable velocities of the correcting precession of 
this frame may already be considerably expanded, which will mean the corresponding 
increase of the dynamic effect of this precession, and thereby the expansion of the 
limits for the disturbing moments acting on the outer frame. 

As a result of this, in this case, even without any substantial increase in the 
kinetic moment of the gyro, the load that can be allowed on the single working frame 
is considerably greater than can be allowed where both frames are working frames. 
This will allow the use of such a gyro, no longer merely as an indicator, but also 
as a direct power stabilizer. It is hardly necessary to say, of course, that the 
rate of precession of the working frame, if its correction is a rate of precession 
in this case, must still maintain the former condition of definite limitation. This 
will also imply a corresponding limitation of the moments designed for the correc-— 
tion of the working frame by comparison with the moments designed for the correction 
of the nonworking frame. 

Thus, in the case where only one of the axes of the gimbals is used as an axis 
of measurement in the positional gyro with radial correction, the other axis of 
gimbals may be considered as the axis of precession, which performs the function of 
relieving the load on the axis of measurement, and thereby, also the function of 
the power stabilization of the gyro about this axis. This stabilization is produc- 


ed, either on account of the gyroscopic moment due to this precession, or on 


® account of the corresponding moment of the system of correction, the switching on 
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of which is a consequence of the same precession. 
We shall henceforth call this precession the stabilizing precession. 


Starting out from this treatment, the moments of a correction system may be 





subdivided into relieving and correcting. The former moment is the moment of correc— 
tion of the nonworking frame, the latter the moment of correction of the working 
frame. | 
On the basis of the above it will be easy to get the idea of a gyroscopic 

device in which the principle of power stabilization about the axis of measurement 

_ would be realized even where the instrument had not one axis of measurement, but 
several of ieee It would obviously be sufficient for this purpose that each axis 
of measurement should have its own axis of stabilizing precession and the appro- 
priate devices for producing relieving and correcting moments. This can be assured 
only in the case where the sensitive system of the instrument has not one gyroscope 
but several gyroscopes, as many, in fact, as there are axes of measurement, with a 


system of suspension of these gyros such that each of them, in association with its 






axis of measurement, forms a system of a gyro with three degrees of freedom. 





Section 12.2. Systems: of Devices with Power Gyroscopic Stabilization 


Figure 12.3 gives a diagram of one of the possible versions of the gyro verti- 
cal using power gyroscopic stabilization. 

The sensitive system used in this device is a two-gyro platform placed in a 
suspension with two degrees of freedom. The axes of this suspension, I and II, are 
the axes of measurement of the instrument. Each of the gyros has two degrees of 
freedom with respect to the platform, and is arranged in it in such a way that, to- 
gether with one of the measurement axes, more specifically, the one whose Roman 
numeral is the same as the Arabic numeral of the gyro involved, it forms a gyro sys- 


tem with three degrees of freedom. 


© We remark that with respect to the axis of measurement I and the gyro (1), pre- 


cisely this relation is maintained with complete accuracy, while with respect tetnT 
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measurement axis II and the gyro (2), it is maintained only approximately, but the 
more exactly, the smaller the angle of shift of the platform with respect to the 
axis I. . 

The gyro (1) may be called the stabilizing gyro of the measurement axis I. In 
accordance with what has been said above, the relieving signal transmitter (), on 


: ; ; t 
the precession of the gyro, switches on the device Ly to impose the relieving momen 


on the gyro. 


Fig.l2.3 - Diagram of Gyro Horizon with Power Stabilization 


I, II - Measurement axes; 
1, 2 - Stabilizing gyros; H,, Hg - Kinetic moments of stabilizing gyros; 


Cy ’ Co ~ Relieving signal transmitters; Ly» Lo - Relieving moment transmitters. 


The axis of stabilizing precession for the measurement axis II will be the axis 
of precession of the gyro (2) with respect to the platform. Consequently, the gyro 
(2) will serve as the stabilizing gyro of the measurement axis II. The relieving 
signal transmitter of the platform with respect to the measurement axis II must be 


connected with the axis of the frame of this gyro, while the measurement axis itself, 


is connected with the relieving moment transmitter of the platform with respect to 
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the same axis. 
All this is shown in the diagram of Fig.12.3. 


Figure 12.4 gives a diagram of another version of a similar device, but in this 





case with three measurement axes, that is, one designed to determine the angular de- 
| wiations of the object about all three of its axes. Wile shall henceforth term such a 
device a universal positional instrument. 

the sensitive system used in this instrument is now a three-gyro platform, 
mounted in a suspension with three degrees of freedom. The axes, I, II, and III of 
this, suspension are used as the measurement axes. 


As in the preceding case, the gyros have two degrees of freedom with respect to 





Fig.12.4 - Diagram of Universal Positional Instrument with Power Stabilization 


\ 


I, II, III - Measurement axes; 1, 2, 3 - Stabilizing gyros; Cy» Coy C3 - Relieving 


sipnal transmitters; 1,, Lg, by - Relieving motors 





in i at the measurement 
the platform, and are so arranged in it that, together with one of the i 
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axes, they form a gyro system with three degrees of freedom, either exactly 
(measurement axis I and gyro 1), or approximately with accuracy to small angles of 
shift of the platform about its axis. Likewise, by analogy to the preceding instru- 
ment, the relieving moment transmitters are connected with the corresponding axes of 


measurement, while the relieving signal transmitters are connected with the axis of 


precession of the corresponding stabilizing gyros. 


In both of these devices, the friction in the axis of precession of the stabil- 
izing gyros will produce the corresponding precession of me platform, thus forming 
a certain error in the position of this platform. In general, the situation here 
will be exactly the same as in ordinary (that is, single-gyro) gyroscopic instru- 
ments, where an error in the position of the outer frame is formed owing to the 
friction about the axis of the inner frame under certain conditions. The axes of 
precession of the stabilizing gyros, in this device, are precisely the axes of the 
tinner frames't with respect to the measurement axes as axes of the touter frames", 
In other words, we may consider that the power stabilization described gives an 
advantage only in the sense of eliminating the influence of friction and of all 
other loads acting about the axis of measurement. But friction and the other harm- 
ful moments acting about the axis of precession of the stabilizing gyros will still 
continue to exert their influence. 

We must point out still another shortcoming of these versions, if only on the 
example of the diagram of the gyro horizon shown in Figel2.5. It resides in the 
fact that each stabilizing gyro in this diagram will only react to a load about its 
own measurement axis and only so long as this gyro does not deviate from the posi- 
tion in which the gyro rotor axis and the measurement axis stabilized by it are per- 
pendicular to each other. But as soon as such a deviation takes place, the stabil- 
izing gyro will now also react to a load about the other axis of measurement, with 
which its rotor axis will now form a certain angle different from zero. Although 


© this additional reaction will not lead to any substantial disturbances in the 
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operation of the instrument, it is nevertheless undesirable. 
This can be avoided by using, for each axis of measurement, not one stabilizing 
© gyro, but a pair of them with oppositely directed kinetic moments. Since, owing to 
this latter circumstance, under the in- 
fluence of a load about the axis of 
measurement, the stabilizing gyros of a 
given pair will precess in opposite 
senses, their reaction to a load about 
g the other axis of measurement will be 
Figel2.5 - Diagram of Gyro Horizon 
directed opposite to each other. 


with Two Gyros having Horizontal 
An example of such a device is the 


Axes of Rotation 
multigyroscope vertical described and 
studied in detail by Ya.N.Roytenberg (Bibl.13). Figure 12.6 gives a diagram of this 


vertical. 


Fig.12.6 - Diagram of Gyro Horizon with Power Stabilization by 


I, II - Measurement axes; 1, 1; 2, 2 - Paired stabilizing gyros; 


@ A,, Ao - Antiparallelograms 


It will be seen that the axis of precession of the stabilizing gyros of each 
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given pair are connected by antiparallelograms. The device provides a system of 
load relief for the axis of measurement, that is, for the connection with the axis 
of one of the stabilizing gyros of the relieving signal transmitter of the corre- 
sponding measurement axis, and for the connection of the relieving moment trans- 
mitter with the axis of measurement. 

As for the correction of the platform, Ya.N.Roytenberg in his study (Bibl.13) 
assumed for this purpose the presence of a displacement of the center of gravity of 
the whole device with respect to the center of the suspension, and, in addition, 
also assumed the presence of an elastic coupling between the stabilizing gyros and 
the platform. 

B.V.Bulgakov and Ya.N.Roytenberg (Bibl.2) have investigated another version of 
the scheme of the system of the power gyro horizons, likewise based on the use of a 
pair of gyros for each axis of measurement, this pair being comnected by anti- 
parallelograms, with their kinetic moments in opposite senses, but, in contrast to 
the preceding system, using a platform correction. 

Figure 12.7 gives the system of the Bulgakov gyro horizon. On the whole it 
contains the elements already known, which require no additional explanation. Let 
ug therefore confine ourselves to the most important remarks to be made with respect 
to the system of correction of the platform. 

The horizontal pendulums k, ard ko are the sensitive elements of this correc- 
tion system. 

For convenience of further discussion we shall denote the signal transmitters 
of the correction by the same subscripts as the subscripts of the pendulum with 
which they are connected as sensitive elements of the corrector. 


By analogy, let us denote the correction moment transmitters by the subscripts 


of the same gyros with whose axis of precession the moment transmitters are connect— 


ed. 


Tf the signal transmitters Cea» Cro are connected respectively with the correc- 
STAT 
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tion moment transmitters Ley» Leos then the behavior of the gyro horizon will be the 


usual behavior of a syro horizon with radial correction, with the additional effect 
{ 


| 
@ given by power stabilization about the axis of measurement. 
\ 


oe 
— 





Fig.l2.7 - Diagram of Bulgakov-Roytenberg Gyro Horizon 
I, II - Measurement axes; Hy » Hy'; Ho» 


Hot - Kinetic moments of stabilizing 
gyros; Col eC 92 ~ Relief signal transmitters; Lays Log - Relief moment 


transmitters: Cg Cro - Correction signal transmitters; ley ; Lio - Correction 
moment transmitters 


As shown above, one of the disadvantages of correcting gyro horizons is the 


impossibility of freeing them from ballistic deviations. A gyro magnetic type of 


‘gyro horizon is more advantageous in this respect, for here it is possible to com 
pensate the ballistic deviations. 





Bulgakov and Roytenberg have shown, however, that the condition of compensa— 
tion of the ballistic de 





lations may also be obtained in the gyro horizon systen 
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proposed by them. For this purpose it is necessary to change the connections be- 
tween the signal transmitters and the correction moment transmitters: the signal 
transmitter O,4 $s connected with the moment transmitter Lo; while the signal 
transmitter Cy). is connected with the moment transmitter Iinje Asa result of this 
substitution, the behavior of the gyro horizon will now correspond to that of an un- 
damped gyro pendulum. But, for the undamped gyro pendulum, it is well known that it 
is possible (cf. Charter III of this book) to select a period of precession such 
that the ballistic deviations shall be completely compensated. A period equal to 
$4.4 min is such a period. 

Tt is very simple here to obtain the necessary damping as well. For this pur- 
pose it is necessary, together with the connection we have just indicated between 
the signal transmitters and the moment transmitters, to maintain the former connec- 
tions as well. In other words, for this purpose each signal transmitter must be 
connected to both moment transmitters. 

Thus in the Bulgakov gyro horizon the advantages of power gyroscopic stabiliza- 
tion can be combined with the advantages of compensation of the ballistic deviations, 


which is of particularly great importance in aviation. 


Section 12.3. The Build-Up State of the Power Gyro Horizon 


Although multigyro systems have long been knowm, serious theoretical studies 
devoted to such systems have appeared only in recent years, and, more particularly, 
in the USSR. B.V.Bulgakov has played a leading role here as in a number of other 
topics in the applied theory of ern gyroscopy. The studies of Ya.N.Roytenberg, 
which we have already mentioned, also deserve notice. The studies of these authors 
are used as the base for the theories and propositions to be set forth below. 

Let us bind to the platform of the gyro horizon the system of coordinate axes 
Oxyz, of which the axis 02 will be the polar axis of the platform, and the axes Ox 
and Oy, its equatorial axes. Of these last two axes, let us match the axis Qx with 


the axis of measurement I, 1.e.; with the axis of the inner frame of the platform 
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suspension. 


Let us orient the earth bound system of coordinates Ofn“% as usual for the gyro 


horizon, that is, let us match the axis O”% with the true vertical, the axis On with 





the flight path, considering the 
axis of measurement II to be match- 
ed at the same time with this flight 
path, that is, the axis of the outer 
frame of the platform suspension is 
matched with the flight path. 

The position of the system of 


platform-bound coordinates with re- 





spect to the earthbound system of 
Fie.12.& - Position of Axes of Power coordinate is determined, as usual, 
Gyro Horizon by the angles a and ®, of which the 


former will be the angle of rota- 





Oli eS Syetem ot So Deere aie tion of the platform about the axis 
axes; Oxy2 ~ as oe of the outer frame of its suspen— 
Ox - Axes of measurement; = M2 =n sion, and the latter the angle of 
moment of stabilizing gyros; °; oe “rotation of the platform about the 
Angles of precession of stabilizing gyros axis of the inner frame of its sus- 
with respect to platform; L,,; Ly2 ~ pension (Fig.12.8). 

Relieving monents; 1,5 142 ~ Correcting The position of the gyros (1), 
moments 5 Lo Loe — Moments of friction in (2) with respect to the platform 
bearings of axes of sitspension of platform; will be determined by us respec- 
151 ip ck aes Moments of friction in bearings ie ee eee bs 7 ineee 
of axes of stabilizing gyros angles, in accordance with the 


position of the gyros; will be laid off in the equatorial plane: bos from the equa- 


torial axis Ox; §1, from the equatorial axis Oy. 





STAT 
372 











, 


Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043RO002000020008-5 





Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 


We shall consider, further, that the axes of precession of both gyros are 


matched with the polar axis of the platform Oz. 


As a result of this, the following vectors are arranged along the axis 02: the 


6,4, 6 


angular velocities of precession of the gyros with respect to the platform, %, %); 


i icti f preces- 
the moments of correction L,4, lo; the moments of friction of the axes of pr 
sion of the gyros, Lo 152° 
j i of the 
The relieving moments Lou and Lpg will act about the axis of suspension 
platform I and II in the sense that will respectively bring about the elimination of 


the angles 6, and Oboe 


We shall consider that about these same axes of the platform suspension here 


act the disturbing moments L,, 1) in the sense opposite the corresponding reliev- 


ing moments. 
The remaining quantities presented in Fig.12.8 need no explanation. 
Neglecting, as usual, the nutational motions, the required equations of motion 
of the gyro horizon are obtained by us by setting the sum of the outer of the exter- * 


nal and gyroscopic moments equal to zero, that is, from the equations 


L, tT L,, =, 
L, $- L, =, 


Li+L,,=0. 


Ly +L},—0. 


where L,» Li. ~ sums of projections of external moments on platform axis Ox, Oy; 


5x? L.. - sums of projections of gyroscopic moments on these same axes; 


Lt, L. — moments of external forces acting about the axes of precession 1 and 
Z Z 


L 


2,respectively; 


Leo's Lo" - gyroscopic moments acting about these same axes. 


Fron Fig.12.7 we have, in the absence of the gyros 1! and 2', and retaining, as 


usual, our assumption that the angles « and g are small,: 
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L; — La Le, +L,,sign B. | 
L,= Ly —L,y— l.,signe. | 


L,=L,,—1,,sign ay, 
L;=L,,—1,,slgn 8, 
L,, = Hyd, — Hg tate, 
Ly= — Hy + H2,3,, 
Ly = Hp. 

Lyx Hya. 

In the third and fourth expression of eq.(12.3), the last terms express the 
effect of the additional reaction of thé stabilizing gyros in the case of their de- 
viation from the axes cf the equilibrium position in response to a load about axes 
of measurement that "do not belong to them!''. 

Hereafter we shall omit these terms, both because they are small by comparison 
with the first terms, and also because these terms might in general be wiped out, as 
stated above, if we use for each axis not one stabilizing gyroscope but two of them 
with their kinetic moments oppositely directed, as showm in Fig.12.7. 

We shall tale the characteristics of the correction and relieving moments as 
proportional, and shall consider that each correcting moment depends not on a single 
angle of disturbance of the platform, but on both angles, as proposed by Bulgakov 
and Roytenbers. 


As a result we get 


Loy 5,4, 
Lis a= S,%,, 
L,, = h,B + C,2, 
L,,= ka — CB, 


where S, k, and C are constants; the minus sign before C5 is taken for reasons that 
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will be clear later, 


On the basis of eqs.(12.4), (12.3) and (12.2), the equations of motion of the 


gyro platform are now rewritten in the following form 


A,8, + 5,3, + 2,,signB —L,,—0; 
— Hd, —S,8,—L signa +L..—0: | 

H,§ +4,8+ Cia—J, sign &, =Q 

Hy6 + kya — C8 —l, sign &, =O. 


We shall consider, further, that 
Hy=—H =H: k =chkgk- S,=S,S: C=C, =C. 


Rearing all this in mind, by dividing all the equations by H and using the 


following notation 


5, +28, = he, —).4, sign p; 
dy + 22, == hep, — AA; sign a; 
6 +3 + pa me ep, sign3,; 
a -+ $2 — 18 = ap, sign ,. 


The first two equations of eqs.(12.5) are the equations of precession of the 


gyros with respect to the platform. As follows from their form, at La = Lo = 0, 


Wy = Wo = 0, Oy and 65 will approach the values 


bem FA), 
85 + Ag. 


by an exponential law. 
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For a sufficiently large value of 5, A y and A 2 Will be small, and we may con- 








sider that, in this case, t 
| ’ se, the values of § 1 and 6 2 Will always differ only little 
from zero, 


For an i 
La and Lo different from zero and constant in value, 64 and 65 will 
approach the values 


Sie w+: 


by the same law Oe = &,-+ As. 


Thus the disturbing moments acting on the platform about the axes of its sus- 
pension, will lead to the establi 
ea : ablishment of non-null values of oF and 6. » which is of 
portance with respect to the measuring demands that the instrument must meet 


Mor 
cover, at a large value of S, the values of wy and Wo may be made sufficiently 
small, 
P ; 
or La and Lo of the variables, the values of Oo, and On will also vary 


Saeed: . 
rdingly. This again will be of no practical importance, Moreover, for a large 





value of S, the limits of these variations of 64 and Oo. may be sufficiently restric- 
ted. 

The second two equdtions (12.5) are the equations of precession of the plat- 
form. Let us assume ( = O, whence it follows that p = 0 as well, This condition 
corresponds to the connection of the signal transmitters with the moment transmit- 
ters of the corrector according to the principles of the ordinary corrector, 


Then these equations are rewritten in the following form; 


B + «3 =m, sign é,,) 


a + ca mmap, sign & |! tes) 


If we take the moments of friction about the axes of precession of the stabil 
izing gyros as eq : = i 
e BY equal to zero: P, =P5 = 0, then, in this case, the disturbances g 


and g of the platform will approach zero values by an exponential law according to 
| 3 
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the form of eq.(12.6), regardless of whether any load moments act on the platform or 
note 

In fact, the moments of friction about these axes of precession will not be 
equal to zero, and, consequently, there will arise a corresponding error in the 
position of the platform. But the position of the platform, as before, will not 
depend on the load on it. 

Let us now assume that, on the contrary, C # 0, k = 0, which will correspond to 
a permutation of the connections between the signal transmitters and the moment 
transmitters of the correction by comparison with the preceding case. 

In this case the equations of motions of motions of the platform are rewritten 


in the following forms 


B+p2= yp, sign, 


ad — 18 mei pz sign ey, 


where 


é 


d 
pm. 
C 


This equation corresponds exactly to the equations of motion of the undamped 
gyropendulum, and for this reason it is possible to select a period of precession 
such that compensation of the ballistic deviations is accomplished. The condition 


of compensation of the ballistic deviations is written in the following form: 


es / e (12.7) 


If we select according to eq.(12.7) and still hold k # 0, that is, if we 
maintain the equations of motions of the platform according to the form of the last 
two equations of eqs.(12.5), then we get something like a damped gyro pendulum in 


which, with the proper selection of k, the conditions of the compensation of the 
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ballistic deviations may be maintained to a sufficient degree. 
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